Fluid Physics 


Chapter 1 
Fundamentals 


The fundament upon which all our knowledge and learning rests is the inexplicable. 


Arthur Schopenhauer (1788-1860) 


1.1 Continuum Description of Fluids 


Fluid dynamics, which is considered in this book to be a branch of physics, 
consists of the description and study of gas and liquid dynamics in a macroscopic 
way, and the fluid is considered to be a continuous medium. But any matter is 
made of microscopic particles and therefore a continuous description must only 
be an approximation. Even an infinitessimally small element of a continuous fluid, 
what is commonly referred to as a fluid particle and is considered to be a point 
mass, contains, no doubt, an extremely large number of true microscopic particles 
(see below). These really microscopic particles (atoms, molecules, and so forth), 
comprising fluids, obey statistical kinetic equations, which are the simplest for dilute 
gases. In principle, fluid dynamics can be derived using those equations. Indeed, this 
approach is sometimes used, e.g., in reference [3] in the Bibliographical Notes of 
this chapter, to lay the foundations of fluid dynamics. The procedure is, however, 
lengthy and far from being trivial. Instead of taking this approach, we choose to 
describe, in this book, fluids as continua, ab initio. We should remark, here at the 
outset, that a continuum description is formally a mathematical one. As said above, 
it is an approximation and has to be treated with care in particular, e.g., at fluid 
interfaces or shocks (sharp for continua) or in boundary conditions (i.e., no-slip), 
which may be ideal for mathematics, but not so for physics. 

A continuous description of the kind we want to adopt can be a good approxima- 
tion only as long as the mean free path between microscopic particle collisions Amfp 
is extremely small, as compared to a typical size of the system L. The ratio Amfp/L, 
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which incidentally is of the same order of magnitude as the microscopic collision 
time to the hydrodynamical one, that is, the bulk motion time, goes under the name 
of the Knudsen number (Kn). A necessary (but unclear if also sufficient) condition 
for the description of a fluid as a continuum is thus Kn < 1. 

We find it useful to mention at this point that in the continuous approximation of 
matter, a fluid is defined by its being unable to stay in equilibrium when shearing 
stresses (a concept that will be defined below) are applied to it. That is, shearing 
stresses cause sustained motion of fluids, and this property defines the latter and 
separates them from solids. 


1.2 Kinematics of Fluid Motion 


There are two different approaches to mathematically formulating continuum fluid 
kinematics and later on, also its dynamics. In what follows, we shall explain, in 
detail, the mathematical and physical meaning of these approaches. Historically 
they are associated (by name) with two of the most distinguished mathematicians 
and physicists of the eighteenth century: J.-L. Lagrange and L. Euler. Of course, 
their two approaches ultimately describe physical objects that are equivalent to one 
another, as well-defined mathematical manipulations transform one perspective into 
the other. In certain practical situations, however, one approach may be superior 
to the other, mainly for practical reasons, both in terms of the mathematical 
formulation of a given problem and its interpretation. 

There exists a well-defined relationship between the Lagrangian and Eulerian 
approaches, where the term descriptions is commonly used instead of “approaches.” 
The connection between the two when the continuum assumption is invoked 
must, in our opinion, be established with considerable pedantry in order to justify 
the fundamental soundness of the subject, both mathematically and physically. 
Students feel especially at ease, in our experience, when the basics are completely 
clarified and not left out from the discussion. Most books do not discuss these 
“first principles” of continuum fluid dynamics, but there are some that do, e.g., 
references [5] and [6] in this chapter’s Bibliographical Notes. We realize that there 
may be readers who are less interested in such fundamentals and are, instead, more 
concerned with applications. From our perspective as scientists and educators, we 
do not recommend working with equations whose origins and the approximations 
leading to them are not completely clear. Nonetheless, one may choose to skip over 
these matters and move directly to Sects. 1.3 and 1.4. 

Continuing our exposition of the fundamentals, we note that the aim is to 
express the laws of fluid dynamics (we shall hereafter often use the acronym 
FD) using differential and integral calculus. This calls for an even more stringent 
approximation than just Kn < 1. Taking a very small fluid element % (here 
and throughout this book finite volumes will usually be denoted by VY), we 
assume that the fluid properties in this element change negligibly, compared to the 
changes occurring on the larger, sizable scales, comprising the fluid system itself. 
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We actually assume that these tiny, with respect to scales of change of the fluid 
properties, elements satisfy 


Amp < (Ve)? « L, 


that is, the number of particles in them is necessarily very large. The fluid parcel, 
often referred to as a fluid particle (we shall use these two terms interchangeably, 
according to convenience), is precisely the fluid volume element %, taken concep- 
tually to its limit of a point. Thus at any point in space, there is a fluid parcel, or 
particle, which is assumed to maintain its identity while the fluid is in motion. In 
this way, the fluid particles (parcels) are dense in space available to them, that is, it 
is assumed that they occupy all the space that is taken by the fluid. 


1.2.1 Lagrangian Description 


It is perhaps worth mentioning, for the sake of historical justice, that both descrip- 
tions are due to Euler, and we use the name of Lagrange, just as a convenience. The 
notion of fluid particles and the action of following them, with the help of appro- 
priate equations, is called the Lagrangian description. We would like to describe 
the motion of the dense set of fluid particles as obeying particle dynamics. This 
description has to yield a trajectory for every fluid particle, but to accomplish that we 
have to be able to distinguish between different particles. Even more fundamentally, 
we have to assume that a fluid particle preserves its identity. This is not a trivial 
assumption, as such a fluid parcel is an element of matter, containing microscopic 
particles that, in reality, are exchanged with its surrounding. To overcome this 
difficulty, we may proceed by assuming an ideal fluid (defined later in this chapter 
as one whose elements do not experience any dissipative processes). Later on in 
our discussion, these neglected dissipative/exchange processes can be parametrized 
as coefficients of viscosity, thermal conduction, and so on. Still, the idea that the 
fluid particle keeps its identity cannot, in reality, continue indefinitely long. So, we 
must limit ourselves in this Lagrangian description to a finite amount of time that 
is (hopefully) long enough for our purposes. A useful mental picture to hold, which 
serves to distinguish different fluid particles, is one where each fluid particle has a 
label, i.e., a unique “name” defining it. The label can be of any kind, but perhaps 
the most straightforward labeling is one marking a particle by its position at some 
initial time, say, t = 0. In this way, the fluid particles are labelled by just their initial 
position vector, a, say, as expressed in some fixed inertial coordinate frame. Thus, 
the fluid flow or motion can be fully described, as required, by expressing the motion 
of the fluid parcels with time—their trajectories. The trajectories are expressed by 
the function x(a,t), which is supposed to follow in time the position of the fluid 
particle that was at a at time ¢ = 0, i.e., 
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The function x(a,t), which describes the flow, can be perceived as a continuous 
(continuously changing with time) differentiable mapping of the three-dimensional 
Euclidian space onto itself 


x(a,t) = @,(a). (1.1) 


When we consider the flow as a differentiable map, a basic mathematical construc- 
tion is the Jacobian matrix of the mapping 


Je() = (3) (1), (1.2) 


where we have explicitly noted the dependence on time, which serves as a 
continuous parameter of the mapping. 

A remark regarding our notation of Cartesian coordinates is now in order. The 
position vector of a point is denoted x and, as it is in the previous equation, 
we use indices i = 1,2,3 for the Cartesian x;,x2,x3 components of vectors. This 
will be usually used throughout this book. Alongside it however, depending upon 
convenience and making sure that there is no room for confusion, the other con- 
vention for coordinate components (x,y,z) will appear. The corresponding Eulerian 
velocity field (see below) is u = (u,U2,u3), but the velocity components (u, v, w) 
will also be used frequently. Regarding unit vectors in the three Cartesian directions, 
we shall use interchangeably, according to convenience, other common notational 
conventions as well, and again hopefully avoiding confusion %; =X; %.=Y; 3 
Z, where the “hat” symbol is used to denote a unit vector. fi will be a unit normal 
vector to a surface at a point but for consistency and convenience we shall not 
distinguish between fi and n. 

The above Jacobian matrix J is usually called in FD the displacement gradient 
matrix, and its determinant simply the Jacobian, 


J; = det I(t), (1.3) 


which has been labelled here by the subscript f to indicate time dependence. It will 
be seen later on to play an important role in various useful relations. It suffices 
to remark that J ¥ 0 for all t guarantees the invertibility of the continuous (in the 
parameter 7) mapping. This guarantees that one may find (in principle) the original 
position of a fluid particle that happens to be at the position x at time f: 


a= @, (x). 


This is consistent with a kind of time reversibility (a property characteristic of 
point masses in Newtonian mechanics), which here also includes the statement that 
trajectories of fluid particles do not intersect. Note that since we are not dealing with 
relativistic physics in this book, we may carelessly not distinguish a matrix element 
index notation with a tensor element, i.¢e., Ji;. 
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Thus, in the Lagrangian description the free variables of any function, defining 
some property of the fluid, are a, the initial position, serving here as the label of the 
fluid particle, and time. For example, the property f, say, of the fluid particle, whose 
label is a, is given at time ¢ by the value of the function f(a,t). A key concept in 
fluid kinematics is the Lagrangian time derivative. In the Lagrangian description, 
the derivative is taken in ¢ for a fixed. For example, if we are talking about the 


property f, we have 
D, 0 
(%) - ($) | (4) 


Here it is stressed that the time derivative is for the same fluid particle labelled 
by a, that is, following its motion. In this way, D/Dt is introduced as the 
customary notation of the Lagrangian time derivative, known also as the advective 
or substantial or material derivatives. The velocity of a fluid element, which is at 
position x, at time ft, is denoted here by an overdot, that is, 


Dx 
De 
It is also convenient to designate the same quantity for the fluid particle by the 
function, 


x(a,t) = (1.5) 


v(a,f) =x, (1.6) 


say, distinguishing it from u, which will soon be needed for the Eulerian description, 
and reminding one that it is the Lagrangian velocity at time ¢ and of the particle 
labelled a. This definition will be useful later, when we transform to the Eulerian 
description. The acceleration v of a fluid particle is similarly 


. .  D (Dx 

V(a,t) =X= 7 (F) ‘ 
and this quantity naturally lends itself to the application of the laws of classical 
dynamics based on Newton’s laws. Indeed, the Lagrangian description is physically 
more natural as it considers the evolution of a dense collection of fluid particles, 
each obeying the laws of classical mechanics. If the motion is one-dimensional, 
as is sometimes the case, the Lagrangian description is generally preferred. The 
Lagrangian description is most satisfying, as we shall see, from a Newtonian dynam- 
ics framework, but it maps the nonlinearity of the continuum onto parcel/particle 
trajectories, which may be unsatisfying, because there is an infinite number of them, 
and each may be chaotic, see, e.g., reference [8], in many flows. The need to follow 
fluid parcels calls for cumbersome techniques including the translation of forces 
because of the above-mentioned mapping of the nonlinearity of the continuum 
on trajectories. It is thus generally preferable, except for special cases, like one- 
dimensional flows, see Sect. 1.6.2, to translate fluid particle dynamics into the 
dynamics of fluid fields, as we introduce next. 
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This approach is based on the description of fluid motion by functions of a fixed 
inertial coordinate system and time. For example, we may look at the fields p(x, r), 
P(x,t), T(x,t), ie., density, pressure, temperature, and possibly other physical 
characteristic fields, f(x,t), say, at point x and time ¢. This is conceptually and 
practically simpler than the Lagrangian approach in multidimensional flows. The 
quantities x and ¢ take the role of coordinates and the fluid properties are fields. The 
key is to understand that the Eulerian fluid field at time ¢ and position x is actually 
the relevant property of the fluid particle that at time t happens to be at position x, 
that is, the particle whose label is 


a=, '(x). (1.7) 


Similarly, any flow property, f(x, 1), at a particular position changes with time, but it 
cannot be attributed to a definite fluid particle. Any difficulty in “translation” from 
the more physically natural Lagrangian “language” to the Eulerian one can be done 
by using (1.1) and its inverse. Specifically, the Eulerian velocity may be identified 
with the particle one, only by formally identifying the particle 


u(x,?) = v[®; '(x), 7], (1.8) 


where we have written v(a,t), defined in Eq. (1.6), to indicate the Lagrangian 
velocity. The Eulerian time derivative is naturally (0 /dt)x, that is, taken holding 
x fixed. It is of practical interest to relate the Lagrangian time derivative to Eulerian 
derivatives, i.e., the time derivative following the motion, identified with the time 
derivative for a fluid particle, as acting on an Eulerian field, f (x,t). We have 


pif) = 4 Soflataenl} 9) 


and may use, on the right-hand side of this expression, the chain rule of differentia- 


tion. This gives 
D _ (ox of 


Symbolically, we may thus write the operator equation 


Do 

eee Vv 1.11 

a OF (u-V), (1.11) 
where we have dropped the subscripts and will henceforth understand partial 
derivatives as those acting on Eulerian fields. The term containing u appearing here 
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is the so-called advective term (see below). This velocity is identical to the Eulerian 
velocity field u(x,t). The operator equation is written in such a way as to allow 
operation also on vector fields. 

A little reflection furnishes the physical meaning of the various terms in 
Eq. (1.11). On the left-hand side, we have the Lagrangian (following the flow) rate 
of change. On the right-hand side, the first term is the Eulerian time derivative, that 
is, the local rate of change. Regarding the second term, consider a fluid property 
f (x,t), say, an arbitrary Eulerian field. Then this second term on the right-hand side 
can be written as 


u- Vf = wa Vf =u, 
Os 

where u = |u| and i= u/u. 0/ds =i -V is the directional spatial derivative. So, the 
second term is the rate of change just because of the motion and following it, i.e., 
the advective rate of change. 

An important concept regarding a flow may be defined here. The unit vector 
field Gi(x,t) at each point and time defines a directional family of curves, called 
streamlines, whose property is that they are tangent to the Eulerian velocity vector 
field. Obtaining these curves is not always a simple matter, even if the velocity is 
known explicitly. It involves the solution of the differential equations 

bal = aa a aed (1.12) 

uy u2 U3 
which follow from elementary curve theory in multivariable calculus. The collection 
of streamlines illustrates the entire flow at a particular moment, but they may change 
in time. Only when the flow is steady, that is, the velocity field is time independent, 
the streamlines are also constant in time. Streaklines are another tool that may 
help visualize a flow. A streakline is the collection of the current positions of fluid 
particles that have passed through a given fixed point in the fluid, p, say, at a 
continuous succession of times, ¢, in the time interval 0 < ¢, < ¢. For a flow starting 
at t = 0, this can be mathematically expressed as the curve composed of the points 


x=x[a(p,f),t], O<<t. (1.13) 


Thus, streamlines and streaklines are conceptually different lines. In addition, 
Lagrangian trajectories of different fluid particles are sometimes called pathlines. 
Can you think of a flow in which they all coincide? The goal of Problem 1.2 is 
to clarify these concepts by examples of simple flows (Fig. 1.1 illustrates some 
pathlines of a real flow). 
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Fig. 1.1 Pathlines of different air fluid particles marked by glowing residue from a campfire, 
as they are advected out by the heated air around the campfire. This particular photograph of 
the “Kabarneeme” campfire site in Estonia was taken using long exposure time so as to show 
the pathlines. (Author: Abrget47j, licensed under Creative Commons Attribution-Share Alike 3.0 
Unported—http://creativecommons.org/licenses/by-sa/3.0/deed.en) 


1.2.3. Rate of Deformation and Rotation 


Useful kinematical information can be obtained by defining the tensor quantity, 
called the velocity gradient tensor, %x, in the following way: 


Hire Ou; 1 (du; Ou 1 fou; dug 
y= FH a5 (Se El +5 ($= st) a) 


where a customary splitting of a tensor into its symmetrical and antisymmetric 
parts has been done. Defining now the symmetric tensor on the right-hand side of 
Eq. (1.14) as Dix, that is, 


= 1 Ou; Ou 
I= 5(Se+ 52). — 


and the antisymmetric one, similarly, as @z, we get upon multiplication by dx; and 
summation according to the Einstein convention, i.e., a sum from | to 3 is assumed 
over any repeated index in an expression, that 


du; = Diz dxp + Ci dx. (1.16) 
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x 


Fig. 1.2. A schematic depiction of the deformation and rotation rates of dx. The differential 
element dx, shown grossly enlarged, for the sake of clarity, connecting the two black circles 
representing dots, in which the left one is considered fixed, is subject to rotation along the 
perpendicular vector direction and distortion—stretching along the direction of the other vector 


Henceforth, the application of Einstein’s summation convention will be the default 
and we shall indicate if it should not be effected. Now multiplying through by the 
unit vector in the i direction X;, we get, in mixed notation, 


1 
du =% Pudry + 50 x dx, (1.17) 


where @ = V x u is the vorticity, a quantity which will be used frequently in this 
book. The second term can readily be verified by writing out all the components 
explicitly and remembering that the vector product can be written (A x B); = 
&jj,AJBx, where €;;, is the Levi-Civita symbol! (and see Problem 1.3). Figure 1.2 
illustrates that Z, is responsible for the deformation rate, while the second tensor 
can be interpreted as inducing a rotation rate of a differential length element. 


1.3. Dynamics of Fluid Motion 


The functions u(x,t) in Eulerian description and x(a,t) in Lagrangian one are the 
most basic equivalent dynamical characterizations of a fluid flow. The density is also 
needed for the flow dynamics to be fully described. The basic dynamics consists of 
two conservation equations: that of mass, where we assume that matter is neither 
destroyed nor created, and of momentum, in which it is assumed that momentum 
changes only due to the application of force according to Newton’s second law. 


'e = Lif (i,j,k) is an even permutation of (1,2,3), = —1 if the permutation is odd and = 0 if any 
two indices are repeated. 
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We know that energy has also to be conserved and this makes the full set of 
fluid equations quite involved, because the addition of an energy equation calls 
for the inclusion of internal (thermal) energy. Thermodynamic variables have to be 
introduced and various complications, like energy production and dissipation and, in 
addition, issues related to the equation of state, have to be addressed. In this section, 
we shall concentrate solely on the dynamics and will devote a separate section to 
the energy equation. 


1.3.1 Forces and Stresses 


Fluids of different sorts can have very complicated relations between forces 
acting on them and stresses developing in them, depending on the electromagnetic 
properties of the matter they are composed of, for example. In this book, we cannot 
cover all the possibilities and limit ourselves to fluids that are generally considered 
in most classical books (e.g., [1, 2], and so on). The properties of these fluids will 
be uncovered during our derivations of the equations of motion for them. Consider a 
finite volume element of a fluid, ”. We distinguish between two types of forces that 
can act on this element. The first one, which we call body force, includes all long- 
range forces. Classical examples of body forces are the gravitational and Lorentz 
force. We include the value of these forces, per unit mass, acting at a given position 
and time and denote them symbolically by b(x,t). Thus, a vector component of the 
total body force on the entire element is the integral over the volume of the element: 


(Fy = | poids, (1.18) 


where the superscript distinguishes between body and surface (see below) forces. 

The second type includes the short-range interatomic or molecular forces that, in 
the case of a solid and liquid, hold it together. Those second kinds of forces may 
act on a fluid element %, which is not considered here as a small fluid particle or 
infinitesimal element, by its surrounding medium, and they can do it only by their 
action on the surface of Y. Consider a single component of surface force per unit 
volume (f*);, acting in a point in the fluid volume element /. The vector component 
of the total force on the element due to this surface force component will be 


(Py =f yas 


From vector analysis, we recall that a volume integral on a given volume of a scalar 
can be transformed into a surface integral over the boundary of the volume if and 
only if the scalar is a divergence of a vector. If we are dealing with a vector (f*);, it 
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has to be a divergence of a tensor of rank two. We denote the latter by oj, and call it 
the stress tensor. Thus, we must have for j = 1,2,3 


OOjx 
S J 
;=(—— 1.19 
(") ( Fe ). (1.19) 
and the full surface force vector arising from the stress tensor is 
007K 
Py = f a -4 ound, 1.20 
(F); > ( | X= FF  Cink (1.20) 


where OY is the entire surface of the volume element and dS is a differential surface 
element. Equations (1.18) and (1.20) constitute thus the body and surface forces, 
correspondingly, acting on a fluid element. As we shall see, the integrands of these 
expressions will be used when the differential equations of motion are derived (see 
in Sect. 1.4.2). 


1.3.2 Cauchy Theory of Stress and Its Physical Meaning 
in a Fluid 


Here we briefly discuss the above defined stresses and their meaning in a fluid. The 
kind of reasoning we use was first proposed by A.-L. Cauchy, a nineteenth century 
prolific pioneer of mathematical analysis. We have seen that the definition of stress 
arises from the consideration of surface forces. We first imagine a very small, and 
thus flat, surface element 6S, which may (or may not) be a part of some closed 
surface in a fluid. Assume that this element is centered on position x and let n 
be its unit surface normal vector determining the element’s sense of direction. Let 
T(x,n,t) be the force per unit area, acting on the surface element by the fluid on 
the side towards which the normal n points. This situation is schematically depicted 
in Fig. 1.3. The surface force on the element is thus SF* = T6S and the vector T, 
which depends on the position, time and direction of the surface element, that is, n, 
is usually called the stress or traction force. One should not forget that its units are 
force per unit area. As we shall see, considering the components of T normal and 


Fig. 1.3. A schematic An 

depiction of the traction / 

(stress) force T acting ona Pi —7T 
very small surface element / a 

65S with n being normal to the a 

surface 


os 
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Fig. 1.4 The three 
components of the stress 
tensor 0;1, j = 1,2,3, acting 
on the surface element 6SX, 


tangential to the surface, will be useful in understanding the physical meaning of the 
stress tensor. We choose now to redefine the nine components of the stress tensor 
Ojx, consistently with Eq. (1.20), as the 7 component of the surface force (per unit 
area), acting on a surface element 6S, whose normal n is pointing in the k direction. 
For the sake of a clear demonstration, let us choose the small surface element 6S 
so that its normal is n = X,. Figure 1.4 depicts this choice. In this particular case, 
the stress o,, is called the normal stress, as it is the component of the surface force 
(per unit area) acting in a direction parallel to the normal. The components oj, with 
j = 2,3 are called shearing stresses and they relate to surface forces per unit area 
acting in a direction perpendicular to the normal, that is, parallel to the surface. We 
hope that this figure, which depicts a very particular case, helps in understanding 
the difference between normal and shearing stresses. 

The definition of oj, found above allows us to clearly express the traction vector 
in terms of the stress tensor using Cauchy’s theory. In principle, if we could not use 
it we would have to utilize, instead, a brute force evaluation of the surface integral. 
In the latter case, the surface integral in Eq. (1.20) involves splitting OV into very 
small surface elements, 6S, summing over a to produce OY, followed by taking 
the appropriate infinitesimal limit. It is in this way that the integral would have 
been decomposed into a sum and, correspondingly, each term in the sum would 
contribute to the surface force, traction, expressed per unit area. However, Cauchy’s 
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Fig. 1.5 An auxiliary AT 
drawing for the proof of 
formula (1.24). The front 

shaded area is ndS 


idea and construction is clearer, simpler, and more elegant, involving no calculus, 
since the underlying reasoning is purely geometrical. Following Cauchy, we imagine 
that our surface element 6S is the triangular base (the large face) of a tetrahedron, 
whose “top” vertex is the axes origin, in this case depicted as the farthest vertex 
from the base triangle, and whose other three faces are the 90° triangles formed 
by a pair of axes and one side of the triangle 6S (see Fig. 1.5). Now for a given 
instant, consider the fluid that occupies the interior of the tetrahedron. The proof 
involves a heuristic limiting process, wherein we examine what happens when the 
linear dimensions of the tetrahedron, e.g., its sides that reside on the axes, tend to 
zero. Still, consistently with our continuum approximation, we may not consider 
the tetrahedron to be smaller than what we have been calling a fluid particle. Now 
we want to find the total force acting on the tetrahedron and since it is a vector, we 
look at the jth component thereof. This surface force’s jth component, exerted by 
the external to the tetrahedron fluid on the base of the tetrahedron, is clearly T)6S : 
The j components of the forces acting on the sides that lie in the planes normal to 
X, are obtained by the relevant stress components —0;,. The minus is here because 
a particular &, is perpendicular to the triangle, in which the other two xj, lie, and 
thus points into the volume element. It has also to be multiplied by the area of the 
relevant 90° triangle. The latter is simply the projection of the base on the plane in 
question, that is, 7,65. This argument is good for all the three faces, which lie in the 
planes spanned by the axes. We thus have that the jth component of the total surface 
force exerted by the ambient fluid of the tetrahedron, on it, is 


(Tj — oy) 5S. (1.21) 


This force plus any body force pb;¥ will finally give the total force acting on the 
fluid inside the tetrahedron: 


OF; = (Tj — Oj 1K) OS + ph;V. (1.22) 
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By virtue of Newton’s second law, this force has to be equal to the mass p¥ times 
the acceleration a;. Thus 


(Tj — Oj )SS + phyV = pV ay. (1.23) 


Sending the linear dimensions of the tetrahedron to zero in a manner preserving the 
surface orientation n and assuming that the acceleration remains finite implies that 
VY ~ L? tends to zero faster than 6S ~ L?. This gives finally the important relation, 
which expresses the essence of Cauchy’s stress theory 


Tj; = Oj Nk (1.24) 


and furnishes a clear relation between the traction (or stress force) vector and 
the stress tensor. Those who worry that the tetrahedron cannot really tend to 
zero, because of our remark before, should not forget that a fluid description as 
a continuum is an approximation, employing differentials that are larger than a fluid 
parcel, but much smaller than typical macroscopic length scales in the fluid. 

It can be shown, using the fact that the total moment of surface force acting on 
a fluid element must be a surface integral, that the stress tensor is symmetric. The 
moment of the force F* is x x F* (a torque), where x is the point where the force 
is applied. The total moment of force on the element is thus an anti-symmetrical 
tensor of rank two (call its components Mj). In component language the result is 
Mix = J ((f°)jxx — (f°)exj] Px. Using the form of the surface force components per 
unit volume, in terms of the stress tensor components [as in formula (1.19)], we get 


00} OOu 
Mi = i (Sas - ey) a’x 


‘i ax Ox; 
_ } x (our = Ouixj) dx ‘i (<i o Oki =) ax. 


Since the first integral on the right-hand side can be readily converted into a surface 
integral and the derivatives in the second integral are actually Kronecker deltas 
(OXm/OXn) = Onn We get 


Mix = $ (ois _ Onixj dS + (ow - Oj dx. 


The requirement that this quantity must be a surface integral establishes that the 
volume integral part is zero and this, in turn, guarantees the symmetry of the stress 
tensor 


Oij = Oji; (1.25) 
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because this is valid for any domain of integration. This formal derivation is in 
accord with the fact that the Cauchy theory of stress was used here (the tacit 
assumption of which is isotropy of the fluid). 


1.3.3 Some Mathematical Relations 


In what follows, we shall give a number of mathematical relations that are helpful 
in the derivation and understanding of the equations of FD. 


1.3.3.1 Euler’s Formula 


The first of these relations is here the so-called Euler’s formula (there are many 
theorems and formulae bearing his name). It concerns the properties of continuous 
transformations as applied to fluid flow. In the Lagrangian picture, it is the 
continuous transformation, in terms of the parameter t, of the vector space of 
all a into the vector space of all x. A well-known concept in the transformation 
theory of vector spaces is that of the Jacobian. In our case, the Jacobian is simply 
the determinant, J; given in Eq. (1.3), with the index ¢ reminding us that it is a 
continuous function of time. Euler’s formula reads 


DJ, 

— =J/,V-u. 1.26 

Di t u ( ) 
Note that this formula contains a Lagrangian, i.e., material, derivative as well as 
Eulerian derivatives of the Eulerian velocity field, that is, 


Euler’s formula is heuristically obvious as the Jacobian is known to be related to 
the ratio of differential volume elements during the transformation, thus Jada = 
d>x. Also, as is known from vector calculus, the relative rate of change of a 
differential volume element at a given time can also be expressed by V-u, as 
this is the meaning of the divergence of velocity at a point where the element is 
located. These considerations are not rigorous enough to satisfy any mathematically 
oriented person, but we nevertheless state it here and it is proven, more rigorously, 
in Problem 1.5. Working out this problem may include some lengthy algebraic 
manipulations, but it is straightforward, especially if it is performed using the 
definitions we have presented and relevant vector quantities are decomposed into 
their constituent components. 
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1.3.3.2 Transport Theorems 


Consider a fluid flow and concentrate on a finite material, i.e., moving with the fluid, 
volume ¥ (t). Let G(x, t) be some fluid property, expressed here as an Eulerian field. 
We wish to find the rate of change of the integral of G over Y(t). We have 


. dd 3 | 3 / ea 3 
Ig=- G(x,t)d°x = — G(x,t)J;,d’a= d 
” ae aes dt J¥(0) nee ¥ (0) ot 4 


: D ge. DG Diy 3 
_ = py Gi ba = ( atom ) Ba. (1.27) 


Some explanation is in order. The first term in the above equation includes a 
time derivative of the integrand and the limit of integration. As is often the case, 
we transform the integration variable, with the help of the appropriate Jacobian, 
which happens to be J;, so that the limit of integration becomes time independent. 
Transforming this way makes the boundaries of the volume to appear fixed in 
time. Although one is allowed to do this, it will follow that the Jacobian of 
the transformation may be time dependent. Nonetheless, transforming into such 
coordinates (a) allows one to carry the differentiation into the integral, but we have 
to be careful, in this case, to recognize that it is the time derivative with a constant. 
This is nothing but the Lagrangian derivative. Continuing now the derivation, by 
using Euler’s formula (1.26) and manipulations according to the rules of calculus, 
we get 


pee" = PC 4 GV-ul Ja 
v(0) | Dt 


DG aG 
= EM =) o* +V.(Gu)| Bx. (1.28 
V(t) Lo + 7 * dro ai et »)| aici 


The two last expressions in formula (1.28) are two alternative forms of the Reynolds 


transport theorem, which gives the rate of change of the integral Jg, as defined in 
Eq. (1.27), ie., 


d 3 
— G(x,t)d>x. 
ie ee 


We leave to Problem 1.6 the proof of the following third, and perhaps the most 
practical, form of the Reynolds transport theorem 


d ae DF 3 
< [Psd dx = [ep 5 Pe, (1.29) 
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where F'(x,t) is any Eulerian field. O. Reynolds, after whom the above theorems 
are named, lived and acted in the nineteenth century. We shall see that the most 
important nondimensional number in FD bears his name and this is because of his 
fundamental contributions to FD. 

Another useful transport theorem is the one dealing with the transport of 
circulation. Let C(t) be a closed curve in the fluid. We consider it here being a 
material entity, that is, moving with the flow, and this is the meaning of making it a 
function of t. The circulation around C at time tf is defined to be 


Io(t)= ¢ bost-al 


where dl is a differential line element along C and the integral is, of course, a line 
integral. The circulation transport theorem reads 


D 
“¢ u-dl= 4 mY dl. (1.30) 
dt Jc) c(t) Dt 


The proof is straightforward, but a bit lengthy and technical. Consider the closed 
curve C(t) and the curve C(t+6t), which is the one carried by the fluid to time 
t+6t. We assume that dt is small (it will be eventually taken to zero as a limit), so 
that we may assume that the closed curve is only slightly distorted during the time 
interval dt (Fig. 1.6). We may write, by definition, 


: d 1 
ico -dl= lim — $ t+6t -al— 4 .t)-dl]. 
7 Zi fois” lim, 5 | eee #eg eo ) | 


(1.31) 


If we call the curve C(t+ 6r) by the name C’, for convenience, we immediately 
notice that the (imaginary) surface composed of S,S’, the surfaces formed by the 
bounding curves C and C’ with the addition of the surface defined by the integral 


Fig. 1.6 An auxiliary udt 
drawing for the proof of the 
circulation transport dl 
theorem (1.30) 


C(t) 
/_C(t-+-6t) 
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$c(r Ul x udt = — Foy, u x dldt form altogether a closed surface (care has to be 
taken, though, that the vector representing these surfaces points outward the closed 
surface). In addition, we may expand up to first order, i.e., 


u(t+ 81) = u(r) + (du/ar)ar. 


Thus 


: ou 1 
Ic= —-dl+ lim — -dl— -dlj. 
7 os ot + 50 ot | fmm) f. 8 | 


By virtue of the Stokes theorem of vector analysis, the line integrals in the square 
parentheses of the previous expression may be transformed into surface integrals. If 
to the terms inside the square parentheses we also add and subtract the term {.(V x 
u)-u x dl6d¢, we end up with only the line integral — {.u x (V x u) -dl, after taking 
the limit 6t — 0. The addition of these terms turns the partial surface integral into a 
total surface integral of V x u over a closed surface which becomes identically zero. 
Remember that parts of a closed surface have directionality and therefore the minus 
in front of the integral over S(r) turns into a plus. Invoking now the vector identity 
V({u|?) = (u- V)u-+u x (V x u) and remembering that a line integral over a closed 
loop of a gradient is zero, we finally obtain the statement of the theorem 


D 
af dl. 


a (1.32) 


r=, [Se + (u-V) -di= 


1.4 The Fluid Equations: Conservation Laws 


The basic fluid equations are, as it often happens in physics, nothing but expressions 
of conservation laws. Since FD, at least in this book, is the Newtonian dynamics of 
a continuum, these equations are expressions of conservation of mass, momentum, 
and energy. 


1.4.1 Mass Conservation 


The field related to mass is density. Formally, it is defined at any point and at any 
time by the limiting process 


om 
x,t)= lim —, 
pl , ) 5¥ 30 OV’ 
where it is understood that the mass 6m and the volume 6¥ containing it may be 
shrunk onto a point x at time ¢, without violating the continuum approximation. 
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Using the Reynolds transport theorem in the form (1.28), and choosing G = p, 
we exploit our assumption that the total mass of an element, which is a material 
volume, is constant, 1.e., 


d 3 
F dpi PO x=0, 


and obtain at once the mathematical expression of mass conservation, called the 
equation of continuity, 


7] 

oP 1 ¥.(pu) =0, (1.33) 
ot 

recalling that the volume over which the integration is done is arbitrary. This 
equation is in a fully Eulerian form, but the second form of the Reynolds transport 
theorem gives 


Dp 

Di +pV-u=0, (1.34) 
which contains the Lagrangian derivative and, depending upon circumstances, this 
equation is often useful. 

A simple volume integration should suffice in helping to understand physically 
that Eq. (1.33) indicates that the mass inside any volume can change only through 
the mass flux (pu) into and out of that volume’s boundary. This is the usual 
depiction found in many elementary textbooks on the subject. Equation (1.34) 
gives the compression rate of a fluid particle (density rate of change) during its 
motion. It follows that its relative compressibility is nothing but —V-u. Flows in 
which Dp /Dt = 0 is valid everywhere are called incompressible. The mathematical 
meaning is obvious: the density in incompressible flows is a material invariant. We 
shall discuss its meaning from a more physical approach later on. Here it will be 
enough to say that the fluid element retains the same density along its motion. This 
can happen if and only if V-u = 0. In the case that the density of a fluid is constant 
in space and time, all flows of this fluid are incompressible. 

Formula (1.34), together with Euler’s formula (1.26), gives 


D 
Di (Inp +InJ;) = 0, 

ie., OJ; is a material invariant. Thus, we may set it equal to its value at the initial 
instant, when Jo = 1, obtaining the Lagrangian version of the mass conservation 
equation 


p(x,t)J; = Po, (1.35) 
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where we have abbreviated p(a,0) = po. This immediately leads to the following 
incompressibility condition: Pp = Po, which leads to J; = 1. By virtue of Euler’s 
formula one gets V-u = 0. Both of the previous expressions mean that the flow 
preserves volume. 


1.4.2. Momentum Conservation 


We apply Newton’s second law on a material volume, V (t), whose bounding surface 
is denoted by dV (t), 


7 ns pudie= [ phar+ T(n,x, ¢)d 


where the body force and the surface force (traction) integrals have been included. 

Now we exploit the Reynolds transport theorem in the form found in (1.29) 
on any component of the left hand side of this equation and use Eq. (1.24) for 
expressing the traction in terms of the stress. The previous equation written in 
component form gives for the kth component 


bP pee =| erbxt fe o,njdS. 
Y(t) Dt aa! 


The last integral here is a surface integral over the closed surface embedding V(r). 
By virtue of the Gauss theorem, it can be replaced by a volume integral 


OK 3 
o,jnjdS = i ~d°x 
foo KN; F) Xj 


Since Y(t) is arbitrary, the integrands must be equal, giving finally 


D 1 dou 
ee pk Oe (1.36) 
Dt p OX; 


This is usually referred to as the Cauchy equation for fluid motion. 

Now we can define more formally and thus precisely what we call in this 
book an ideal fluid. In an ideal fluid the stress tensor satisfies o,; = —P6,; with 
P > 0, that is, the stress tensor is diagonal and all its elements are equal to the 
negative of the Eulerian field, P(x,t), which is called the hydrostatic pressure. The 
minus sign should by now be clear to the reader. The fact that the stress tensor is 
diagonal reflects the underlying fact that the force resulting from the hydrostatic 
pressure, which is nothing but force per unit area in the fluid, acts perpendicularly 
to a surface. The equality of all three components on the diagonal means isotropy 
of the hydrostatic pressure is usually referred to as Pascal’s law. In the case of 
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an ideal fluid (while there are no perfectly ideal fluids in nature, there are close 
approximations), and from Cauchy’s equation, we get 


D 1 1 
= =b- ra or more explicitly ou +(u-V)u=b— he (1.37) 


This is known as the Euler equation for fluid motion. It describes the flow of a fluid, 
in which nondiagonal terms in the stress tensor have been neglected. The physical 
meaning of this approximation will be made clear later on, when the Reynolds 
number is discussed. The Euler equation is the equation for a nondissipative motion 
of fluid. Dissipative effects will be added soon. Before that, it is useful defining 
here an important concept, namely, that of hydrostatic equilibrium. This situation 
occurs when the flow is not only stationary, that is, time independent, but the fluid 
is actually at rest, meaning that u = 0 everywhere. Thus, hydrostatic equilibrium 
is just the balance of forces on the right-hand side of Eq. (1.37). The body force is 
a long range force, e.g., gravity, either self or external, magnetic force on ionized 
fluid, and more complicated forces. In the first case, hydrostatic equilibrium has an 
obvious meaning and is frequently found in astrophysics or geophysics, indicating, 
as we shall see in a number of problems, the balance of gravity and pressure gradient 
force. 

The Euler equation of motion is written for Eulerian fields. If one wants to write 
the Lagrangian version of this equation for ideal fluids, then one has to translate the 
Eulerian coordinates (x,t) into the corresponding Lagrangian variables. This gives 
an equation for x(a, ) which, for convenience, we write in component form. Starting 
with 


10P 
Xj = bj —- —-~— (1.38) 
p Ox; 
and using Eq. (1.2) and elementary calculus we get 
1 oP 
%; = b; — —J,'=— 1.39 
Xj i p Dix dap ) ( ) 


where the functions x;, b;, p, and P have all to be expressed in Lagrangian variables 
(a,t). Remembering that x is the result of the flow transformation x = ®,(a) [see 
Eq. (1.1)], this may be useful if a transformation of a solution, back to its Eulerian 
coordinates, is required. We repeat for the sake of clarity that Eq. (1.39) is the 
Lagrangian equation of motion, reflecting momentum conservation; it holds for an 
ideal fluid and is written in component form. This completes the two descriptions of 
the equation of motion for ideal fluids. 
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In a nonideal fluid, the off-diagonal components of the stress tensor oj, with 
i#~ k cannot be neglected. This means that the “friction” of a given fluid layer with 
its adjacent layer plays a dynamical role. Thus, the stress tensor can be split in the 
following way 


Oi = —POix + Ti, (1.40) 


where, as before, P is the hydrostatic pressure and tj, is called the deviatoric or 
viscous stress. We shall try here to motivate the choice for the form of the deviatoric 
stress, using an analogy with the theory of elasticity. To do so we have to establish a 
constitutive equation. Such an equation here can follow from a_ relation connecting 
the stress to the rate of deformation, which we have called Y before. We shall 
obtain this relation using reasoning appropriate for a Newtonian fluid. A Newtonian 
fluid (we shall not deal with non-Newtonian fluids in this book) is defined by two 
properties: 


1. The relation between the deviatoric stress and the deformation is linear, which 
is usually called the stress constitutive relation. 
2. The fluid is isotropic. 


Linearity of the constitutive relation can be expressed as 
Tik = Kikmn Ban. 


In a three-dimensional space, there are thus 81 = 3+ components of the tensor K, 
which depend on the thermodynamic state of the material. However, owing to the 
isotropy and tensor index symmetries, the 81 parameters are reduced to 2! The 
symmetry of the stress and rate of deformation tensors (Oj, = Og; and Ann = Yum) 
require Kigmn = Kkimn = Kiktnm = Kkinm, SO that we are left with 36 distinct values 
for the coefficients. Exploiting now the fact that the fluid is isotropic, we understand 
that a tensile stress in a certain direction must result in a deformation in the direction 
of that tension. A corollary of this observation is that the principal axes of the stress 
and of the deformation tensors coincide. The 36 coefficients reduce thus to only 2.7 
Omitting some technical details, like the splitting of a tensor into a traceless part 
and the rest, for example, we finally get 


1 
Oi = —PO +27 (2 = 55: Fum) + COD, (1.41) 


where the two surviving coefficients of the tensor K, which we rename 7 and € are 
called the dynamic viscosity coefficients. The two are preceded by the adjectives 
shear and second or bulk. respectively. We shall discuss later in more detail the 
meaning of shear viscosity and of second viscosity from their physical perspective. 


?These conclusions follow from elementary tensor analysis. 
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Using the definition of the rate of deformation x (1.15) and that of the deviatoric 
(viscous) stress (1.40), we get the latter’s form in terms of velocity derivatives and 
coefficients of viscosity: 


_ Ou; Ou 2. OUm pele OUn 
a (Se : x) 30m | noe. i 


The definitions 7 = pv and ¢ = pv, using the dynamic shear and second (or bulk) 
viscosity coefficients, introduce v and v2 which are the corresponding kinematic 
viscosity coefficients. 

The momentum conservation equation, which includes also the viscous stress, 
can now be written using Cauchy’s equation (1.36), with oj; fully incorporating the 
diagonal as well as the deviatoric parts of the stress 


Dux 1 OP 


=b ae 1.43 
Dt Pp Ox, tk ( ) 
where jf,” iS ig a shorthand notation for 
k= p Oxn’ 


as can be seen using Eq. (1.42). Itis worth stressing that the above term is not a force. 
It just reflects the effect of viscous dissipation on the kth component of the motion 
and has the units of [force]/[mass]. We shall return to this equation in Sect. 1.4.4. 


1.4.3 Energy Conservation 


Internal energy, also known as thermal energy, is one of the thermodynamic 
variables of matter and in statistical mechanics we learn that it is actually the 
kinetic energy of the microscopic particles resulting from their random thermal 
motions and is intimately related to temperature. We shall discuss it in more detail 
in Sect. 1.5, devoted to the thermodynamics of a fluid. Here we shall be content 
with only accepting that internal energy is a well-defined field in the fluid. The local 
thermodynamic equilibrium assumption allows this, as we shall see in Sect. 1.5. 
Thus, we posit that the internal (thermal) energy, per unit mass, is an Eulerian field 
e(x,t), or alternatively that this quantity is well defined for a fluid parcel, in the 
Lagrangian description. 

We now write, by inspection, a conservation equation for the sum of the kinetic 
energy of the fluid macroscopic motion plus the internal thermal energy, per unit 
mass, in a material fluid element Y(t). It reads 
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— =jul* + ax= u-bpdx+ u- TndS+ Qa, 1.44 
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where the terms on the right-hand side involve u-b, the power input of the body 
force integrated over the element, plus u-T, that of the traction (stress force) which 
is naturally integrated over the closed surface of the moving element, plus the 
heat gain by the element /(t), from both total external heat inflow and internal 
heat production, per unit time. All these are marked together by Q,). We denote 
by ndS the differential vector surface element of the moving volume’s embedding 
boundary, where n is the outward normal at the position of the surface element. 
Using the Reynolds transport theorem (1.29), the relation 7, = o,jn;, and assuming, 
for convenience, that the fluid does not possess any internal sources (or sinks) 
of heat, save dissipation due to viscosity, we may obtain the following energy 
conservation equation: 


Foti N=Gie ee 1.45 
Pa let sualle | = Pui kt FE (ueoui) — 5a (1.45) 


where q is the outward directed heat flux through a point on the surface 0¥ of the 
element. The direction of n is always outward and so we have q-n > 0 and thus the 
last term, including the sign, represents the gain of heat energy by the element / (7), 
or in other words 


Qer =-f a-nas. (1.46) 


If the surface heat flux happens to be, at some point of the surface, into the volume 
element, its contribution to the integral will be with a negative sign and a sufficiently 
large area of strong enough heat influx may lead to an overall energy gain by the 
element. We may now exploit the Cauchy equation (1.36) in order to get an equation 
for the internal thermal energy e alone. Multiplying Eq. (1.36) by uw, and summing 
over k we get 


Dfi OOK; 
— | — = b : 1.47 
Pa (Ga) Pugby + Ux es (1.47) 


Subtracting this relation from Eq. (1.45) and noting that by virtue of the freedom to 
interchange dummy indices and the stress tensor’s symmetry, that is, 


Ou, 1 Our 1 Ou 
= 5 Oik Oki 


"= On Dik, 
Ox; 2 Ox; 2 i 


Oik 
OX, 
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we finally obtain an equation for the material rate of change of the internal thermal 
energy 


Poe = on Fu— a (1.48) 
where, as before, we do not allow any heat sources or sinks inside the volume 
element, save viscous dissipation which is given by oj, 4, summed on both indices. 
This relationship will prove to be useful a little later on. We remark here that other 
forms of the energy equations exist as well, most of which will be given later in the 
text of this book. 


1.4.4 Summary of the Fluid Dynamical Equations 


We are now in the position in which we can write three of the fluid equations. 
Choosing the Eulerian notation, we have for the fields u(x,t), p(x,t), and e(x,t) 
the following general equations, written here in component notation: 


Mass conservation 


Op A(Pum) _ 
OE 7 0. (1.49) 
Momentum conservation 
Oux OuK _ oP vis 
p (3 +952] sak te eda : (1.50) 


with 


vis OT 9 Ou,  Ouj 2. Otm| | OuUm 
Pleo = Ox; — OXg [ & - 5) 3 Ok sin " OX, (s su) 


Energy conservation 


Poe = On Fu— a (1.51) 
Note that even with appropriate initial and boundary conditions, this is not a closed 
set of partial differential equations (PDEs). The function P is not specified, ice., 
either given explicitly in terms of coordinates and time or expressed by some other 
unknown functions. The coefficients of viscosity are also not supplied. In addition, 
the body force b has to be given. Finally, we have to specify the physical source, 
and thus explicit form, of the heat flux q function. If the heat flux is the result 
of conduction, one can write a heat transport equation q = —KVT, where T is 
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the absolute temperature (also unknown) and xk is the thermal conductivity. In 
astrophysics the heat flux is often dominated by radiation, rather than conduction, 
and consequently the formula for q is more complicated. In the heat diffusion 
approximation, valid in most stellar interiors, the equation for heat transport is 
not too complex and may be found in any serious book on stellar structure, e.g., 
that of Kippenhahn & Weigert (reference [12] in the Bibliographical Notes of 
this chapter). If this approximation cannot be used, then some kind of radiative 
transport theory, which is beyond the scope of this book, is needed (see, e.g., 
reference [14]). Alternatively, a third mode of energy transport often exists in 
FD—convection. This is a very difficult problem, involving fluid motions, often 
turbulent, cf. Chap.9. The simplest treatment of convection, the so-called mixing 
length theory, can also be found in books on stellar structure, like reference [12], 
which is in our opinion the best among many others. We should single out also 
Prianlik’s book (reference [13]) for being concise, precise, and clear. In any case, 
additional specifications connecting thermodynamic variables to one another are 
needed to complete the fluid equations. For instance, one or several relations called 
equations of state are needed and except for simple gases and liquids they are very 
complex and are often taken from available results of lengthy computer calculations. 

If the coefficients of viscosity are not explicit functions of position, the first two 
equations can be written in vectorial form, and therefore succinctly, as 


Op 7 
37 7 ¥ (pu) =9, (1.52) 


. Paco 5h YP aaV ad (¢+5n) V(V-u). (1.53) 


The shear viscosity 1 is easily understood physically—it is frictional and results 
from the exchange of particles between one layer of fluid and an adjacent parallel 
one, moving at a different velocity. This interaction of fluid layers results in 
dissipation. The bulk viscosity ¢ affects the equation only if the flow cannot 
be considered incompressible. Incompressible flows, which do not necessarily 
require that the density is constant throughout the fluid at all times, are often a 
good approximation for many flows (see below, in Chap. 2). The incompressibility 
condition (V-u = 0) causes € to drop out from the equation of motion, as can 
be seen in Eq. (1.53), and one can then ignore the bulk viscosity. In the opposite 
case, when compressibility is important, the bulk viscosity remains and, as we can 
see in Eq. (1.50), its product with —(Au,/Axm) = —V-u, that is, compression, 
produces a term whose physical significance is to add resistance, formally adding 
to what we have called the hydrostatic pressure P. Now the question arises: is it 
correct to identify the hydrostatic pressure with the thermodynamic pressure (see 
next section), that is, the one which prevails in the fluid in local thermodynamic 
equilibrium? If this identification is made, then it becomes formally equivalent 
to setting the bulk viscosity to zero. The bulk or second viscosity is relevant 
only in significantly rarefied non-perfect gases, possessing internal degrees of 
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freedom. Such degrees of freedom (perhaps rotational or vibrational motion modes 
of molecules) may be excited or damped when rapid changes of volume occur, 
ie., when the timescale defined by (V-u)~! is much shorter than a typical flow 
time. The resultant coupling to the translational degrees of freedom may give rise 
to a frictional force opposing changes of volume. This is equivalent to an extra 
force per unit area, which has to be added to the hydrostatic pressure to yield the 
thermodynamic pressure. Symbolically we may write 


Pthermo = Phydro ale C(V : u). (1.54) 


Most flows, with the exception of those in which local high energy phenomena occur 
in non-perfect gases, can be approximated by the condition in which the second 
viscosity can be ignored. However, one should keep in mind that in rapid changes 
of volume, this viscosity coefficient cannot be neglected. In some instances, like 
in very strong explosions, or perhaps in cosmology, it may play a leading role. 
It is also important to remark here that in some systems, astrophysical as well as 
certain physical experimental ones, fluids are often subject to strong radiation fields. 
These fields contribute to the stress tensor, but these terms are usually neglected. 
Radiative contributions to the stress tensor are addressed in reference [14] of the 
Bibliographical Notes found at the end of this chapter. 

Equations (1.52)-(1.53) are known in the literature as the Navier—Stokes equa- 
tions. The importance of these equations to fluid dynamics is hard to overestimate. 
As we shall see in this book, most of the fluid dynamical problems are approached 
by using them as a starting point. Often, this name is reserved only for incompress- 
ible flows, i.e., V-u = 0, in which the latter equation replaces Eq. (1.52). 


1.4.4.1 Mass and Momentum Equations Written in Tensor 
Conservation Form 


It is sometimes useful and certainly more elegant to write the above equations in a 
tensor conservation form, i.e., relating the time derivatives of relevant functions to 
the divergences of appropriate fluxes. Mass conservation is written trivially as 


Op  A(puj) 
oe Bi =0 (1.55) 
The momentum equation reads 
CUR) OTN ag, (1.56) 


ot Ox; 
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where the momentum flux density tensor is defined as 
Tl = pujuy + Pdix — Tix. 


Proof of the equivalence of Eq. (1.56) with the Navier-Stokes equation is the subject 
of Problem 1.11. 


1.4.5 Examples 


We give below two very simple examples of solutions to the above FD equations. 


1.4.5.1 Hydrostatic Plane-Parallel Atmosphere 


As defined before, by hydrostatic equilibrium we mean a state of the fluid in which 
all the components of the velocity are zero, i.e., u(x,t) = 0 at all locations and 
times. Consider now a one-dimensional plane-parallel equilibrium state, in which 
the pressure and density are functions of x3 = z only. Let b = — gz be the body force, 
with the constant g > 0. The physical meaning of this may be that the self-gravity 
of an atmosphere is negligible with respect to that of the body on which it resides 
and that we are considering a small enough region so that it may be approximated 
by a plane. We also assume that the system is shallow enough, so that g may be 
considered constant. The only surviving fluid dynamical equation is then 


dP 
—=-—p)pg. 1.57 
ieee (1.57) 
As simple as this equation may look, we have to remark that when both P and p 
are allowed to vary, clearly some relation between them is needed, so that Eq. (1.57) 
can be solved. To give an example, assume that such a relation is given by 


Pls) _ exo] 


Po Po 


where Po and po are constants equal to, say, the values of the pressure and density 
at the base of the atmosphere, z = 0. We require that the constant y > 1. If y is 
the adiabatic exponent, whose meaning will be recalled later in this chapter, it is a 
well-defined constant, 5/3, for an ideal monoatomic gas. The atmosphere in which 
such a relation holds is called adiabatic (see below in Sect. 1.5.2). It follows that the 
differential equation for the density is 


dp’ __ Po 


dz Py?” 
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Straightforward integration of the above relationship gives the solution 


1 


_ = heen," 
p(e)=po(1 7 ip ) ’ 


for y ~ 1. The validity of this equation breaks down at some z, where the density 
goes to zero, i.e., 9(z)) = 0. This occurs for z; = [YPo]/[(y— 1)gpo]. For y = 1 the 
equation is simpler and has the decaying exponential solution, appropriate for an 
isothermal case: 


plc) = poexp (~£222), 
0 


in which the density goes to zero only as z — © (you may wish to compare this 
with an isothermal hydrostatic sphere solution, which will be given at the end of 
Sect. 1.6.1). 


1.4.5.2 Uniformly Rotating Fluid of Constant Density 


Let there be given a steady flow of a constant density fluid, which in Cartesian coor- 
dinates is u(x, y,z) = (—Qy, Qx,0), where we denote by (x,y,z) the components of 
the position vector x = (x),x2,x3). Gravity is directed in the —Z direction and its 
force per unit mass is a constant g. Although the flow is given, the objective of this 
example is to find the surfaces of constant pressure. 

Writing out the components of the Euler equations (1.37) for this flow we get 


oP 


aP ap 
Fy = 2’ p0% GF =D’ poy, 5 = — Poss (1.58) 


oy Oz 


where the terms on the right-hand side of the first two equations represent the 
corresponding centripetal force associated with uniform rotation (see Chap.5 for 
further details). Direct integration yields the following pressure distribution as a 
solution 


1 
P(x,y,z) = 52° po (x +y*) — Pogz+ const. 


This means that the isobaric (of constant pressure) surfaces have the form 


Q? 
z(x,y) = 2g (x* + y*) + const. (1.59) 
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If the rotating fluid has a free surface, the shape of the surface will also have such a 
paraboloid of rotation surface, with the constant corresponding to the atmospheric 
pressure (imagine a vigorously stirred cup of liquid). 


1.5 Thermodynamics of Fluid Motion 


So far we have encountered only one or two aspects of thermal physics. In Sect. 1.4.3 
the internal thermal energy, e, was introduced, and heuristically interpreted as the 
kinetic energy of the random velocities of microscopic particles. We also invoked a 
thermodynamic relation between P and p in an adiabatic atmosphere and mentioned 
the adiabatic exponent y. Pressure and density were defined fluid dynamically, by 
using only mechanical considerations. Yet we should not lose sight of the fact 
that thermal physics is a significant and non-trivial branch of physics. Classical 
thermodynamics was the first to treat thermal phenomena, in a rather axiomatic and 
abstract way, largely detached from other branches of physics. In thermodynamics, e 
was simply a variable, or a state function. Eventually, statistical mechanics provided 
a deeper understanding of thermal phenomena and their physical meaning. When 
discussing the thermodynamics of fluid motion, we shall not restrict ourselves to 
one view or the other but, instead, we co-mingle both approaches. This should be 
permissible from a twenty-first century perspective of physics. 


1.5.1 Local Thermodynamic Equilibrium 


In classical thermodynamics one deals with states, unchanging in time, called 
thermodynamic equilibria, in which the system under consideration is uniform, 
i.e., it does not possess spatial gradients in temperature, density, specific energy, 
composition, or in any other thermodynamic variable. Global temporal changes to 
the system are assumed to occur at a rate which is considered very slow. To be 
more specific, one speaks of quasi-static changes, which approximates changes to 
the system as a sequence of permanent states. In other words, the slow changes we 
speak of are perceived as a series of thermodynamic equilibria. The approximation 
is good only if global changes occur on a timescale which is much longer than the 
relaxation timescale of the system towards thermodynamic equilibrium. 

Fluid motions are sometimes not very slow and the above-mentioned ther- 
modynamic variables may certainly vary in space. It turns out, however, that 
we may adopt the approximation that a local thermodynamic equilibrium (LTE) 
prevails, if the relevant variables’ gradients are not too large and the changes are 
not too fast. Quantitatively, it means the following two conditions must be met 
for a given thermodynamic function F(x,r): (1) the typical length scale of the 
thermodynamic function be much larger than the size scale of a fluid element, 
ie., Ap = (|V(InF)|)' > (%)"/3, where, as before, % is the volume of the fluid 
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element considered a fluid particle and (2) the global time changes are on scales 
much longer than the relaxation time towards thermodynamic equilibrium, i.e., 
Tr = (OlnF/ at)! < Trelax, Where the relaxation time Telax is typically the time 
for a few collisions between the microscopic particles to take place and is, e.g., of 
the order of ~10~*s for terrestrial and planetary gases. It turns out that the LTE 
approximation works well if we have linear constitutive equations for the stress and 
for heat transport, as we saw in our discussion of Newtonian fluids. Fluids endowed 
with such linear constitutive equations are called simple fluids. 

Thus, we may be content with the fact that the LTE is usually a good approxima- 
tion and the laws of thermodynamics are obeyed locally, that is, at any (x,t), for the 
majority of flows we shall consider. To sum up the notation, sometimes repeating 
ourselves, the following list of the various thermodynamics functions, is considered: 
P (thermodynamic pressure), T (absolute temperature), p (mass density), e (specific 
internal thermal energy), h = e+ P/p (specific enthalpy), and finally s (specific 
entropy). The last variable (entropy) plays a key role in thermal physics, and we shall 
be discussing it below in considerable detail. As we noted earlier, in principle, the 
pressure listed here may not be the hydrostatic pressure as defined in our discussion 
of the diagonal elements of the stress tensor. We shall, however, distinguish between 
these two definitions of pressure, keeping in mind that only in extremely rapid 
processes may the bulk viscosity cause the thermodynamic pressure to differ from 
the hydrostatic one. In the context of the FD treated in this book, the bulk, or second, 
viscosity is neglected. 


1.5.2. Equations of State and the Laws of Thermodynamics 


The equation of state is clearly the property of the material in question. We do not 
intend to discuss the various conditions encountered in applications and derive the 
appropriate equation of state for them. We have previously mentioned that there are 
good sources for such information, for a wide range of densities and temperatures. 

We shall explicitly treat here only the simple, but useful cases. It is customary 
to single out the following forms of equations of state (EOS). Each has its own 
name, and these are for a given constant chemical composition, (1) the thermal 
EOS: P = P(p,T), (2) the caloric EOS: e = e(p,T), and (3) the potential or 
canonical EOS: e = e(p,s). Manipulation of thermodynamic identities and laws 
shows that one form of EOS can always be transformed into another, because any 
thermodynamic variable can always be expressed as a function of the remaining 
ones, which characterize the system. In the case of simple systems, any one 
thermodynamic variable can be expressed as a function of two other thermodynamic 
variables. More complicated gases (e.g., a mixture involving more than one type) 
requires more variables. We shall now give just two examples of equations of state, 
one applicable for dilute gases and the other for a liquid like water. 

An ideal, or perfect, gas is a substance, in which the microscopic particles 
interact only through binary collisions between particles. It is straightforward to 
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show, as be seen in virtually any undergraduate course or book on thermal physics, 
that such a gas obeys the following thermal EOS 


P(p.T) = 4 pT = RpT, (1.60) 


where # = 8.314 x 10’ erg/deg mol is the gas constant, Z = N,k,,; 1.€., the gas 
constant is the product of the perhaps more familiar Avogadro number and the 
Boltzmann constant. WW is the mean molecular weight, that is, the mean mass of 
a microscopic particle in the gas in atomic mass units. The notation R = #/, is 
sometimes used, where R depends on the composition of the gas. For u = 1 (is 
there a gas having this value of , if only approximately?), Z = R. 

Pure water at pressure Po, temperature To, and having density Py obeys approxi- 
mately a linear equation of state, if the changes from the reference values are small. 
We may write 


p(P,T) = po[l — Br(T — To) + Be(P— Po)], (1.61) 


with Br = 2 x 10-4 1/K and Bp © 4.1 x 107!!! cm?/dyn. 


1.5.2.1 Some Thermodynamic Relations for an Ideal (Perfect) Gas 
We find it useful to remind the reader about several of the most important 


thermodynamic quantities, which are often used, also in thermodynamics of fluid 
motion and give their explicit form for an ideal gas. The first of these is the adiabatic 


sound speed, c,, defined by 
oP 
= () ; (1.62) 


where the partial derivative is taken at constant entropy. In FD, cy is a field and we 
shall see, when discussing sound waves in compressible fluids, that this indeed is 
their phase velocity. Next we mention the so-called adiabatic exponent, Y: 


olnP 
t= ak (1.63) 


Some basic relations satisfied by y, in an ideal gas, as related to adiabatic derivatives 
of thermodynamic functions should also be mentioned. With v = 1/p being the 


specific volume we have 
OlnT\ | ; 
dlnv), n 
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(Sar) a ee (1.64) 


For an ideal gas we have the result that y is a constant, depending on the number of 
atoms in a gas molecule. For a monoatomic perfect gas y = 5/3 and its more general 
value can be shown to be 


1+ z 

Y F 

where f is the number of unfrozen, i.e., accessible, degrees of freedom of a given 

gas molecule. Thus, a monoatomic gas has f = 3 => y= 5/3, while diatomic 

nitrogen, say, in the conditions of the Earth’s atmosphere, has f = 3 (translational) + 

2 (rotational) = 5 and thus y = 7/5 = 1.4. The vibrational degrees of freedom are 
frozen, because their excitation requires a very high temperature. 

Finally, a few words about specific heats of an ideal gas. These quantities, when 

defined at constant volume or pressure, indicate the amount of added heat (per unit 

mass) to the substance, per rise of 1 °K in the temperature. So 


= faa _ (oq 
Cv = (52). Cp = (52) (1.65) 


It is a simple matter to show that, using equilibrium reversible thermodynamic 
processes, i.e., dq = Tds, where q means here heat per unit mass, for a perfect gas 


kh a c 
cy = py te cp=cy+—, and —=y. 
Vv ( ) Ul P. Vv Ul 


1.5.2.2 Some General Thermodynamic Identities 


Before turning to the formulation of the two important laws of thermodynamics 
appropriate for fluid motion, we state the all-important Gibbs equation relating 
the aforementioned quasi-static changes of thermodynamical variables, where we 
choose to use 1/p, instead of v for visual clarity: 


1 
rds = de+Pa (~) ‘ (1.66) 


J.W. Gibbs (1839-1903), who lived in the USA, was one of the most important 
figures in thermal physics and the development of statistical mechanics. This 
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equation has a number of equivalent forms which can be derived from (1.66) uti- 
lizing standard thermodynamic relations, such as those appearing in any elementary 
thermodynamics book. The most important of Gibbs equation equivalent forms, the 
Gibbs relations, are 


dh=Tds+ (5) dP, df=—sdT—Pd (5) ,  dg=—sdT+ (5) dP, (1.67) 


where h = e+ P/p is the enthalpy. f =e+P/p and g =h-—Ts are the Helmholtz 
and Gibbs thermodynamic functions, respectively, all per unit mass. 

Turning now to the laws of thermodynamics, we write them here in a form appro- 
priate for FD, that is, considering a moving fluid particle as our thermodynamic 
system in LTE. 


1.5.2.3. The First Law and Bernoulli’s Formula 


The first law of thermodynamics is in fact an energy conservation energy statement. 
As such, its form is similar to Eq. (1.51), and we rewrite it here for convenience: 


D 
p > = 64 Dn + 2B, (1.68) 


where & is the time rate of heat absorption by the fluid particle, per unit volume. 
In the case that this heat comes from outside, by the heat flux q, we have 2 = 
—0qx/Oxx. If internal heat sources or sinks exist (e.g., chemical or nuclear reaction 
heating or neutrino losses), the rate of such heat gain, per unit volume, should be 
appropriately included in 2. Note that we have not included, so far, body forces. 
They will be added in the generalization immediately below. One can easily identify 
in Eq. (1.68) the first law, as it is usually written in thermodynamics. The internal 
thermal energy rate of change, per unit volume, is equal to the rate of work done on 
the fluid per unit volume, including here the stress times deformation tensors double 
sum, plus the rate of heat absorption by a unit volume of the system. 

Assume now that the body force is derivable from a static potential function, that 
is, b(x,t) = —V®(x). Very often this is the case, e.g., if the body force is a static 
external gravitational potential. Using now the energy conservation equation in our 
original form (1.45), with the general term 2 instead of minus the divergence of the 
heat flux, and with the body force included in terms of (minus) a potential gradient, 
we get 


D 1 0 o@ 4 
PD (c+ sin = Dn (uO) — Pur oe + QJ. (1.69) 


L 
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Separating now the stress tensor in the usual way Oy = —PO, + Ti, we find after 
some algebra that 


D 1 oP. oO . 
Pa: (1+ Sau | ) = + - (ugTri) + Z, (1.70) 
remembering that h = e+ P/p. 

The Bernoulli function for a flow is now defined as the field 


Alx,t) = (x,t) +5 u(x, 1)? + OC), (1.71) 


and thus we get the prototype, in fact the most general form of the unsteady 
Bernoulli’s equation. The term Bernoulli’s formula is also frequently used. 


DZ oP oa , 
POE = Pr Fe (1.72) 


The expression as appearing here, especially in its steady state, is useful for several 
different types of flows, see below in Chap. 2. The above equation bears the name 
of D. Bernoulli, who lived in the eighteenth century and belonged to a large family 
of outstanding physicists and mathematicians. 


1.5.2.4 The Second Law 


The state function entropy, per unit mass, which we denote by s(x,t), plays a 
special role in thermodynamics and in statistical mechanics. One of the often used 
simplifications are flows in which the specific entropy does not change along the 
flow of a fluid particle, that is, 


Ds 
—= 1.73 
Dr (1.73) 
We call such flows isentropic. It applies when fluid elements do not acquire heat 
from external sources or reactions from within (chemical, nuclear, etc.). The case 
where the specific entropy is a constant everywhere and at all times within the fluid, 
1.¢., 


Os 

— =Vs=0, 1.74 
ot ° er 
will be referred to as homentropic. It is not to be confused with the concept 
of adiabaticity. A flow is adiabatic if a fluid particle does not absorb any heat 
from the outside or from nondissipative source inside it. However, heat may be 
produced by the deviatoric stress working on the fluid element (viscous dissipation). 
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Thus, an adiabatic flow may be non-isentropic. However, if an adiabatic flow is also 
reversible (nondissipative) then it is clearly isentropic. These subtle details are often 
important. 


The second law of thermodynamics can be formulated by the celebrated state- 
ment that the entropy of a closed system never decreases. Several other statements 
of this law have been given over the years, but all have been proven equivalent. We 
may translate it to conditions appropriate for a fluid element in the following way: 


“{ spad’x > -$ = -nds, (1.75) 
dt J¥(t) ay (t) 

where £(x,f) is the entropy flux vector, that is, the entropy crossing a unit area 
perpendicular to =, per unit time. The statement thus reads that the total entropy 
inside the element can never decrease faster than the rate that the entropy leaves the 
element. The entropy loss here is through the element’s closed surface. 


Some interesting and important results follow if we use the result proved in 
Problem 1.13: 


Applying on the left-hand side of this equation the Gibbs equation (1.66), one gets 


res = LaGy a 19 
Dt p p 
For the sake of definitiveness and simplicity we shall now abandon the more general 
notation Y and replace it by —V -q, that is, consider the non-adiabatic effects as 
coming only from external heat flux q. A generalization for the case when there are 
point sources or sinks inside the element should not be too difficult. Thus we have 


Ds 1 
foe (1.76) 


where 
Y = Tx Dik (1.77) 


is called the dissipation function. It is not too difficult to show (try it) that this 
function must be nonnegative, i.c., Y% > 0, otherwise there would be a serious 
problem in thermal physics. The above exercise can be done by developing the 
components and showing that it is a sum of squares multiplied by positive viscosity 
coefficients. Viscous work is thus being created by deviatoric stresses multiplied 
by deformation. To visualize that work is being done imagine deforming an elastic 
material by deviatoric stresses. This formulation is consistent with what is known 
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in thermodynamics as the Clausius inequality Tds > dq, where 6g = —vV - qdt is 
the heat transfer to a unit mass of the fluid particle in time dt. vp = 1/p, while T and 
ds are for the fluid particle as well. 

For the simplest case of heat transfer, namely, that of the Fourier law of conduc- 
tion, we have q = —KVT. J. Fourier was one of the most important mathematicians 
and a very successful administrator in the Napoleonic era. His contributions will be 
used frequently in this book. It is now only a matter of algebra to show that 


2 
-7¥-q=«(52) | v-(«iZ), 
T T T 


Substituting this in Eq. (1.76) gives 


pT— =¥+E(VI)P+7V- (=). (1.78) 


If we identify now = = q/T as the entropy flux vector, we can get an interesting 
expression, consistent with the second law (see 1.75), since the right-hand side of 
the following expression is nonnegative: 


Moreover, we get explicitly the specific entropy production rate in the possibly 
moving fluid particle for this case. For more general cases of internal heat point 
sources and/or other heat transport laws, one can proceed in a similar way and get 
also the entropy production rate in the fluid particle. Finally, we remark that in the 
case when the pressure is stationary and the flow is adiabatic and nondissipative, that 
is, isentropic, the unsteady Bernoulli’s equation (1.72) implies that the Bernoulli 
function is material invariant, that is, D4@/Dt = 0. This is one of the Bernoulli 
theorems (see Chap. 2). 

We conclude this rudimentary section on thermodynamics of fluid motion by 
making an even shorter comment on statistical mechanics. As is well known, 
statistical mechanics provides a mechanistic formulation of thermodynamics, by 
means of statistical analysis. Since it is clearly beyond the scope of this book to 
go into details of that subject, we shall only state that the important notion of 
entropy was formulated by L. Boltzmann and others, as a state function proportional 
to the logarithm of the number of different accessible microscopic states in 
thermodynamic equilibrium, consistent with the macroscopic constraints defining 
the state. The outrage caused by Boltzmann’s important insight was very severe. 
Possibly, it cost Boltzmann his life. As is often the case in science, Boltzmann’s 
triumph was only achieved posthumously. On his gravestone, the famed formula 
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expressing the central statement about the entropy is engraved. In this chapter’s 
Bibliographical Notes we shall give some general references on the basics of 
thermodynamics and statistical mechanics. 


1.6 Similarity and Self-Similarity in Fluid Dynamics 


It turns out that several nondimensional numbers exist, embodying basic qualities of 
a fluid flow. We have already met the Knudsen number, (Kn), which was important 
in determining if a continuum description of a fluid is possible. In the upcoming 
pages of this book we will encounter many of these numbers. Here we introduce 
the Reynolds number (Re), an important quantity which played a key role in the 
discovery of the law of similarity. But before entering into the issue of similarity, 
or self-similarity of solutions, we start with stating that the value of the Reynolds 
number indicates some important details on the nature of a fluid flow. 

In large fluid systems allowing large velocities, where the meaning of “large” 
here will be clear soon, we almost always encounter flows, in which viscosity, 
which is a physical property of the fluid, plays a negligible role. The meaning of 
this statement is best formulated using the Reynolds number, Re, to be introduced 
and discussed shortly. However, we found it necessary to give a short discussion of 
such circumstance, because it usually leads to turbulence, a detailed description of 
which is deferred to Chap. 9. Turbulence, which occurs often in astrophysical flows, 
mimics many of the characteristics of a flow with effective enhanced viscosity, 
and because of the lack of a reliable theory of turbulence, the effective viscosity 
approach is usually used, certainly in astrophysics. 

The Reynolds number of a flow is probably the most well-known of the 
nondimensional numbers. As we shall see, Re, as well as other nondimensional 
numbers, go a long way in characterizing fluid dynamical flows. For the sake of 
simplicity, consider a constant density fluid in a steady flow (0/dt = 0), without 
any body forces b = 0. The only parameter characterizing the flow is the ratio 
of the viscosity n to the constant density. This parameter v = 1 /p, which was 
already defined as kinematic viscosity, appears in the Navier-Stokes equation that 
is applicable to our simplified case [see (1.53)]: 


(u-V)u=-V (=) +vV7u. (1.79) 


We proceed by making Eq. (1.79) nondimensional. Let the typical value of the 
velocity in the particular flow we consider be U and a typical length scale L. These 
are obviously dimensional quantities (in the c.g.s. system [U] =cm/s, [L] =cm, and 
[v] =cm?/s). The only nondimensional quantity that can be formed from the above 
three quantities is the combination UL/V. This combination is the Reynolds number, 
Re, so that 
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PS ae (1.80) 
n v 

Thus in steady flows Re is important in assessing the relative value of the advective, 
usually called inertial, term to the viscous one, in the fluid equation of motion. We 
may consider the density as a nondimensional number, because it may be expressed 
in units of its constant value, in fact p = 1, but we shall keep it for the sake of 
transparency. There remains the issue of scaling the pressure. Here we choose to 
use its dynamic scaling pU*, noting, however, that other possibilities also exist, 
which involve viscosity. This will be discussed in Sect. 3.4.1, where the Stokes flow, 
having a very small Reynolds number, will be discussed. So the nondimensional 
version of Eq. (1.79) is 


(u-V)u=—V (5) +5 (1.81) 


The Reynolds number of a flow is an indicator, as said before, of the nature of that 
flow. We may say that it measures the typical ratio of the advective, i.e., inertial 
effects in the flow to the viscous ones. In this way, Re~! is a measure of the strength 
of the viscous effects. Note that as the Reynolds number includes also a length scale, 
it may be the case that viscous effects are negligible on some large length scale, but 
are pronounced on short scales. Similarly, the typical velocity size appears in Re, 
and thus, even though viscous effects may be unimportant for a particular flow, in 
which the velocity is high, those effects may be nonnegligible for low velocity flows 
having the same viscosity and length scale. 

As we shall see in the chapters on linear and nonlinear instability (Chaps. 7, 
8) and turbulence (Chap. 9), the Reynolds number plays a key role in rendering a 
flow unstable. In general, high Re implies instability. Typical astrophysical flows 
are endowed with extremely large Reynolds numbers, the crucial factor being the 
scale L. For example, a rotating star has the following order of magnitude relevant 
parameters U ~ 10° cm/s, L ~ 10!! cm, and v © 1cm/?/s. This gives a formidable 
value for the Reynolds number Re ~ 10!°. The situation is similar in accretion 
disks and interstellar clouds or intergalactic flows. As hinted before, such a value of 
Re would imply turbulent flows, which are often approached by considering eddy 
viscosity, which with respect to transport plays the role of the usual microscopic 
viscosity that we have been discussing so far. This issue will be discussed in more 
detail in the chapter on turbulence (Chap. 9). 

In problems of the type that is given by Eq. (1.81), we may restrict ourselves 
to using only nondimensional quantities, e.g., express velocities in units of U and 
lengths in units of L; it follows that the velocity function, obtained as a solution of 
the relevant problem, must have the following form: 


u = Uf(x/L,Re), 
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where f is some vector function of its arguments. This is so because the only 
dimensionless parameter in the problem is the Reynolds number. The above formula 
shows that two flows, which are geometrically similar, including the boundaries, 
can be considered also physically similar, if the Reynolds number is the same. That 
is to say that one flow can be obtained from the other by changing the units of 
measurement, here for velocities and lengths. This law of similarity, which we have 
given here for a simple case, was discovered by O. Reynolds in 1883. The pressure 
distribution in the fluid, for this problem, can be written as 


P=pU"f(x/L,Re), 


choosing the above dynamic scaling for pressure. Here, too, f is some suitable 
function. Physical quantities, which are not functions of coordinates, can also 
be expressed in a way lending itself to similarity arguments. For example, if in 
the problem considered here a body of a particular shape is immersed in the flow, 
one can express the drag force on that body from dimensional numbers related to 
the flow and the body, i.e., 9,Z, and U, thus 


Fp =pU°L’f(Re). 


Other flows of differing types are characterized by yet other dimensional units, 
and a similar procedure of finding nondimensional numbers composed of them is 
possible to determine similarity. Moreover, a flow may be self-similar, that is, when 
expressed and solved in nondimensional variables at a particular time we obtain a 
configuration that, at later times, will simply be an enlargement or rescaling of the 
previous configuration. 

Before moving to some examples, we would like to single out a nondimensional 
number related to the dimensional quantity of thermal conductivity, «. In addition to 
the Reynolds number, whose reciprocal value indicates the importance of viscosity, 
we define the Prandtl number Pr = v/y, where x = K/(pcp) is the thermometric 
conductivity. The Prandtl number is just a constant of the material and for most 
gases in conditions similar to our atmosphere it is of the order of unity. Pr obviously 
indicates in a nondimensional way the relative importance of the viscous dissipative 
processes to those originating from thermal conduction. L. Prandtl (1875-1953) 
was a very prominent fluid dynamicist and we shall undoubtedly see some of his 
contributions in this book. In liquids like water or alcohol Pr is of order 10, while 
in glycerine, say, it is much larger and in mercury much smaller. 

Finally we mention briefly, for the sake of our effort at completeness, two more 
nondimensional numbers. The force of gravity is also important in a problem, a 
relevant nondimensional number known as the Froude number, and defined here 
(later on in Chap. 6, we shall define the square root of this as the Froude number) as 

2 
Fr= ame (1.82) 
Lg 
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Another number is indispensable for nonsteady flows. In such flows two indepen- 
dent nondimensional numbers can be constructed: the Strouhal number 
UT 
Sst= Fz (1.83) 
where T is a typical timescale of variations (oscillations, say) of the flow, and also 
the Reynolds number Re. If there is no additional external force to induce the time 
changes in the flow, we must have the functional relation 


St =f(Re). 


We shall now give some examples of similarity and self-similar solutions in basic 
problems of astrophysical interest. 


1.6.1 Similarity of Polytropic Stars Having the Same Index 


The simplest model of a star constitutes of a gas sphere. If a pressure—density 
relation is supplied, one can solve the fluid dynamical equations without the need for 
dealing with the energy equations and thermodynamics. It turns out that in certain 
stars a relation of this kind is not a bad approximation and, in any case, omitting all 
the details of energy production and transport in stars greatly simplifies the problem 
and allows one to focus on some salient features of stellar structure. For historical 
reasons the assumed pressure—density relationship takes the form called a polytropic 
relation: 


P=Kp!*1/", (1.84) 


where the constant n is called the polytropic index and K is a constant. Note that it is 
not an equation of state, it is a geometrical relation for a specific configuration, but 
obviously if a fluid is a homentropic perfect gas, then a relation like (1.84) follows 
from the equation of state P < p’. If a polytropic relation of the kind (1.84) holds 
throughout, then static, spherically symmetric models of stars can be constructed 
and they are called polytropes. One writes a spherically symmetric hydrostatic 
equation, using r as the independent variable, in Eulerian form, as 


a 


F = 000), = 4nr P(r), ae 


where now m(r) is the mass inside the sphere of radius r. In Problem 1.12, we find 
this equation in its Lagrangian form: 


dr 2 -1 
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Differentiating the first of the equations found in (1.85) with respect to r, after some 
rearrangement, incorporating it with the second one yields a single, second-order 
ordinary differential equation (ODE): 


1 dP 

a < (5 | =—4nGp. (1.87) 
In what follows we nondimensionalize this equation and substitute into it the 
polytropic relation (1.84). This is done in the following order: first, we substitute for 
the density p = p-@”, where p; is the dimensional central density, which will also 
serve as a density unit, and where @(r) is a dimensionless function. Then, choosing 
the length unit to be the quantity 


i- (n+1)Kps"D/" 
> 4nG 


greatly simplifies (1.87) and turns it into the more concise equation 


ld 2do _ n 
nig (2) =-*" “— 


This nondimensional equation (€ = r/L,p = p-”) is called the Lane-Emden 
equation and it is supplemented by the following boundary conditions: 


do 
dé 


The second of these conditions is a consequence from a regularity requirement, 
namely that the pressure field ought not to have spikes at the very center of the 
hydrostatic spherical model. Explicit analytical solutions @(€) are known only for 
three values of the polytropic index n = 0,1, and 5. For other indices it is a simple 
matter to numerically integrate the equations. For n = 1 the solution is 


¢(0)=0 and (0) =0. (1.89) 


sing 


The model extends up to 6 = z only, where @, and therefore the density, vanishes. 
We have chosen this problem to demonstrate the law of similarity. All n = 1 
polytropes are similar to one another and their explicit dimensional solutions are 
determined by the choice of p, (Fig. 1.7). 

An isothermal gas sphere, despite being formally a polytrope with index n = ~, 
does not lend itself to a treatment of the kind given above. It is an interesting case, 
in which it is impossible to invoke the law of similarity. In dimensional units the 
equation of hydrostatic equilibrium for an isothermal sphere reads 
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Fig. 1.7 Polytropic gas sphere of index n = 1. Similarity is achieved by multiplying the 
nondimensional density @ by the central density p, and the nondimensional radius € by L; for 
details, see text 


cai ay enya (1.90) 


where ®(r) is the gravitational potential, cr is the isothermal sound speed, and we 
have used dP = czdp and then dropped the subscript T. The solution is 


p(r)=poesp (~S). 


where fo is the density at the place we choose to be a zero of the potential. To get the 
explicit form of ®(r) one needs to solve a Poisson-like equation with the potential 
appearing also on the right-hand side: 


Ld (5d0\ _ ® 


Equation (1.91) is a second-order ODE that does not have known analytical solu- 
tions, but solutions may be found numerically and have been extensively tabulated 
in the literature. Their nature depends, obviously, on the boundary conditions. For 
example, if we choose at r = 0 


d® 


@(0) =1 d ae 
(0) a dr 


(0) =0, 


the solutions are regular and extend to infinity if an external bounding surface is not 
postulated. All solutions have the same asymptotic behavior for r — o-, namely, 
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c 
> — fe ==. 
P(r) > ar o> TRGpo 
Po is the central density (in which we have chosen ®(0) = 0 to be the minimum of 
the gravitational potential). Note that particular limiting solutions 


2 
mn) d® 
eh d a) 
r an ; 


(r) =2c?r"! (1.92) 
exactly satisfy Eqs. (1.90)-(1.91), but unfortunately the solution is singular at the 
center since p + co asr—>0. 


1.6.2 The Self-Similar Solution of a Collapsing 
Isothermal Sphere 


To demonstrate a self-similar solution, we give here the collapsing isothermal sphere 
problem. In spherical symmetry, the Eulerian continuity equation is 


dp 1a 
tea ee =0. 


The variable m(r,t) (the mass interior to radius r), shown before in our discussion 
of polytropes, is clearly a Lagrangian variable in this one-dimensional case. In 
this problem we shall use it explicitly. The Lagrangian continuity, that is, mass 
conservation, equation in this one-dimensional spherical case takes the form 


Oe 4nr’p. (1.93) 
or 


Now, combining these two equations, by multiplying the first by 47? and substitut- 
ing the second, yields 

od (dm 2. om 0 

— {| —+u— | =0. 

or \ ot or 


It is clear that the above relation, whose meaning in a spherical flow translates 
to 0(Dm/Dt)/dr = 0 requires that Dm/Dt = f(t) for all r, where f is a suitable 
function. Physically, this means that the mass interior to any r is a universal function 
of t. Clearly, this is impossible for r = 0, if f(t) itself is not zero. With this in mind, 
we now list the three equations to be solved. These include two statements of mass 
conservation, the first one is actually a relation between the functions m and p and 
is just Eq. (1.93). The other equations are 
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hy SO (1.94) 


du om cop m 
ap por er sh22) 


where cr, as before, is the isothermal sound speed in which the identification ce = 
(OP/0p)r has been made. 

To proceed, it is necessary to form a dimensionless similarity variable, called 
here €, which is constructed out of the dimensional radius and time, together with 
the sound speed cr, which we shall mark by c for economy of notation and clarity: 


(1.96) 


The name acoustic depth, sometimes used for the variable €, has a revealing 
physical meaning. Now we postulate the following form of new dependent variables, 
guided by their nondimensional nature: 


5(E)=4nGPp(r,t), w(e) = 2m), wey = 


crt c 


(1.97) 


Substituting the dimensional functions u,p, and m from the last equation into 
Egs. (1.93)-(1.95) gives 


wt Eo a8: 


which upon the elimination of du/dé& finally gives 
u() =§°5(€) (6 —v(é)]. (1.98) 


Some straightforward but lengthy algebra (see Problem 1.14) produces the final 
coupled nonlinear ODEs to be solved: 


2 dv _ . 2 _ 
(6-w?-1] % = |(e-8-Z| Ew, 
dinéd _ 


= |5-76-] €-». (1.99) 
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As can be checked by direct substitution 


m(S)=26, wS)=0, 8(6)= (1.100) 


is an analytical solution of the coupled ODEs (1.99). Using Eqs. (1.97), (1.100) 
translates into the corresponding dimensional solution, 


2 2 
2 
=p? and m(r) = sade Fr, 
2G G 


p(r) 


which is, clearly, the limiting singular (at the center) isothermal gas sphere solution 
found above. 

Now, if we choose this singular solution to serve as the initial condition for our 
time-dependent problem, we find self-similar behavior for t > 0. A complication 
arises, however, for § — v = 1 and 6 = 2 using the nondimensional variables, since 
Eq. (1.99) contains critical points, i.e., the equations lose their meaning at these 
values of the functions. We recommend that the reader also considers whether or 
not the case € — v = —1 is possible and what may be its physical meaning. Special 
care, using Taylor expansions, is needed in order to pass the critical points smoothly. 
We encounter a very similar situation in the next chapter, when discussing the Bondi 
problem. It will be easier to explain the problem and its remedy there, even though 
the method to deal with critical points applies equally to the present case. 


1.7. The Virial Theorem and Some of Its Consequences 


We conclude this chapter with an important general global statement called the 
virial theorem, which results from the fluid equations of motion. This statement 
has played an important role, especially in astrophysics, in understanding physical 
principles pertaining to fluid masses. R. Clausius in 1860 pioneered the global 
approach embodied in the virial theorem, employing it on a system composed of 
many small discrete bodies. We shall present the derivation based on the work of 
S. Chandrasekhar (1910-1995), a prominent astrophysicist and recipient of a Nobel 
prize in physics, whose work encompasses many areas of astrophysics and general 
relativity. 


1.7.1 General Derivation 


Considering an ideal fluid, i.e., one in which the stress includes only the pressure, 
occupying a fixed volume in space, %, we assume it to be self-gravitating with 
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no other body forces acting. The surface of the above volume is denoted by 0Y. 
The equation of motion is then 


Du; fe) ra) 
= P @ 1.101 
p Dt OX; i OX; ( ) 
where the gravitational potential ® is the solution of the Poisson equation: 
(x) =-6 | pl py (1.102) 
y |x—x’| 


Actually, since we have not limited the fluid to be stationary, the functions 
describing it should be dependent on time as well. For simplicity of presentation 
we omit this notation, unless explicitly necessary. 

Multiplying Eq. (1.101) by x, and integrating over the entire volume gives 


Du; 3 oP 8 o@ 3 
= Ll 
[0 Bede feeds [0 sx (1.103) 


Using now the mixed notation, introduced in Eq. (1.5), we may transform the left- 


hand side of the above equation to 
as = [5 Po, | Xp) d x f pipijd>x. 
ve 


i = | mp5, & 
(1.104) 


The last integral is related to the kinetic energy of the flow in the entire fluid. We 
define here the positive quantity as the kinetic energy tensor of the configuration, 
which is symmetric: 


1 
=5 | pucd (1.105) 


Thus we may summarize this part of our derivation by writing 


| . Du; 2 
D 


Regarding the right-hand side of Eq. (1.103), we deal with its two terms separately. 
For the first term we have 


oP O(x, P) i 
oa x = m wi?) x+3u | Pd>x 


D 
al Pp — (xpk;) d?x — 2H. (1.106) 
y Dt 


- -4 PxynjdS + 5x(y—1)U, (1.107) 
V 
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where U is the total internal energy and actually the above result follows the 
expression obtained in Problem 1.15. It is valid in this form for a perfect gas and 
OY is the surface of the fluid body, where in the integration the surface differential 
is written as dS. The second term on the right-hand side of equation (1.103), which 
we define as the tensor Hx, gives 


_ aD, 0 p(x’) 3) 
a= — fp as _ G |, mp5, ix—x'|" : 


_ -cf [eve ; ca = HD yy, (1.108) 


(Can you see why?) It is a straightforward task to symmetrize this expression 
by noting that upon exchanging primed and unprimed independent variables 
the expression does not change as both types of variables are integrated over. 
Consequently, adding half of the expression to half of the same expression but 
with primed and unprimed variables interchanged yields the original expression. So 
we get a symmetrical expression for, what is now called, the gravitational energy 


tensor: 
ale x) 3.3 


Collecting all terms, we obtain the expression 


[pre ax = 2H + Sn (y —1)U+ Wix—Ps f xynid, 0% 
y Dt OV 


where we have assumed that the pressure on the surface of the configuration is 
constant and equals Ps. If we consider very large bodies of fluid (extending to 
“infinity,” so to speak), it is reasonable to assume that the pressure Ps — 0 and 
the surface term vanishes altogether. Otherwise, if the fluid body is immersed in 
pressure Ps this term has to be retained. 

Assuming that the left-hand side of this equation is a symmetric tensor since the 
right-hand side, without the surface term, certainly is, by manipulating this left-hand 
side of the equation we can get to the following form: 


[prc ax | D(xeki + 44%i) 3 
V Dt 2 dy Dt 


Finally, we may write a fairly general statement of the virial theorem as 


lad 
2 dt? 


I = 2H + Sine (Y—1)U + Wiz Ps aund8. (1.110) 
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where we have defined the moment of inertia tensor, 
ou | pxixed?x, (1.111) 
Vv 


and used twice the Reynolds transport theorem. To sum up: the only assumptions, 
so far, were that the surface pressure has to vanish if the body extends practically “to 
infinity” and that the relation between the pressure and the specific internal thermal 
energy of the gas, of which the large fluid mass is composed, may be written as 
P = (y-—1)pe with y constant. 


1.7.2 Some Specific Consequences 


General and elegant as the virial theorem statement in Eq. (1.110) may be, it is, 
as it stands, of a limited practical use. If one takes trace of that formula, i.e., puts 
i=k and sums over the index, a procedure called, in the language of tensor theory, 
contraction, the following expression is obtained: 


[=2K+3(y—1)U+W-3Ps¥, (1.112) 


where /,K,U,W, and ¥ are, respectively, the moments of inertia, kinetic energy, 
internal thermal energy (the factor 3 appears as a result of 6;;), the gravitational 
energy, and the total volume of the configuration. The reemergence of the surface 
term here is for the sake of generality and we may keep it if the tensors are 
contracted, even if Ps # 0. The form of the surface term here follows trivially from 


—Ps4 xirnds = —Ps | V -xd?°x = —3Ps¥. (1.113) 
Ov V 


One particular example, the case of a static star, composed of a perfect gas, goes 
a long way to understanding the properties of such a system, using the virial theorem 
alone. We take the simplest case with Ps = 0 and because the star is static both 7 = 0 
and K = 0 we have 


3(y-1)U+W=0 = W=-3(y-1)U. (1.114) 


Now, the total energy of the star is & = U+ W = (4—3y)U and since U is a 
nonnegative quantity we have & < 0, which indicates a gravitationally bound star if 
y > 4/3. This is certainly the case for monoatomic perfect gas, for which y = 5/3. 
This simple principle shows that a gravitationally bound star, which loses energy to 
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space, because of radiation from the surface, must necessarily heat up, because if 
we define the energy loss as 4 = —d& /dt, it follows that 


dU 
L = (37-4) / 
Now if # > 0 and y > 4/3, we must have dU/dt > 0, that is, the energy losing 
star must increase its thermal energy and thus heat up! This curious phenomenon, 
characteristic of gravitationally bound systems, is interpreted as resulting from 
the system having a negative specific heat(!). However, this is not the usual 
thermodynamic specific heat, which is always positive. Rather, we are referring here 
to what is called the gravo-thermal specific heat, which takes into account also the 
gravitational energy. It is easy to see that also 


_ 37-4 dw 
~ 3(y-1) dt’ 


and this shows that if the gravitationally bound star loses energy, its negative 
gravitational potential energy decreases, which means that the star shrinks which, in 
turn, causes it to heat up. In fact, for the case of perfect monoatomic gas, y = 5/3 
and thus 


dU 1dw 
~ dt 2 dt’ 


i.e., half of the energy liberated by contraction is radiated away, while the other half 
is used to heat up the star. 

Another trivial example using the virial theorem is the case of a satellite of mass 
ms in a circular orbit (at constant velocity v;) around a central mass. In this case, we 
retain only the kinetic energy as the situation is not static, but certainly / = 0 and we 
have, denoting the kinetic energy in this case by T = K = 1/2m,v?/2, 


2T+W=0 — W=-—2T. (1.115) 


The total energy of the orbit is & = T+ W = —T. As is known from elementary 
mechanics, the total energy loss because of friction, say, diminishes & and thus 
increases T and the satellite speeds up by sinking into a lower orbit so that the 
gravitational energy becomes more negative. Also, the well-known relation T = 
—W/2 comes up naturally. The virial theorem is also often used to describe clusters 
of stars and galaxies. Problem 1.16 elaborates on one such example. 


Problems 


1.1. Estimate the Knudsen number for the following systems: 


1. A cubical room 4 x 4 x 4 meter filled with air, whose density is 1.2kgm7*. 
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2. An interstellar neutral hydrogen cloud, whose size is ~1parsec (pc), 
where 1 pc=3.26 light years (ly) =3.08567758 x 10!8 cm and its density is 
10-* sem *, 

3. A spherical bulb of radius 5 cm, in which the pressure is equal to P = 0.01 atm, 
at temperature 20°C. Assume that the ideal gas approximation holds. 

4. A glass of water. 


On the basis of the order magnitude of Kn in these systems, determine in which the 
continuum description is a good one. 


1.2. 
The expressions in this problem are all nondimensional. 


1. Given is a two-dimensional steady flow u(x,y) = xx — yy. Note that the 
steadiness of the flow means that the Eulerian spatial coordinates at all points 
do not change in time. Find the Lagrangian coordinates of a particle, which at 
t = 0 was at position (x0, yo). 

2. Examine now another simple two-dimensional flow u(x, y) = (y& — x¥) /(x? + 
y’) where we shall formally exclude the point x = y = 0. Find the Lagrangian 
coordinates of the same particle as above. Also find the streamlines and describe 
the fluid motion on them. 

3. Now consider the nonsteady two-dimensional flow u(x, y) = y& — (x-+csin wf)¥ 
with c constant. Find the instantaneous streamlines, expressing them as a 
function of ¢. Plot the particle path through the point x = 1,y = 2, and also 
the streakline emanating from this point for 0 < t < 27, taking c= 1, @ = 0.75. 


1.3. 
Prove that the vector &;@i,dxx, see Eq. (1.16), can be written as the second term of 
Eq. (1.17). Use the hints in the text. 


1.4. 
Let S;; and Ay be any symmetric and antisymmetric tensors, respectively. Prove that 
SnmAnm 1s identically zero. 


1.5. 
Prove Euler’s formula DJ,/Dt = J, V -u. Use the hints in the text. 


1.6. 
Prove yet another (and useful!) form of the Reynolds transport theorem 


d DF 
— F(x,t)d = —d? 1.11 
FPDP ONee= J pls) Geax (1.116) 


where F is any Eulerian field. Hint: choose G = pF in the previous versions of the 
Reynolds theorem. 


52 1 Fundamentals 


1.7. 

Suggest an alternative derivation of the mass conservation equation and the Euler 
equation, without the use of Reynolds transport theorem, i.e., by directly applying 
the appropriate conservation laws on a material volume element. 


1.8. 

A solid body of volume ¥Y and density p, is immersed in a very large container of 
fluid, whose density is p(x) and it is in hydrostatic equilibrium under the downward 
acting body force b. Show that the net force on the body is 


r= [ ppba's+ [t-a8= | (p,—p)ba°s. (1.117) 


T is the traction and S is the surface of the solid body. It is perhaps time to remind 
here our notation dS = ndS. The result is simply the Archimedes principle. 


1.9. 

Given the following nondimensional velocity field u(x,t) = (ax/t)X2, where a is 
constant, calculate the material acceleration Du/Dt. Describe and interpret the result 
fora=1. 


1.10. 

In this problem only nondimensional quantities are used. Consider the two- 
dimensional stagnation point flow (u,v) = (x,—y) with initial density po(x,y) = 
x? + y*. Show that the solution for the density at later times is p(x, y,t) = (xe’)? + 
(ye')2 = x*e*! + y?e”", Describe qualitatively how the lines of constant density 
change with time. 


1.11. 

The Eulerian continuity equation is already written in conservation form, that is, the 
partial derivative of a physical quantity is expressed as (minus) the divergence of 
an appropriate flux. Among other things, the conservation form is appropriate for 
numerical calculations. Derive the conservation form of the momentum conserva- 
tion equation for the case in which there are no body forces on the fluid: 


5; (Pt) =~ 5. (Pay +P; — (1.118) 
1.12. 

In stellar hydrodynamics, assuming spherical symmetry, the Lagrangian description 
is usually used. The coordinates are t (time) and m—the mass interior to a 
sphere, whose radius at time ¢ is r(m,t), which is used as the dependent variable 
(the unknown function of the differential equation). Clearly m is a Lagrangian 
coordinate. Write the equation of motion for a spherical star, assuming ideal 
fluid and writing the pressure as P(m,t). Complement this equation by a mass 
conservation equation, where you include also the function p(m,t). 
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1.13. 
Show that by splitting the stress tensor into a diagonal and deviatoric (tT) part, the 
first law of thermodynamics, as in Eq. (1.68), can be written in the following way: 


De PDp Vg, 1g 
Pa 2 Dt ~ p eit aa (1.119) 
1.14. 


Use Eq. (1.98) to transform Eqs. (1.93)-(1.95) into the nondimensional pair of 
ODEs: 


) dv _ . . 
(-w?-1] F = |(e-w8-2| Ew, 


[(é —v)? 1) = [0 ré »| (€-v). (1.120) 


1.15. 

Let the total internal thermal energy of a fluid mass enclosed in volume V be U = 
Jy ped?x, where e(x,t) is the internal thermal energy per unit mass. Show that if the 
fluid is composed of an ideal gas, 


1 
u=— | Pd? x, (1.121) 
valde 


where y is the adiabatic exponent. 


1.16. 

As early as in the 1930s, the respected astronomer F. Zwicky tried to estimate 
the total mass of a rich galaxy cluster, called the Coma cluster. He had at his 
disposition the velocity dispersion of the cluster, oy = 1000km/s, whose square 
may be perceived as an average kinetic energy (per unit mass) of a galaxy in the 
cluster. Assume that the cluster is gravitationally bound and its effective radius is 
Rc = 5Mpce. This radius is defined so as to give the gravitational energy of the 
cluster, per galaxy, to be equal to W, = GMc/Rc. Estimate the Coma cluster mass, 
using the virial theorem. 

If it is known that the blue luminosity of the Coma cluster is Lpc = 2 x 10!2L5, esti- 
mate (M/Lpc) as compared to Me /Le. What can be the source of the discrepancy 
you have found? Note that in this problem we assume that there is no contribution 
to any of the quantities because of the uncertainty in the Hubble constant (i.e., we 
puth= 1). 
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Bibliographical Notes 


General 


There are numerous books on fluid dynamics. Among them we single out two: the 
classical text of the Landau series Course of theoretical physics and Thomson’s 
book. We chose them from the multitude as corresponding closely our approach to 
the topics discussed in them. Our book includes several additional “modern” topics, 
mainly in nonlinear behavior and approximation methods. 


1. L.D. Landau, E.M. Lifshitz, Fluid Mechanics, 2nd edn. (Elsevier, Amsterdam, 
2004) 
2. P.A. Thompson, Compressible Fluid Dynamics. Advanced Engineering Series 
(Rensselaer, Troy, 1988) 
The following introductory and rather short book includes a longer discussion 
on plasma physics than most FD books and focuses on astrophysical systems: 
3. A.R. Choudhuri, The Physics Of Fluids and Plasmas — An Introduction for 
Astrophysicists (Cambridge University Press, Cambridge, 1998) 
We would like to also recommend, in general, the concise excellent textbook 
4. DJ. Acheson, Elementary Fluid Dynamics (Oxford University Press, Oxford, 
1990) 


Section 1.1 


The following article by Edward Spiegel from a 1987 summer school clearly and 
thoughtfully lays the groundwork for understanding the concept of a fluid particle 
and its relation to Eulerian description. The short book of Richard Meyer also 
clarifies the basis of Lagrangian and Eulerian descriptions: 


5. E.A. Spiegel, in Astrophysical Fluid Dynamics. Les Houches, vol. XLVII, ed. 
by J.-P. Zahn, J. Zinn-Justin (North-Holland, Amsterdam, 1987) 

6. R.E. Meyer, Introduction to Mathematical Fluid Dynamics (Wiley, London, 
1971) 


Section 1.2 


The nomenclature of fluid kinematics is largely based on reference [5] and on 


7. L.D. Landau, E.M. Lifshitz, Theory of Elasticity, Chap. 1, 3rd edn. (Elsevier, 
Amsterdam, 1986) 
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The meaning of the word chaotic trajectory is simply and well explained in the 
introductory text: 

8. O. Regev, Chaos and Complexity in Astrophysics (Cambridge University Press, 
Cambridge, 2012) 


Sections 1.3 and 1.4 


Most general books (e.g., [1, 4]) give a good account of the dynamical equations. 
One may also benefit from the concise summary in 


9. J.-L. Tassoul, Theory of Rotating Stars, Chap.3 (Princeton University Press, 
Princeton, 1978) 


Section 1.5 


In the general books on FD, good discussion on the topic of this section can be 
found in the relevant parts of reference [1] and in Chap. 2 of reference [2]. 

The following books can serve as a very good introduction to thermodynamics and 
statistical mechanics, in general: 


10. H.B. Callen, Thermodynamics and An Introduction to Thermostatistics, 2nd 
edn. (Wiley, London, 1985) 

11. K. Huang, Introduction to Statistical Physics (CRC, Boca Raton, 2001) 
A good description of equations of state, basics of radiation transport, and point 
energy sources or sinks can be found in the following first two books on stellar 
structure. Serious treatment of radiative transport is given in the third book. All 
three are recommended: 

12. R. Kippenhahn, A. Weigert, Stellar Structure and Evolution (Springer, Berlin, 
1994) 

13. D. Prialnik, An Introduction to the Theory of Stellar Structure and Evolution, 
2nd edn. (Cambridge University Press, Cambridge, 2009) 

14. D. Mihalas, B.W. Mihalas, Foundations of Radiation Hydrodynamics (Dover, 
New York, 1999) 


Section 1.6 


Similarity is discussed in detail in an entire book devoted to it: 


15. L. Sedov, Similarity and Dimensional Methods in Mechanics, 10th edn. (CRC, 
Boca Raton, 1993) 
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A good description of polytropes can be found in references [12] and [13] and in 


16. FH. Shu, The Physics of Astrophysics, vol. Il (University Science Books, Mill 
Valley, 1992) 
where the isothermal sphere receives special treatment, including a semi- 
quantitative description of its collapse. This collapse details are given in the 
following article: 

17. FH. Shu, Self-similar collapse of isothermal spheres and star formation. 
Astrophys. J. 214, 488 (1977) 


Section 1.7 


An entire section of this classic book is devoted to an exact derivation of the virial 
theorem, in its most general form. 


18. S. Chandrasekhar, Hydrodynamic and Hydromagnetic Stability, sect. 117 
(Dover, New York, 1961) 


Chapter 2 
Restricted and Vortical Flows 


Make things as simple as possible, but not simpler. 


Albert Einstein (1879-1955) 


2.1 Introduction 


The fluid dynamical equations of motion are a formidable set of nonlinear PDEs 
(partial differential equations). It seems hopeless to look for solutions of these 
equations in any general case, if specific boundary and initial conditions are given. 
We can, however, learn a lot about the physical properties of flows, i.e., solutions 
of the equations by defining auxiliary functions and deriving theorems about flows 
that are valid under special circumstances. That is the subject of this chapter. We 
shall introduce and use here the vorticity field @ = V x u, whose importance in 
FD is paramount and it will accompany the discussions along most of the book. It 
is very useful to consider flows occurring under various restricted conditions, e.g., 
steady, inviscid, incompressible, barotropic, and irrotational or a combination of a 
small number thereof. We include in this category flows with simplistic geometries 
and boundary conditions, including those with manageable initial conditions. In this 
chapter we choose a number of flows with explicitly defined restricted conditions 
and we go on to examine what can be learned analytically about such flows. It is 
important, in our view, to know the physical properties of relevant special flows and 
understand them before attempting to numerically solve more complicated general 
flows. We shall also introduce here some mathematical approximation methods 
to help in the derivations and understanding of approximate analytical solutions. 
Naturally, analytical approximations are best suited to equations that are simplified 
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by special conditions. We shall try to accompany our general discussion of different 
restricted flows with a substantial number of examples and also give problems 
related to the various relevant flows and topics. 


2.2 Vorticity Basics and the Crocco Theorem 


We begin by introducing one of the most important vector fields in fluid dynamics, 
the vorticity, which is nominally defined by taking the Vx of the velocity field 
u(x, 7). We denote it in the customary way as @, and it is being defined formally as 


o(x,t)=Vxu(x,f). (2.1) 


It is evident that a flow with a given velocity has a unique vorticity field, while 
the converse is not true. For a given vorticity field @ a whole family of velocity 
fields is possible, differing from each other by a gradient of any scalar function. 
For example, if for a given scalar function f we have two velocity fields u and u! = 
u+ Vf, then both velocity fields produce the same vorticity field, see also Sect. 2.5.4. 
We add the concept of flow helicity H = (1/2)u-@ which is sometimes useful. 
Note that in some definitions the factor of one half is omitted. Some elementary 
concepts from vector analysis like the definition of the Vx operator and the Stokes 
theorem immediately link the vorticity to the /ocal rotation of the fluid. Indeed, it is 
possible to state that the vorticity at a point is the amount of circular motion of the 
fluid, per unit area, as one performs a limiting process to the point in question. The 
direction of the vorticity vector is assessed using the right-hand screw rule. These 
considerations can be made precise, of course, but rather than doing it here in an 
abstract formulation we prefer to give some simple examples. 

Assume a known two-dimensional flow, given by u(x1,x2,t) in the Cartesian 
plane. Consider two perpendicular infinitesimal line elements in the plane so that 
the x; and x2 axes are chosen along these elements and the elements originate at 
time ¢ and point (x1 ,x2). Now, since 


Ou 
uz (x1 + dx1,x2,t) — un (x1,%0,1) = ee 
x] 
Ouy 
—[u1 (x1,x2 + dx2,t) — uy (x1,%2,¢)] = — 9, 
x2 


the partial derivatives on the right-hand side of these equations, including the minus 
sign in the second one, are the instantaneous angular velocities of the perpendicular 
line elements (in the anticlockwise direction). Their average is nothing else than half 
of the vorticity at the point (x1 ,x2), because 
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1 fou. ou _ 1 
2, (3 | — z 22) 


where @3 is the vorticity component in the x3 direction. Incidentally, this 
z-component of the vorticity is often called €, which should not be confused with 
the bulk viscosity defined before. The consideration summarized in Eq. (2.2) states 
more precisely what we have already said before: the vorticity serves as a measure 
of local rotation, but since it is a vector it can only do so with regard to anticlockwise 
circulation in a plane perpendicular to it. An important clarification should be made: 
vorticity is a local property while rotation is not, since a point cannot rotate. Given 
the velocity field of a fluid, one can determine the effects of vorticity on the fluid 
only in a very small open set. In two-dimensional flows, a fluid patch in which the 
fluid rotates with a constant angular velocity, 6, say, the perpendicular vorticity, 
is twice this value. It is also true that when vorticity is sufficiently large there is 
significant rotation in the fluid. We note here, in passing, that we shall use the 
indical notation, e.g., x = (%1,x2,%3), u = (u1,u2,u3), whenever necessary, e.g., 
when overall tensor notation is used, but in specific examples, we shall opt for the 
more natural x = (x,y,z) and u = (u,v,w). 

The existence of shear in a flow context can be explained in the simplest way 
when it is meant to imply that the Eulerian Cartesian velocity component ug, 
depends on the coordinate B with B # a, where a and B are x,y, or z. Consider 
now what is perhaps the simplest shear flow: 


u(x, y,Z) = (—Ay,0,0) 


with constant A > 0. Its corresponding vorticity vector is easily calculated and 
shown to be constant 


o=A5, (2.3) 


that is, this flow, although not rotating at all (globally), has a nonzero vorticity A 
in the z direction. Thus, we see that the vorticity is related to the local rotation rate 
only and not to any global property of the flow. Indeed, an argument similar to the 
one used before (exploiting perpendicular infinitesimal line elements) reveals that 
the fluid locally has a nonzero angular velocity (equal to 7/2) everywhere. 

A more thorough discussion of vorticity per se will be given in Sect.2.5, but 
we shall use the notion of vorticity in many places in this book and its physical 
significance will emerge as paramount. In particular, vorticity is important in 
formulating the useful theorem discussed next. Before ending this section, it will 
be useful to define that a vorticity free flow is called irrotational. 
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We conclude this section by deriving a useful relation valid for general flows and 
known as the Crocco theorem. In the form given here, the only special requirement is 
that any body force present be derivable from a potential, i.e., there exists a function 
®, so that b = —V@. The significance of the theorem is that it includes explicitly 
the vorticity and ties it into the dynamics of the fluid. 

By applying the vector identities 


fa-Vin= (Vv xe) xO (57) . 


V-u = V(V-u)—V x (V xu), (2.4) 
where u = |u|, the general compressible Navier-Stokes equation, 


ou 1 > Vv 
Fee era (m+) V(V-u), 


where b = —V9Q, and v = 7) /p and v2 = ¢/p are the kinematic viscosities, may be 
rewritten into the form 


ou 1 1 4v 
gp toxua-v (50 +0) Spe eos (vo+ ) V(V-u). = (2.5) 


Now, using the first of the equivalent forms of the Gibbs equation (see Eq. (1.67)) 
and making the natural identification d++ V yields p~!'VP = Vh— TVs. Then the 
term including the pressure gradient can be substituted from this thermodynamic 
relation and we finally get the viscous Crocco theorem, which is equivalent to (2.5): 


du 


ot 3 


+oxu=-VA+TVs-Wxot (+2) 1(9-u), (2.6) 
where Z= su? +h-+@ is the Bernoulli function, as defined before in (1.71). Some 
books that refer to Crocco’s theorem often times refer to the inviscid form of the 
theorem as in (2.6), but with the viscosity coefficients equal to zero. 

In conclusion, we point out some deep physical content contained in Eq. (2.6). 
For simplicity, we assume incompressible flow, i.e., V-u = 0, and assume that the 
viscosity coefficients are constant. Operating on (2.6) by Vx drops the gradient 
terms and leaves behind 


deo _ 
ot 


Vx (ux @)+ Vx (TVs) —vV x (V x @). (2.7) 
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Now, using the relations 
Vx (ux @) =—(u-V)o+(@-V)u, 


which is correct for V-u = 0 (our simplifying assumption) and V-@ = 0 (an 
identity), and adding another identity 


Vx(Vxo)=-Va, 
we get the meaningful equation 


Do _ 
Dt 


(@-V)u+V x (TVs) + vV7o. (2.8) 


This equation indicates what are the possible sources of vorticity in a flow. Clearly, 
there is a viscous term (vV*q@), but it cannot produce globally any vorticity from 
zero value, in the interior of the fluid domain, and the same is true for the (@- V)u 
term. Rather, together with the time derivative term, the viscous term can cause 
vorticity diffusion or dispersion through the body of the fluid provided vorticity 
is produced either by viscosity through the boundaries and/or by the remaining 
term V x (TVs). This baroclinic (see below) forcing term can produce vorticity 
anywhere, even if there is no initial vorticity at all. The baroclinic forcing term 
is zero for a barotropic flow, properly defined in the next section. Our discussion 
thus far has been heuristic, but we shall revisit it with more mathematical rigor in 
the next section. We conclude this section by commenting that, as we shall see in 
Chap. 6, discontinuities, which are called shocks by physicists and weak solutions by 
mathematicians, can appear in flows. Physically, discontinuities are impossible, but 
we are already used to the fact that mathematical descriptions of physical systems 
may be just approximations. Discontinuities of this kind can create jumps in the 
Bernoulli function, for example. Such jumps, if they are not uniform, e.g., curved 
shock fronts, may also generate vorticity. 


2.3 Some Basic Theorems and Results 


In this section we shall derive several very important results, valid in general for 
barotropic flows, which will be discussed in considerable detail in Sect. 2.3.1. The 
important Kelvin’s and Ertel’s theorems hold on the condition that the flow is also 
inviscid and we shall discuss the meaning of this restriction. Next we shall discuss, 
in detail, the influential Bernoulli’s theorem for which we shall clarify the conditions 
that lead to the different restricted statements made on the basis of the most general 
case. We feel that students would benefit from such a systematic organization of 
the various Bernoulli statements. We shall conclude this section with two important 
examples. 
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2.3.1 Barotropic Flows 


In the previous chapter, we have set precise nomenclature to be used in this book 
to define homentropic, isentropic, and adiabatic flows. An important class of flows 
arises when one has at his or her disposal a geometric relation, i.e., it need not be a 
thermodynamic relation between the pressure and density. The relation has to be of 
the form P = P(p) representing a stratification, so that surfaces of constant density 
(isopycnic) coincide with those of constant pressure (isobaric). If a relation like this 
exists the flow is called barotropic, with the fluid portion in which the relation holds 
termed barotrope. Polytropes, which we described in the previous chapter, are an 
example of barotropes. In this section, we give some general and meaningful results 
for barotropic flows. When a flow is not barotropic we call it baroclinic. In the 
latter case, there is a nonzero angle between the above-mentioned two families of 
surfaces. It is clear that in a homogeneous fluid, homentropic or isothermal flows are 
necessarily barotropic. This is due to the fact that two admissible equations of state 
forms, e.g., P= P(p,s) and P = P(p,T), equivalently reduce to a barotropic relation 
P = P(p). The converse, however, need not be true. For example, a barotropic flow 
does not imply homentropy. 


2.3.2 Inviscid Flows 


We readily understand that no physical flow can be truly inviscid, that is, we cannot 
drop a priori the viscous terms from the relevant equations. However, it is also clear 
that for very large Reynolds numbers, provided we are not near boundaries, flows 
are essentially unaffected by omitting the viscous terms. Such an omission would 
be an approximation good up to @ (Re~!), where the symbol @ (.) means the order 
of magnitude and we use it interchangeably with ~ in this book. The flow in this 
approximation is henceforth termed an inviscid flow. We also make note here that an 
isentropic flow must be necessarily inviscid and adiabatic, because the only terms 
that can create entropy are the dissipative ones, which by their very nature include 
viscosity. Of course adiabaticity and, therefore, isentropy, can also be broken by 
absorption of heat from the outside or by some internal thermo-reaction process 
within the fluid particle. 

It is useful to transform what we have called the viscous Crocco theorem (2.6) 
into the inviscid, in the above explained sense, limit! 


du 


5, t@xu=—VBLTVs. (2.9) 


1 As we have already remarked some books refer to relation (2.9) as the Crocco theorem. 
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Operating with V x on this equation, using the vector identity for the V x of a vector 
product and remembering that V - @ = 0 (recall why), we end up with the material 
derivative of the vorticity 


Do 
Remembering another form of the Gibbs relation, following from the one already 
used above, after Eq. (2.5), 


TVs =Vh—p'VP. 
Equation (2.9) may then be reexpressed as 


du 


a +@xu=-V(B—h)—p VP, (2.11) 


and after operating with V x on it results in 
— =(@-V)u—(V-u)o@—V(p!) x VP. (2.12) 


The last equation brings out again and perhaps more directly the fact that an initially 
zero vorticity can grow in an inviscid flow only due to the baroclinic forcing term 
V(p—!) x VP, now its nonvanishing being clearly and directly related to the lack 
of a barotropic relation like P(p), which necessarily renders this term to be zero as 
surfaces of constant p are parallel to those of constant P. Thus, vorticity can grow 
as a result of baroclinicity and perhaps viscosity. 


2.3.3. Ertel’s Theorem, Potential Vorticity 


Assume the existence of an inviscid flow and consider the quantity w/p. Straight- 
forward algebraic manipulation gives 


D (2) _ 1Do ol zal io Vaso all 
Dt \ p p Dt p* Dt pe 


o 1 
+—V-u——V(p7') x VP 
(p’) 


= (0: V)u- 5V0P ') x WP, (2.13) 


64 2 Restricted and Vortical Flows 


where we have used Eq. (2.12). For a barotropic flow, the above calculation gives 


(2) = (2 v) ‘“ (2.14) 
Dt \p p 


As basic as this equation may look, it is not useful in providing solutions to FD 
equations. It is, however, extremely useful in determining various general properties 
of the flow. In particular, the above equation leads to a noteworthy statement known 
as Ertel’s theorem. In one of its formulations, it states that if some scalar function 
F (x,t), say, is a material invariant of the flow, that is, DF /Dt = 0, then 


ze (2) vF| 0. (2.15) 
Dt |\p 


in other words, the scalar product of the vorticity (divided by p) with the gradient of 
any material invariant F is also a material invariant. This scalar product has a general 
nature because of the freedom in the choice of F. It is often called the potential 
vorticity and denoted by Q, 


(a) 
Of /-Ve 2.16 


where F(x,t) is any material invariant. However see also Sect.5.5, where the 
definition of potential vorticity, as used in geophysics, is given and discussed. Here 
in Eq. (2.16) the definition depends on the choice of the material invariant F. In 
the words of J. Pedlosky (a leading geophysical fluid dynamicist): “It is hard to 
exaggerate the importance of the potential vorticity conservation.” Before discussing 
this matter in a little more detail, we give now a proof of the theorem in the version 
given above. We start by scalar multiplying Eq. (2.14) by VF and adding to both its 
sides a term which makes the left-hand side equal to the expression in the theorem 
(by virtue of a product derivative). Thus 


: (2) vF] 7 |(2-¥) a E+ oS (VF). (2.17) 


It is a straightforward matter (see Problem 2.2) to show that the last term in the 
above equation can actually be transformed into 


(a) DF (a) 
#.9(2F)_[(#.v)a]-ve 2.8 


which proves the theorem since, by assumption, DF /Dt = 0. 

The significance of the potential vorticity concept and Ertel’s theorem is best seen 
in rotating fluids (it will be discussed in some detail in Chap. 5), and this is probably 
the reason for its great importance in geophysics. Still it is instructive to notice here 
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that the potential vorticity has also a purely physical significant meaning. This can 
be seen if we, for the sake of simplicity, consider a homentropic flow. Let us assume 
that a is the initial position of a fluid particle. Obviously, each of the components of 
a is a material invariant and therefore Ertel’s theorem implies that 


D(@ 
- (° -V4)) =0, (2.19) 


for j = 1,2,3. Note that a; are a priori independent, by which we mean that Va; 
point, in general, in different directions. By virtue of (2.19), it is clear that initially 
independent a; remain so during the flow. Being independent, we can regard a; also 
as curvilinear coordinates, and for the sake of clarity we may call them qj. Since 
Eq. (2.19) holds, these are also Lagrangian coordinates and surfaces of constant 
a; move with the flow. Let us consider Vo; to be basis vectors, corresponding to 
these coordinates. Naturally, these basis vectors get moved and distorted by the 
flow. This effect also happens to w/p; however Ertel’s theorem guarantees that their 
dot product remains a material invariant. Now assume that U = (Uj, U2, U3) are 
components of the velocity in that basis, 1.e., 


u= U,Va, + U2Vo2 + U3Va03. (2.20) 


From Problem 2.4 it follows that this leads to the relation 
(2-9) a=V_xU, (2.21) 


where & = (0,02,03) and Vg = (0/d0a,0/002,0/003). This means in words 
that the materially invariant potential vorticity, as defined here, is nothing other than 
the Vx of the velocity in Lagrangian coordinates. The Ertel theorem can thus be 
written as 


D 
ae ao 


i.e., the potential vorticity, including Lagrangian coordinates as the material invari- 
ant, is simply the ordinary vorticity expressed in Lagrangian coordinates! 


2.3.4 Kelvin’s Theorem, Circulation 


A concept related to the vorticity in a flow is that of circulation. The vorticity is a 
function of position, while the circulation has to be defined over a given contour 
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C, which lies entirely inside a simply connected fluid domain. The circulation, 
commonly denoted by I’, is defined as 


Te= fwd 
Cc 


The relation of velocity to vorticity is obvious. Stokes theorem of vector calculus 
relates the circulation along a contour to the surface integral of the normal vorticity 
over any open surface containing the same contour as its boundary: Ic = [,@-dS 
where dS is the vector surface element of the bounded surface S, i.e., ndS, where 
n is the unit outward normal to the surface. If you worry about which, out of the 
possible two, direction of a flat surface is positive, remember that the path, bounding 
the surface, has a positive direction (anticlockwise) and this relates to the surface’s 
direction by the right-hand screw convention. 

We have already seen in Eq. (1.30) a circulation transport theorem, that is, an 
expression giving the rate of change of the circulation over a contour materially 
following the flow. We repeat the statement here, for convenience: 


' Du 


d 
i =“$ d=¢ al. 2.22 
© at Jew" cy) Dt a 


In 1869, Lord Kelvin (W. Thomson, perhaps the British most prominent physicist 
of that period) noticed and published a very significant result about the material 
transport of circulation. In its most general form the statement of that result, known 
as Kelvin’s circulation theorem, is: in barotropic and inviscid flows, in which all 
body forces are derivable from a potential, the velocity circulation over a contour 
materially moving with the flow is conserved, provided that the contours remain 
in a simply connected fluid domain. In mathematical terms the theorem can be 
formulated as 


. d 


provided that all the aforementioned conditions are met. Different proofs of the 
theorem exist in the literature and we shall give here one that is based on (1.30) 
and some vector algebra. In our opinion this is the mathematically clearest and most 
comprehensible proof, at least to us. First, we use the circulation transport theorem 
(2.22) and concentrate on the term on the right-hand side, transforming it into a 
surface integral by virtue of the Stokes theorem 


¢ a a= f (vx 2r) nas, 
c(t) Dt S(t) Dt 
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Now expanding the material derivative in the integrand on the right-hand side of this 
equation gives 


Du do 
Vx Dr ar TY Xl Val 


and remembering the vector identity given in the first of Eq. (2.4) we get 


Du do 
Vx 5 = 9, TV x (@xu). 


Finally, operating with Vx on Eq. (2.11), which is a corollary of the inviscid 
Crocco’s theorem (2.9), and remembering that the flow is barotropic, one gets 


20 4x (@xu) =0. (2.24) 


This completes the proof as it implies 


Du 
V x — }-ndS=0. 2.25 
am 7) . ee. 


Kelvin’s circulation theorem has profound consequences. Among them is the 
observation that, provided the conditions of the theorem are met, a flow which is 
irrotational, i.e., @ = 0 everywhere in a simply connected domain at some given 
time, will remain irrotational thereafter. This is also equivalent to the velocity 
circulation being zero and remaining so over every material contour which is 
internal to the fluid and never encompassing “holes,” meaning that the contours stay 
around a simply connected fluid region. The statement @ = V x u = 0 implies that 
the velocity must be a gradient of some scalar function, called the velocity potential. 
Thus the knowledge of the velocity field in this case, which is an irrotational 
flow, is determined by one function only (instead of three), a fact that simplifies 
problems, where appropriate. We shall devote the whole of Sect. 2.4 in this chapter 
to irrotational flows, as well as the majority of Chap. 4. This kind of flow is referred 
to as potential flow and holds in each domain in which it is irrotational. 


2.3.5 The Various Forms of Bernoulli’s Theorem 


Assuming that the body force is derivable from a potential ®, and that the flow is 
inviscid, that is, all viscous terms are dropped, we remind the reader of two results 
derived previously. The first one is identical to (2.6), but with the viscous terms 
omitted, 
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du 


5 + @xu=—VBLTVs, (2.26) 


and the second one is the Bernoulli theorem (1.72) for the inviscid case 


DB 1 f/oP : 
m3 ($+2), (2.27) 


where 2 is the heat absorbed by the system per unit volume and & is the Bernoulli 
function, which we repeat here, for completeness: 


B(x,t)=h+ we +O. (2.28) 


Here h is the specific enthalpy, defined as h = e+ P/p, u = |u|, and @ is the body 
force potential. So far, we have assumed only an inviscid flow and that the body 
force is derivable from some potential. These two assumptions will be valid in all 
the cases that we now enumerate: 


1. The additional assumptions in this case is that the flow is steady and 
adiabatic. The latter means that 2 = 0 is obeyed. Now since the flow 
is steady we can get from Eq.(2.27) (u- V)4 = 0. This means that 
the Bernoulli function is constant on streamlines. 

2. The additional assumption in this case is that the flow is steady and the density 
is constant P = Po. Now, remembering one of the equivalent forms of the Gibbs 
equation (1.67), one gets for constant p the relation 


TVs = Vh—V (=) ; 
Po 


So, taking the dot product of (2.26) by the velocity u gives 
P 
u-V (a-14+=) =0. 
Po 


Thus, the modified Bernoulli’s function #4 =A#—h+ P/po is constant 
on streamlines. 

3. Finally, we assume in this case that the flow velocity is derivable from a velocity 
potential, that is, u= V@. Given such an irrotational flow, Eq. (2.26) implies the 
following two separate cases: 


a. If the flow is also homentropic, i.e., Vs = 0, then V(Y + 0,) = 0, that is, 


B+ “0 =f(t) everywhere, 


where f(t) is a function of time, consistent with the initial condition. 
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b. If the flow is also of constant density then, similarly, 


ZB += =f(t) everywhere. 


In these two cases if the flow is also steady, then 4 or &’ is a constant 
everywhere. 


2.3.6 Examples 


Bernoulli’s theorems, in their various forms, constitute powerful statements and 
allow one to find interesting properties of solutions, without actually solving the 
fluid equations. In what follows we shall give two important examples of this 
kind. Both examples are of formally compressible flows but appear in this book 
before discussing thoroughly the effects of compressibility in Chap. 6. However, 
that chapter will primarily discuss sound waves, shock waves, detonations, and 
similar extreme manifestations of compressibility. In the examples given below, 
compressibility is hardly manifested and they can be readily understood by the 
student at this point of the book. These important flows do not exhibit the above 
typically compressible and sometimes extreme phenomena. 


2.3.6.1 The de Laval Nozzle 


The origin of this problem is in jet engines, where a gas is expelled from a com- 
bustion chamber through a short channel of varying cross section. For simplicity, 
we shall consider the case in which that channel is horizontal and the flow is 
approximately one-dimensional (in the x direction, say), homentropic, and viscosity 
is neglected. The rationale for the assumption of a homentropic flow is in the speed 
of the process. The nondissipative fluid also has no time to exchange heat with its 
surroundings and there are no heat sources in the nozzle. The flow is treated as being 
inviscid owing to its relatively large Reynolds number. 

In such circumstances, with the additional proviso that the flow be steady, 
although this is actually not needed for the following statement, but will be used 
later. We have from case 1 of the Bernoulli theorem, above, that the Bernoulli 
function is a streamline constant, because the de Laval flow is treated as one- 
dimensional, identical to each other and with parallel streamlines. Thus, 


1 
B= xe th = const 


along each streamline, where the force potential term has been dropped, because 
the flow is assumed horizontal. No body forces except for gravity are assumed to be 
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present. The one-dimensionality of the flow allows the above equation to hold for 
all streamlines and so the equation can be written, under these assumptions: 


1 
udu + dh = udu+ an =0, 


where we have used a thermodynamic identity given in (1.67) and the fact that ds = 
0. Rewriting this in a slightly different form and adding into it the one-dimensional 
equation of continuity yields 


udu + @P =0, (2.29) 
puA = const, (2.30) 


where cs = \/dP/dp in this case is the adiabatic sound speed and A is the cross- 
sectional area of the nozzle. The equation of mass conservation results trivially from 
the flow being steady. Even though, as said above, it is somewhat early in this book 
to deal with supersonic flow, we think that the current problem may serve as a nice 
prelude to Chap. 6, without touching the salient concepts of compressible flow. In 
any case, it is possible to define now the important nondimensional number in this 
context, M = u/cs, the Mach number, whose importance is great in compressible 
flows (Chap. 6). Equation (2.29) can thus be rewritten as 


cad 


; : (2.31) 


E. Mach (1838-1916), whose name was immortalized mainly by this number, 
was an important physicist and philosopher, noted for his contributions to both 
disciplines. As a philosopher of science, he was a major influence on logical 
positivism and through his criticism of Newton, a forerunner of Einstein’s relativity. 

If the flow is very subsonic, then it is a good approximation to use the assumption 
that the fluid is incompressible. Significant compressibility does not occur for 
subsonic flows. Now taking the logarithmic derivative of Eq. (2.30) and substituting 
into it relationship (2.31) yields an equation having a number of significant physical 
implications: 


(1-w’) —=-—. (2.32) 


We shall discuss here only three observations following from this equation and leave 
some other results as problems. It is clear from Eq. (2.32) that for subsonic (M < 1) 
flows du > 0 => dA < O and vice versa as u is assumed positive in this problem. This 
can be expected on the basis of daily experience: for example, higher (lower) speed 
of a steady gas flow in a narrower (wider) region of a horizontal pipe. As we shall 
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explicitly see in Chap. 6, effects of compressibility can be neglected at subsonic 
speeds. The result for supersonic (M > 1) flow is more intriguing. Increasing the 
speed (du > 0) requires an increase (dA > 0) in the crosssectional area, because 
(1 a M) < 0. However, this seemingly strange result has actually a sound physical 
explanation. M > 1 and therefore from Eqs. (2.31) and (2.32) the density decreases 
faster than the area increases and to ensure mass conservation the area must increase. 
It is for this reason that exhaust parts of jet aircraft engines are designed to vary their 
cross-sectional area A which is small when the exhaust is subsonic, but opens up 
when it becomes supersonic. A caveat is in order here. It is generally impossible to 
achieve a smooth reverse transition, that is, from supersonic to subsonic flow. As we 
shall see in Chap. 6, a discontinuity (shock) is expected in such circumstances. 

Perhaps the most interesting observation is that the flow can undergo a smooth 
(with du/dx finite) sonic transition, that is, M can be | only at the throat of the 
nozzle dA = 0. Thus, even at this level of approximation we can understand that 
if a subsonic flow with increasing velocity enters the nozzle, whose cross-sectional 
area decreases, it reaches the speed of sound at the narrowest point and continues 
increasing its speed to growing supersonic values, leaving the nozzle through a 
region in which the cross-sectional area increases in the flow direction. In addition to 
the obvious applications of de Laval nozzle theory to jet engines, this theory has also 
been used to provide idealized models of gas breakout from high pressure bubbles, 
confined by higher density medium and of astrophysical jets, whether from young 
stars or active galactic nuclei. 


2.3.6.2 Spherical Accretion and Winds 


In many astrophysical systems, a relatively compact mass M accretes gas from its 
surroundings or, conversely, expels out a gaseous wind. To make such a problem 
tractable analytically, we neglect the size of the central object, relatively to typical 
scales of the flow, see below, and assume spherical symmetry and steady flow. We 
shall also assume here that the flow is adiabatic and actually isentropic, because it 
is inviscid as well. This problem was first treated successfully by H. Bondi in the 
early 1950s. We see that the Bernoulli formula applies here as well and we have 


1 M 
i Eh ou const, (2.33) 
2 r 

Arr’ pu = const, (2.34) 


where we chose u here as the radial component of the velocity u. Equation (2.33), 
while formally valid only along a streamline, is actually valid everywhere as the 
streamlines are radial and the flow is spherically symmetric. Equation (2.34) is the 
mass conservation equation in this flow. The value of the constant can be negative or 
positive, constituting the steady accretion rate or the mass loss rate. In both cases, 
the absolute value of the constant is usually denoted by M. 
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It is not difficult to see that the constant in Eq. (2.33) can be reasonably set to 
zero, when we consider inflow only. Limiting ourselves here to just accretion, we 
first integrate along the streamline from infinity to get the enthalpy 


n= f° “ap (2.35) 
= | ar. 


Setting p = p.. for r + ©, we get h.. = 0 and also u.. = 0, so we have the value of 
the Bernoulli constant in this case equal to zero. For isentropic flow P « p”, which 
allows one to explicitly integrate the equation for the enthalpy, which is 


h(r) = a : - { Ea i\. (2.36) 


CG = P../Poo is now defined for the sake of notational economy, but it has also a 
physical meaning: C7y.. is the isothermal sound speed at infinity. The actual adiabatic 
sound speed along the flow is variable and can be easily computed 


"LP 


‘oo 


G(r) =F (2.37) 


p 


It is now advantageous to switch to nondimensional variables. First and foremost 
we notice that the typical length scale of the problem is the Bondi radius, given by 


GM 


Rz= a. 


(2.38) 


Other natural units are also self-evident and can be used to scale the relevant 
variables thus: 

€=r/Rg; V=|u|/Cro; D= p/P... Most central to the solutions that follow, we 
define a dimensionless accretion rate 


M 


———— 2.39 
ATR? PooCT 0 ( ) 


L= 


The relevant Eqs. (2.33)—(2.34) can now be recast in the nondimensional form: 
E?DV =u, (2.40) 


-y?+H(D)— = =0, (2.41) 
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=! (pr-t_ 
OS 5. a ts (2.42) 


There are different types of solutions for the velocity as a function of distance, 
depending on the mass accretion rate WW. It turns out that there exists a critical 
accretion rate, U., which gives a transonic accretion solution, usually referred to 
as the Bondi solution but sometimes this name is reserved to isothermal flow only. 
To find U, we take the differential of both nondimensional equations (2.40)-(2.41) 
and eliminate dD between the two equations. This gives 


[DH'(D) — V’] ° = [€-'-2DH'(D)| 


dé 


The point at which the factors multiplying the differentials are equal to zero is a 
singular point of this differential equation. This singular point gives rise to the so- 
called critical transonic solution which occurs at 


(2.43) 


1 
é= SDI) and satisfies  V* = DH’(D). (2.44) 


Now, using Eq. (2.41) and the last two equalities we get the existence condition for 
the critical transonic solution 


H(D)= SDH (D), (2.45) 


and remembering the form of H(D) from Eq. (2.42) we finally get the critical 
nondimensional density at the sonic point: 


pal 3 2.46 
= |5=3y or Y<3 (2.46) 


Special care has to be taken for y = 5/3, because then the solution actually acquires 
the sonic point at the origin. With the help of Eqs. (2.44) and (2.40) we can obtain the 
critical accretion rate, which gives the transonic solution (it depends on y). Some of 
its values are: Uc(y = 1.2) = 0.663; Uc(y = 1.4) = 0.377; Ue(y = 1.5) = 0.272. 
Another line of reasoning is very useful for understanding the physical nature 
of the different solutions, including the outflow ones. Combining the momentum 
conservation equation for a spherical flow 


dr *p dr r 


(2.47) 
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with the radial derivative of the logarithm of the mass conservation equation (2.33), 
in order to eliminate the terms containing p, gives 


Ss 


(u—Cs) (2.48) 


u dr r 


ldu 2c? f ou 


2Csr 


This equation clearly shows that there exists a certain radius of the flow, defined by 

oe (2.49) 

and at this r, either uw has an extremum or there is a sonic point there, i.e., 
u(rs) = Cs(Ts). 

The transonic accretion solution is depicted by the inflowing hyperbola in 

Fig. 2.1, which sketches the physically acceptable solution of the inflowing velocity, 


in units of the sound speed, as a function of radius, in units of the sonic point radius. 
We notice that in addition to the transonic Bondi accretion solution, there also 


luli. 2 


1.5 


0.5 


Fig. 2.1 The various types of solutions of the spheri-symmetrical accretion/ejection problem. The 
absolute value of the radial velocity in units of the local sound speed cy (see text) is plotted as a 
function of the radius, in units of r, (see text). The transonic solutions are the Bondi accretion and 
the Parker wind 
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exists a fully subsonic solution, which actually approaches a hydrostatic solution 
for r — 0. There is also a fully supersonic solution, which appears in the upper part 
of the figure. While acceptable mathematically, it has no physical application. If the 
constant in the continuity equation is positive, nothing substantially changes but we 
get other types of solutions—outflows (winds). The Parker wind solution is depicted 
in the figure as another type of critical solution, an accelerating outflow, crossing the 
sonic point on the way out. In Problem 2.8, the case of isothermal flow is addressed 
in a case of the kind discussed above. Finally, we should remember that we have 
assumed a steady flow and this may force artificial, unphysical effects. 


2.4 Potential (Irrotational) Flows 


A frequently studied flow type is that of the above-introduced potential flow. In such 
flows, the velocity field is a gradient of the velocity potential, denoted by @. We thus 
have the relation u = V@. It is sufficient and necessary for a flow to be a potential 
flow if it is irrotational, that is, V x u = 0 in some simply connected region. By 
virtue of the Stokes theorem, this is equivalent to the integral characterization of a 
potential flow, 


$ u-dl=0, (2.50) 
c 


over every closed contour C that lies inside the fluid domain. The integral on the 
left-hand side of this equation is the circulation of the velocity u on the contour C. 
The additional demand is that the domain be simply connected, zero circulation 
everywhere is equivalent to the flow being irrotational and hence also to its being a 
potential flow. One of the most important questions pertaining to irrotational flow is: 
under what condition(s) will such a flow persist, that is, when can one be confident 
that a potential flow remains as such for all times. This is important, since in an 
irrotational flow, the velocity, a three-dimensional vector, can be obtained from the 
scalar velocity potential. This reduces the number of dependent variables from three 
to one and so is bound to simplify the problem. Kelvin’s theorem guarantees that a 
potential flow will persist, as long as the conditions for the theorem’s validity hold 
in a simply connected region. In particular, a fluid initially at rest, u(x,t = 0) = 0, 
and satisfying the conditions of Kelvin’s theorem, will remain irrotational. That 
baroclinicity, viscosity, or the non-potential nature of the body force can be a source 
of vorticity and thus destroys a potential flow, follows from operating with V x on 
Eq. (2.5), which gives 


D 
= = (@-V)u— oV-u—-Vxb+V(p~!) x VP 


-Vx(vV x @)+Vx (m+) viv-w], (2.51) 
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where we have not assumed that the viscosity coefficients are constant. Now if @ =0 
everywhere at a particular instant, vorticity can arise and grow only if the fluid is 
baroclinic (Vp x VP # 0), or the force is not derivable of the potential (b 4 Vf), 
or there is a nonconstant finite viscosity. Vorticity can be created further if the flow 
is already rotational, i.e., the first two terms are non-zero. In this case, additional 
vorticity can be produced by its interactions with the velocity field and also by the 
above-mentioned effects. 

The flow around a solid body immersed in a large fluid volume as compared to 
the body’s dimensions is a classical case of potential flow. As an example, imagine a 
stationary fluid satisfying the conditions of Kelvin’s theorem. Now suppose that the 
body starts gently, accelerating with respect to the stationary fluid until it acquires 
a constant velocity U. In such circumstances, we may now look at the problem in 
the body’s frame, centered at x = 0, say, and assume an infinite fluid flow, now 
with a boundary condition at infinity written symbolically as u(cc,t) = —U. The 
flow upstream is what we call laminar, defined as a streamline flow, when the fluid 
flows in layers, with no disruption between the layers. Before proceeding to deal 
with problems of this kind, a number of caveats are to be considered: 


1. A streamline touching the body is not entirely inside the fluid. So, strictly 
speaking, one cannot claim the conservation of circulation along this streamline 
and the assumption of potential flow breaks down on the body’s surface. 
In a region behind (downstream) the body, the fluid may be detached from 
the potential flow coming from the front (upstream). Such a phenomenon in 
a flow is called separation, which invariably results from the presence of 
tangential discontinuity and is, ultimately, related to the existence of some 
source of vorticity production in the near surface zone of the body. Under 
such circumstances in which separation has occurred, and mathematically 
speaking, we have here a breakdown of even the uniqueness of the solution. 
This irrotational formulation is therefore correct only for flows in which the 
viscosity coefficient is identically set to zero, indicating that viscous effects are 
mathematically unimportant near tangential discontinuities. 

2. Related to our previous point: In any realistic physical situation involving a 
classical fluid, the viscosity cannot be strictly zero. Even though a tiny value 
of viscosity has a negligible effect almost everywhere in a fluid, it must have 
noticeable influence in a region susceptible to tangential discontinuities. These 
are places where close to each other fluid layers would appear to slide on one 
another or on the surface of a solid body. A small wake may then appear 
behind the body. We have already mentioned the fact that even though the 
Reynolds number may be very large on the scales of the flow, it may be of 
order unity for very small scales, like the ones encountered on the surface of the 
discontinuity as illustrated in the previous item, as well as on body surfaces. 
The latter results from the fact that an almost exactly inviscid fluid cannot 
slide in a direction parallel to the surface of an impenetrable body. That is 
true because the surface is truly rough on a small enough resolved scale. It 
possesses, therefore, a sticky topography at a sufficiently small enough scale, 
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no matter how insignificant the viscosity may be. Viscosity is the means by 
which kinetic energy flow dissipates. Heuristically, one may reason that if 
the fluid, having a given small viscosity, does not have small enough scales 
within the flow to dissipate energy, the flow will create such a scale, near those 
aforementioned solid sticky surfaces. This is the phenomenon of the emergence 
of viscous boundary layers. In general, a boundary layer is a very thin region 
separating two different flow regimes or a flow and its solid boundary, in which 
the flow variables change rapidly. We shall encounter boundary layers in several 
flows described in this book (see, e.g., Sect.3.5) and discuss some special 
mathematical techniques to treat this phenomenon (see Sect. 3.5.1). 

3. At a certain, still higher, Re, the boundary layer separates from the body and 
in the separated region vortices are symmetrically created on both sides of 
the body and are shed, creating a vortex street. This is prominent around 
long cylinders perpendicular to the flow (two dimensions) and accounts for the 
“singing” of telephone or electric wires in the wind. The circulation in one street 
is the same as that in the parallel street, but in the opposite direction. Numerical 
experiments, real ones in the lab and observations, all confirm this finding, 
which was proposed by T. von Karman (1881-1963), who is considered as the 
outstanding aerodynamic theoretician of the twentieth century. He also devised 
a simplistic analytical model of the street which we shall leave to the reader as 
guided Problem 2.21. It should be tackled only after learning Sect. 2.5.3. 

4. If the flow speed is of the order of the speed of sound another complication 
occurs: a shock forms in front of the body or obstacle. Shocks will be discussed 
in detail in Chap. 6, but it should be clear that in practice potential flow past 
an obstacle has sense only for incompressible (see below) flows. In Sect. 2.4.1, 
we shall be more specific about what is exactly meant by incompressibility of a 
flow and when it can be expected to be a good enough approximation (Fig. 2.2). 


In Fig. 2.3, one can see a von Karman vortex street in the atmosphere (compare with 
Fig. 2.2d). The above caveats make potential flow a rarely valid approximation for 
flows encountered in nature, see, however, below. Nevertheless, there are certain 
types of flows in which despite these caveats, potential flow may be a good 
approximation to realistic conditions. For example, if the body in question is 
streamlined, the separated region may be negligible, consisting of a very narrow 
wake downstream from the body, and the boundary layer on the body disturbs the 
flow only very little. Another case is that of very small, compared to the body size, 
oscillations of a body immersed in a fluid. This case is the subject of Problem 2.9. 
One may consider irrotational flows which are also incompressible (see below) or 
simply being of constant density. This leads to the problem of solving the Laplace 
equation V7 = 0 for the velocity potential, under various boundary conditions. 
Indeed, the wealth of incompressible potential flows is significant (see below in 
Sect. 2.4.1), but it should not be forgotten that there are flows whose velocity fields 
are derivable from a potential but are not necessarily incompressible. In fact, as 
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Fig. 2.2 Influence of a body on a two-dimensional flow: (a) streamlined body, (b) small wake, 
(c) flow reversal in laminar wake, (d) vortex street. Note that the bodies have cylindrical symmetry, 
in the sense that their profile is unchanged in the direction perpendicular to the page. Re increases 
downward 


we shall see in the chapter on compressible flows (6), we often use the velocity 
potential, in describing the physics of sound waves. The Laplace equation is among 
the most important equations in mathematical physics. It is a prototype of elliptic 
equations, see below in Chap. 6. It is named after P.-S. Laplace, who was a prolific 
mathematician and astronomer and whose work was pivotal to the development of 
mathematical physics, astronomy, and statistics. He lived from approximately mid 
eighteenth century until the 1830s. 

In the following example, we shall consider an inviscid steady isentropic 
potential flow, without body forces. Such a flow is governed by the equation of 
motion, where we replace VP by c,Vp: 


p(u-V)u+c,Vp =0. (2.52) 
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Fig. 2.3 A satellite photograph of the von Karmaan vortex street in the cloud pattern, caused 
by wind flowing around the Jan Mayen island, between Greenland and Norway (Public Domain. 
Courtesy of MODIS Rapid Response Project at NASA/GSFC-http://rapidfire.sci.gsfc.nasa.gov) 


From the equation of continuity we have 
pV-u=—(u-V)p. (2.53) 


Thus, multiplying Eq.(2.53) by u allows us to eliminate p between the two 
equations. The result is 


2V-u—u-(u-V)u=0. (2.54) 


Writing now u = V@ and denoting partial derivatives over , say, by 0g for economy 
of notation, we get the equation 


[eS — (Ax) "Jud — [e$ — (A) 1 Ay — [eS — (0-0) ] 0-20 
— 2(A,90,0 Ayo + 0,00.0).9 + 0,90,00~0) = 0. (2.55) 


Throughout this book we use both dg and ZX for a partial derivative, interchange- 
ably. The above equation does not seem to be easy to solve, but a particular flow 
case can be nicely treated. Imagine a flow created by a stream uy coming from 
x = —oo, Letu=u,+w’ be the velocity at a point, which is equal to the stream plus 
a small perturbation (allowing a small compressibility), assuming that potential flow 
is being preserved by the small perturbation, so that u’ = V@’. The x-axis is taken in 
the direction of uy and we have @ = xu; + ¢’, so that @’ may be considered a small 
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quantity. (We will revisit how to formally assess this smallness in Chap. 4.) So in 
the lowest order in this approximation equation (2.55) leads to 


(1 M1 xx! + yh! + 0:26" = 0, (2.56) 


with the Mach number M; = u)/cs. At the limit Mj < 1, we are very close to 
incompressible potential flow, i.e., Laplace’s equation for o’, but for larger Mach 
numbers the departure is significant. 


2.4.1 Incompressible Potential Flows 


As we have already seen when discussing the mass conservation equation in form 
(1.34), a flow is considered incompressible when the density is a material invariant. 
Thus formally 


Dp 
—=0 = V-u=0. 2.57 
Di 7 on 
This obviously includes the case of any flow in a fluid whose density is, to a good 
approximation, a constant p(x,t) = po. Incompressibility has also implications for 
flows which are not necessarily irrotational, but a potential incompressible flow 
allows for an attractive formulation: 


u=Vo & V-u=0 = VWo=0. (2.58) 


That is, the velocity potential satisfies the Laplace equation. As readers may 
remember from their studies in electromagnetism, the electrostatic potential satisfies 
this equation in charge-free vacuous regions. Mathematically, this equation is of the 
elliptic PDE type which requires well-defined boundary condition in order for a 
solution to both exist and be unique. In the case of potential flow, the boundary 
conditions are usually given at infinity, or on the walls of a vessel containing the 
fluid, and on solid bodies immersed in the fluid. The obvious boundary condition 
on surfaces of solid bodies is the one stating that the perpendicular to the surface 
component of the velocity is zero and this readily translates to what is called 
Neumann boundary conditions 


ag =f- Vo =0 (2.59) 
on 


on the bodies’ surfaces. Here fi is a unit normal to these surfaces at the point 
in question. This is perhaps the place to mention, in passing, that the other type 
of boundary conditions, which have to do with the existence and solution of the 
Laplace equation, are named after Dirichlet and consist of the value of the potential 
on the boundary. In unbounded flows, the requirement usually refers to the manner 
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in which the velocity approaches a constant value or zero at infinity, that is, very 
far as compared to any meaningful physical distance. For the sake of completeness 
we mention also mixed boundary conditions, which have different types of above 
mentioned conditions on different parts of the boundary. Before proceeding any 
further, we shall now mention the conditions under which a flow can be considered 
practically incompressible. 


2.4.1.1 Physical Conditions for Incompressibility 


When the fluid has constant density, every flow in it is incompressible, as mentioned 
before. We have also seen in Eq. (2.31), when discussing the example of the 
de Laval nozzle, that for small Mach numbers (subsonic flows), compressibility 
is insignificant. We repeat this important point here again—very subsonic flows 
cannot have any significant properties resulting from compressibility and, for all 
practical purposes, they may be considered incompressible. Speaking a little more 
precisely, the usual condition (M < 1) is not sufficient. Indeed, when the flow is 
unsteady, and we let / and T be the length and timescale, respectively, over which 
the velocity changes appreciably, we may use estimates based on the Euler equation 
(du/dt ~ VP/p) and on the continuity equation, obtaining an additional condition 
for incompressibility: 


T> Ics. (2.60) 


This condition has a clear meaning, namely, any changes in the flow variables must 
proceed on a much longer time than it takes to communicate their occurrence over 
a significant distance. Another way to say this is that disturbances propagate at the 
sound speed within the fluid but this happens extremely fast, the propagation is 
effectively instantaneous. This quality is another typical characteristic of incom- 
pressibility. In the preceding discussion we have ignored the body force term in 
Euler’s equation. Is there any condition, related to this term, which may destroy the 
approximation of incompressibility? We defer this issue to Problem 2.10. 

We may now consider some specific potential flow problems and examples, when 
the flow is incompressible. For simplicity we shall choose a vessel of a fluid having 
constant density, in addition to being irrotational. Since the governing equation is 
the Laplace equation, there exists a vast literature on its solution methods (potential 
theory). We mention some references to these sources in the Bibliographical Notes 
at the end of this chapter. Laplace’s equation has application in many branches of 
physics, but we, naturally, address only fluid dynamical problems. 


2.4.1.2 Two Simple Examples 


1. Consider the potential (x) = Vx, where V is a constant. As can be easily seen 
this represents a uniform flow, having a constant velocity V in the x direction. 
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2. We move to the investigation of a steady flow in two dimensions, in polar 
coordinates (r,@), around a circular cylinder of radius R, which perpendicularly 
cuts the plane and whose formally infinite axis aligns along the z-axis in three- 
dimensional cylindrical coordinates. The corresponding Laplace equation is 


ao 1076 
of + 2ag2* ae 


The potential flow far away from the cylinder has a fixed velocity U in the 
horizontal (9 = 0) direction. On the surface of the impenetrable cylinder 
we should have u,(a) = (0¢/dr),=a=0. Among the solutions of the Laplace 
equation, there are positive and negative powers of r (and Inr, as well) 
multiplied by sin@ or cos@. Exploiting the superposition principle valid for 
the Laplace equation, which is linear, we readily find a solution satisfying the 
equation and the boundary conditions: 


2 
(r,0) =U (++ “) cos @. (2.62) 


The solution here is easily verified by re-inserting back into (2.61). Is the solution 
unique? If it is not, does this not violate one of the basic theorems on the existence 
and uniqueness of Laplace’s equation? Think about the necessary form of the 
boundary conditions at infinity. 


2.4.2 General Three-Dimensional Potential Flow 
Past a Solid Body 


Consider potential flow with constant density, ideal fluid past an arbitrary solid body, 
with the assumptions that there are no body forces. Let the velocity of the fluid 
very far from the body be U. As we have already mentioned, it is evident that the 
problem is completely equivalent to the motion of the fluid when the same body 
moves through it. It is just a question of changing the coordinate system so that 
the fluid be at rest at infinity, that is, the transformation on the fluid velocity will 
be ut> u—U. We shall be interested in the nature of the fluid velocity very far 
away from the body. By that we mean that if the fluid extension, say L, is much 
larger than the dimensions of the body, say /, then ¢ = //L < 1. We should get 
a reasonably good approximation already at the lowest order in €. The governing 
equation is V7 = 0 where @ is the fluid velocity potential. 

Assume that at some instant the body starts to move and quickly acquires a 
constant velocity, U. As discussed before, in the body frame there exists a potential 
steady flow of the fluid. Thus, we choose a point on the body as the origin and 
work in a frame moving with the body. If the body’s shape is such that there is a 
streamline perpendicular to its surface, it is trivial to find the maximal pressure of 
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the flow. Indeed, since the conditions of case 3b of the Bernoulli theorems apply, we 
have 


P od 
— + — =const. (2.63) 
Py 2 


The point at which the streamline impinges perpendicularly on the body we have 
u = 0 and thus the maximal pressure. So the maximal pressure in the flow is just 
Pmax = P+ £, uw /2 for all points on the streamline and actually here, see case 3b of 
the Bernoulli theorems, this relation is valid everywhere. 

The easiest looking three-dimensional problem is for a spherical obstacle. 
However, we now consider a body of a general shape and try to formulate some 
general mathematical statements on the fluid velocity distribution far from the body. 
Once again, we have the Laplace equation V7@ = 0, with the boundary condition 
of zero flow at infinity and some well-defined specific Neumann conditions which 
depend intimately upon the shape of the body at the body’s surface. This guarantees 
a unique solution. The fluid is at rest and undisturbed very far from the body and 
mathematically this means that we want the potential and its derivatives to vanish at 
infinity. It should be stressed again that we look at the case of a moving body, with 
the coordinate center fixed on it, that is, the solution will be obtained in a moving 
frame. 

It is known in potential theory (e.g., reference [3]) that up to second order in € 
the most general solution in such a case is the expansion 


>= ; rav(2) Pisa (2.64) 


r 


where the ellipsis indicates higher order terms, for which the acronym “HOT” 
will be often used throughout this book, where a is a scalar and A a vector, both 
coordinate independent. We show now that a = 0. Indeed, the lowest order potential 
term gives the following velocity with respect to the body: 


u=—aV (+) = 58, (2.65) 
r 


r 


where f is a unit vector in the radial direction. So the mass flux through a large 
spherical surface of radius R should be fp = 4%R*pa/R* = 4npa. But in an 
incompressible fluid the mass flux through any closed surface must be zero. Hence 
a=0. 

Thus, the leading behavior of the potential for large r is 


1 1 
) -a.v(~) +HOT=-—A-f— +HOT. (2.66) 
r r 
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In what follows we concentrate on the far field, that is, drop the higher order term 
and get the velocity field in the lowest order of the small parameter defined as 
€ =1/L. We remind the reader that we are dealing here with a general shape of the 
body, nevertheless, as we shall see the result is interesting, significant, and useful. 
Thus we have 


= a)=Vo=-(a-v) 5, (2.67) 


B| - 


b(n) =A. 


where A is dependent on the shape of the body and its velocity and can be deter- 
mined only by solving the problem completely. The notation f serves as the unit 
vector in the r direction, while i denotes the unit normal to the body and the two 
coincide if the body is a sphere. At a large enough distance from the body, the 
two may also be perceived as the same since at large distances the body may be 
approximated by a point. 

We now use an identity from vector calculus, see Eq. (A.16) in Appendix A of 
the book: 


(A-V) [Ff (7)] =f Ara t (ay. 


(2.68) 
The formula holds for any constant vector A and a scalar function f(r). Using this 
identity in formula (2.67), i.e., with f(r) = 1/r’, gives immediately that the lowest 
order in €, the behavior of the velocity, potential, and the velocity, in a potential flow 
around an arbitrary body: 


or) =-A- Es ule) = [38(A-#) A), (2.69) 


We are confident that readers who have some training in potential theory will 
not find this formula alien. The vector A is related to the total momentum and 
energy of the fluid in its motion past the body. Equation (2.69) is a solution and 
because of the uniqueness theorem for solutions of Laplace’s equation and since 
Neumann boundary conditions are satisfied on the boundary (convince yourself 
that the conditions at infinity suffice to complement the Neumann condition on the 
body), it is also the only solution of the problem. We should not forget, however, 
that this solution is correct in the frame moving with the body. Problem 2.13 is a 
demonstration that a general formula for the total kinetic energy of the fluid and its 
linear momentum may be computed from Eq. (2.69), when it is taken into account 
that we have calculated the velocity of the fluid with respect to the body. 

The above problem shows that the total momentum of the fluid in this potential 
flow is 


P=4rpA—p%U, 
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where % is the body’s volume. It follows that the force the body exerts on the fluid is 


Fyof = sad =0, (2.70) 
since all the factors in P are constant in time. It follows from Newton’s third law 
(Feb = —Fp-¢) that the fluid also does not exert any force on the body, i.e., the 
drag, defined as F¢_, - U, is zero as well as the lift, defined as (Frot - F;_,5) -U with 
Fiot = dP/dt. This result is clearly contrary to the physical reasoning that the body 
must invest work in order to move at constant speed in a fluid. It has to push and 
displace the fluid out of its way and thus suffer back-reaction. This is a legendary 
conundrum having even acquired a special name—the d’Alembert paradox. The 
respected L. Prandtl tried to resolve the paradox by simply stating that a completely 
inviscid fluid does not exist in nature, thus an exactly potential flow around a body is 
an idealization. He thought that energy is dissipated in the boundary layer near the 
body and therefore the body must suffer a drag, i.e., work has to be done in order 
to move it at constant speed. Remarkably, the definite resolution of the paradox 
had to wait to the twenty-first century, when high resolution numerical calculation 
revealed that the zero-drag potential solution seems to be unstable and develops a 
time-dependent turbulent wake causing substantial drag. Thus the action happens, 
so it seems, at the rear of the body, where the boundary layer separates. This occurs 
no matter how small the viscosity is. The turbulent wake may acquire wavy irregular 
forms, allowing drag and lift. Several further elementary examples of potential flows 
in three dimensions are the subject of Problem 2.12. 


2.4.3 Two-Dimensional Flows: Stream Function 
and Complex Potential 


Two-dimensional potential flows of an incompressible fluid have little to do with 
real physical or astrophysical flows, but are important because of the possibility 
of elegant mathematical treatment and may also have significant applications in 
aeronautics. This is probably the cause that these types of flows are frequently 
referred to as classical aerofoil theory. We do not discuss this subject at great length 
as many books exist on just this one topic, but since some of the results are very 
basic and powerful and, as mentioned before, the mathematical techniques are very 
elegant, we devote some space to a comprehensive summary of the subject. We give 
in the Bibliographical Notes of this chapter some references to books that devote 
a substantial part of their discussion of two-dimensional, incompressible, potential 
flows to methods using complex potential and conformal mappings. 

Any two-dimensional flow of an incompressible fluid, potential or not, allows 
for a definition of an important scalar function, the stream function. Assume that the 
flow is two-dimensional in Cartesian coordinates, (x; ,x2) = (x,y) and similarly for 
the velocities (u,u2) = (u,v). The two-dimensional incompressibility condition is 
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Ou Ov 


If a function y(x,y,t) is now defined, such that 


_oW __oy 
— and v= Bx" (2.72) 


the incompressibility condition is satisfied automatically. The streamlines of the 
flow in two dimensions are just one of the equalities of Eq. (1.12) and in our notation 
it reads 


(2.73) 


Substitution of u and v from Eq. (2.72) into this streamline equation gives 


ov as + Seay =0. 

But the left-hand side of this equation is nothing else than dy, therefore it is evident 
that the stream function is constant on streamlines. In other words, the streamlines 
of a two-dimensional, incompressible flow are lines of constant stream function, y. 

Consider now two very close streamlines, denoted by y and y+ dy, respec- 
tively, and let an arbitrary point x reside on the streamline corresponding to y. Let 
an arbitrary line element dx = (dx,dy) connect the point x on y to the point x + dx 
on y+dy. Choosing a case in which both dx and dy are positive, we obtain an 
expression equal to the difference 


ae Oe OL a (2.74) 
Ox oy 


showing that the volume rate of flow across the element dx, between a pair of 
streamlines, is numerically equal to the difference between their y values. The sign 
of the stream function is such that facing the direction of motion y increases to 
the left. In addition, if we want in general two streamlines, separated by a finite 
distance, a simple integration procedure will approve the results which we obtained 
for differentially separated streamlines. We saw already that the stream function is 
constant on streamlines, and this can be verified by 


_oyow oyoy _ 
u-Vy= Dy de ok OF =0. (2.75) 


A compact way of expressing the velocity vector from the stream function defined 
for a two-dimensional flow in the x—y plane, equivalent to Eq. (2.72), is 
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u=Vx (ya). (2.76) 


This equivalence is easy to check (do it!). A similar prescription is useful for polar 
coordinates in the plane as well, yielding 


1 
uy = ~ —— and Ug = Dr (2.77) 


An incompressible potential flow in two dimensions allows, as we have seen, 
the definition of the velocity potential @(x,y) and stream function y(x,y), here 
expressed in Cartesian coordinates for convenience. We have also seen that the 
velocity components u and v are equal, correspondingly, to 


ee and 


do —oow 
Ox oy a 


oe oe (2.78) 


Using elementary complex function theory, we identify Eq. (2.78) as the Cauchy- 
Riemann conditions and they ensure, provided that all the derivatives are continuous, 
the existence of an analytic function of a complex variable: 


w(z) = o(x,y) +ip(x,y), (2.79) 


where henceforth, in this section, z= x + iy, that is, x and y define the complex 
plane and z is the appropriate complex number. w(z) goes under the name complex 
potential and it is evident from the Cauchy—Riemann conditions that both the real 
and the imaginary parts of the complex potential, i.e., @ and y satisfy the Laplace 
equation. If one knows the complex potential, it is easy, knowing just the basics of 
complex function theory, to find the velocity, using 


=u—iv. (2.80) 
Thus u = K(dw/dz), v = —S (dw/dz), and 


d 
jul = V2 +v2 = Is (2.81) 
z 


The complex potential method is very powerful in describing flows having 
the above-mentioned properties. One important observation is that every complex 
analytical function describes an acceptable two-dimensional incompressible poten- 
tial (irrotational) flow. The method also allows us to solve analytically nontrivial 
problems, as well as derive some important theorems, as we shall see in this section 
and the associated problems at the end of the chapter. 
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2.4.3.1 Two-Dimensional Potential Flow Past a Circular Cylinder 


We are now set to discuss the problem of a two-dimensional flow past a circular 
cylinder with radius a whose circular profile cuts the flow plane. The cylinder is 
assumed to be of mathematically infinite height, but a physical approximation H, >> 
a, where the height of the cylinder is H,, will suffice. Since the complex potential 
method will be used, it should be remarked that a superposition of two complex 
potentials, representing two different flows, is itself a new complex potential and, 
therefore, represents a superposed flow. 

For example, Problem 2.14 is an examination of a “dipole” or “doublet” flow, 
whose complex potential is wy(z) = —y/z. Let us superpose this flow with another 
flow whose complex potential is w,,(z) = Uz with U real constant. It is easy to verify 
that the real part of this complex potential is (x,y) = Ux and, thus, it represents a 
uniform flow in the x direction with constant velocity U. The aggregate complex 
potential is w = w, + wa 


Lu Lu Lu 
w= Uz : = (u shis)xti(ur sty)» (2.82) 


Thus the velocity potential is 


(x,y) = (u- = x 


and the stream function is 


vay) =(U+ ah)» 


x2 +y 


As we discussed in Sect. 2.4.3, surfaces of constant stream function values are 
surfaces across which there is no mass flux. We then identify the locus where y = 0 
(it is an arbitrary choice) and, accordingly, construct its shape. Looking at the above 
form for y and setting it to zero, we see very clearly that it consists of two branches 
y =O and (x* + y?)U = —w. If u = —Ua’ then the cylinder circumference will be a 
part of the streamline y = 0. In Fig. 2.4a one can see the streamlines of this problem, 
but it is also possible to add yet another component to the flow, viz. circulation 
around the cylinder. This is achieved by adding a complex potential 


wv 
We= om Inz. 
That such a complex potential represents circulation can be easily verified by the 
reader and will be discussed in Sect. 2.5.3. I” is the strength of the circulation and 
the flow pattern depends on the parameter 


\o 
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Fig. 2.4 Flow past a circular cylinder for different values of B representing circulation around the 
cylinder. For details see text: (a) B = 0, (b) B < 2, (c) B =2, (d) B >2 


T 
P= n0a 
The full complex potential (not forgetting that 1: = —Ua’, so as to ensure y = 0 on 
the surface of the cylinder) thus reads 
Pe 
w(z) =U (<+ v= iBainz) : (2.83) 
Zz 


Note that in Eq. (2.62) we have presented a solution to a problem that seems 
equivalent to this one, but it was not clear that it was the unique solution. Here 
we have several solutions with circulation around the cylinder. Why is uniqueness 
violated here? 
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2.4.3.2 The Milne-Thomson, Blasius and Kutta—Joukowski Theorems 


In the following, we present some theorems valid in two-dimensional incompress- 
ible potential flows, whose proofs are examples of the complex potential method. 
Additional examples can be found in the problems at the end of the chapter. 


1. The Milne-Thomson theorem. 
Consider the following complex potential 


w(z) =f(z) +f* (79/2"), (2.84) 


where f(z) is a complex function, whose singularities lie outside the circle of 
radius rp centered on the origin, i.e., in |z| > ro. The superscript asterisk denotes 
complex conjugate. We now show that w(z) cannot have any singularities inside 
the circle. If all singularities of f(z) are outside the circle, the singularities of 
f(73/z*) are in |r§/z*| > ro, that is, in |z| < ro (inside the circle) and therefore 
those of the second term in Eq. (2.84) are outside the circle. Next, on the circle 
itself zz* = i and thus 


w(z) =f(z)+f*(z) onthe circle |z| =7ro, (2.85) 


so w(z) is real on the circle, implying that y = 0 (a constant) on it. The 
circle |z| = ro is thus a streamline. This is the statement of the theorem. In 
Problem 2.16 we consider an application of this theorem. 
2. The Blasius theorem. 

This theorem gives the forces acting on a body in a two-dimensional potential 
flow of constant density, whose complex potential is known: w(z). We assume 
that the flow is stationary and it is uniform at infinity. It may thus be written 
symbolically u(x = -teo, y, t) = UX. The statement of the theorem is 


1 2 
Px iF, = 5 ipo f (=) de (2.86) 


where F, and F), are the x and y force components per unit length, respectively, 
acting on the body, whose boundary is the simple closed contour C. They are 
equal, respectively, to the drag and the lift experienced by the body. If we 
denote by £ the arc length along the contour, making an angle @, say, with the 
positive x direction and by considering the differential line element dé = dz = 
dx + idy, we readily get the differential forces on this differential segment of the 
body, per unit length, because in an inviscid flow there is only pressure force, 
perpendicular to the body. dF’, = —Pdy and dF, = Pdx, and so 


dF, — idF, = —Pdy — iPdx = —iPdz*. (2.87) 
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Thus 


F,-iFy =-i $ Pdz* counterclockwise on contour C as usual. (2.88) 
. Cc 


Now remembering case 3a of the Bernoulli’s theorem for steady potential flow, 
we get the relation between pressure and velocity 


1 1 
P+ spol’ +v°) = Bp = Pa + sPyU?. (2.89) 


Thus 


P=P..4 yt? Py ( + iv) (u— iv). (2.90) 


When integrating over the contour C as in Eq. (2.88), the first two constant terms 
do not contribute. Also u + iv = Vu? + v2e!™ and dz = |dz|e’* because on the 
contour dz is parallel to the velocity vector. So (u+ iv)dz* is real and thus equal 
to (u—iv)dz. Thus the integral in Eq. (2.88) finally becomes 


a ee ¢ a 4 (2.91) 
x y~ 5 Po c\ dz 4; . 
where we have used 
cal =u-—iIv 
dz 


We remind the reader that this problem is two-dimensional and accordingly, 
due to the behavior of the solution of Laplace’s equation far from the object, the 
result is different from the three-dimensional case which, as we saw, gives rise 
to the d’ Alembert paradox. 
3. The Kutta—Joukowski theorem. 
We consider again a steady potential flow of constant density in two dimensions, 
past a two-dimensional body, the cross section of which is a simple curve C. As 
before, we assume that the flow is stationary and is uniform at infinity, u(x = 
too, y, t) = UX. The statement of the theorem is that if the circulation around the 
body (around C) is I’, then Fy = 0 and F, = —poUT. This fully inviscid case 
is an example where circulation induces lift on the body even though the drag 
remains zero. To prove this theorem we take dw/dz to be an analytic function 
in the entire flow range and, correspondingly, expand it in Laurent series around 
an origin point O, chosen to be inside the body. Thus we have 


<a or (2.92) 
z 2 
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Fig. 2.5 Auxiliary sketch for the Kutta—Joukowski theorem 


Inspection shows that the above form is consistent with the flow being of 
uniform of speed UX at infinity. Now, we shall use the Blasius theorem, but 
before that we surround the body (whose cross section is C) by a larger circular 
contour Cy of radius R, which is the smallest circle containing the curve C. 
In Fig. 2.5 it is the unmarked dashed circle. Squaring the Laurent series (2.92) 
and substituting the result into that of Blasius, we find that only the 1/z term 
contributes, giving 


Fy, — iF, = —2npoUay. (2.93) 


Using the residue theorem we may easily determine a 
27ia, = —dz (2.94) 


where Coyt is an arbitrary curve containing the above dashed circle and 
all the contribution, after the Laurent expansion is used, comes from the 
point O. Cauchy theorem of complex function theory guarantees that without 
singularities in the simply connected domain, bounded by Coy and C (see 
Fig. 2.5) an integral of any analytical function over both of these contours 
(consisting together of two parts) gives zero. Thus, there is only a contribution 
to the integral on C from the interior of C. But C is a streamline thus the change 
of y along C is zero, while the change in @ is just the circulation I’. Thus, 
2nia, =I and substituting it into formula (2.93) gives the desired result for the 
lift 


Fy =—poUT. (2.95) 
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It is imperative to exercise care in determining what is the sign of I” and thus 
the lift. As is usually the case, physical reasoning is superior to mathematical 
pedantry, and this case is no different. In general, if the shape of the body is 
such that it deflects the horizontal stream of fluid downward, as is clearly the 
case in Fig.2.5, especially if we imagine a series of such bodies one above 
the other, then Negative (downward) momentum is imparted on the fluid and 
thus the body experiences a reaction force which is upward, i.e., positive lift 
(F > 0). The opposite is true when the cross section of the body is such that its 
upper part is inclined, on the average, upward, with respect to the fluid stream. 
Do you recognize the changes in the aircraft wing during takeoff as opposed to 
landing or, similarly, with the shape of a sail during a tacking maneuver? We 
should, however, not forget that all the above results assume ideally irrotational 
flow everywhere around the body. 

However as we have already remarked, boundary layers are found to be 
created in experiments and numerical simulations (see Chap. 3) of aerodynamic 
aerofoils immersed in fluids of minute viscosity. The boundary layer may 
separate and create a wake behind the body (as explained in the next chapter). 
Usually vortices are created in the wake and may be shed into the fluid. 
These vortices can have positive or negative vorticity (the sign being arbitrarily 
defined), with respect to the upper surface of the body being convex (like in 
Fig. 2.5) or concave. This has import in determining the circulation around Cy, 
because by Stokes theorem it is equal to the surface integral of the vorticity 
over the fluid area bounded by the path. If there are vortices there, then they 
must contribute (whether positively or negatively) to I. 
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Vortices are common and prominent features of fluid flows. They are observed 
on a variety of scales, in our atmosphere, e.g., hurricanes and tornadoes, in the 
Earth’s oceans, rivers, and streams as well as on the giant Solar system planets, most 
prominently on Saturn and Jupiter, displaying its giant vortex. Their importance for 
both geophysics and astrophysics is doubtless. The above examples might suggest 
that vortices appear only on fluid bodies that are rotating, a topic which is the subject 
of the next chapter. But in fact, vortices also appear in nonrotating flows and also 
in laboratory scale flows. It is of theoretical interest to understand them and their 
motion and, in the process, to uncover their remarkable beauty. 
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2.5.1 Helmholtz—Vortex Theorems 


Before formulating these theorems, which have their nineteenth century origin in 
the work of H. von Helmholtz and Lord Kelvin, it is imperative to define several 
terms: 


¢ A vortex line is a curve having the same direction as the vorticity vector @, at 
any particular time. Its definition is similar to a streamline, where we speak about 
curves having the same direction as the velocity vector. Formally, a vortex line, 
given parametrically by x(s), is the solution of 


dx|/ds — dxx/ds _ dx3/ds 
OQ @ @3 ’ 


(2.96) 


which is an elementary concept from multidimensional calculus. This definition 
is essentially the same as Eq. (1.12), for the velocity, but here we use the auxiliary 
length parameter s. 

¢ A vortex tube is a volume enclosed by all vortex lines that pass through some 
simple closed curve. 

¢ The strength of a vortex tube is the circulation around its cross section. 

¢ A vortex ring is a vortex tube that is closed on itself, i.e., it is the volume 
embedded in a collection of closed vortex lines that pass through a closed curve. 

¢ A vortex sheet is a series of vortices, whose centers are very close to one another. 
Actually, the distances between them tend to zero along some curve. 


Usually, only two Helmholtz vortex theorems are cited, but we shall give here four 
statements, the first two being the usual ones, summarizing most of the important 
vortex properties. Three of the statements will be proven here and the proof of 
the fourth is deferred to the problems. The assumptions needed for the Helmholtz 
theorems are identical to those of Kelvin’s circulation theorem. 


1. Vortex lines are material invariants. 

This means that they move with the fluid. In our opinion, the easiest proof of 
this theorem is to consider a vortex tube and a closed curve C1 encompassing 
an area Sl and lying on the side surface of the tube (see Fig. 2.6). Clearly, the 
circulation around C1 is zero as f,, @- fidS = 0. After some time the curve Cl 
is materially transported to another curve C2, encompassing now an area S2. 
According to Kelvin’s theorem, the circulation around C2 remains zero. But 
this is true for any time, i.e., any $2. Thus, there cannot be a component of 
vorticity normal to the flux tube’s side surface and this means that $2, during its 
material motion, must remain on the same side surface of the vortex tube. So 
we have actually proven a bit more than the theorem says. We have shown that 
a particular vortex tube is material invariant. Effecting a limiting procedure, so 
that the cross section of the vortex tube tends to zero, proves the first theorem, 
as formulated. 
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Fig. 2.6 Auxiliary sketch for 
the Helmholtz vortex 
theorems. The shaded 
regions, surrounded by the 
paths Cl and C2 lie on the 
side outer surface of this 
vortex tube. Al and A2 are 
capping the tube at two 
perpendicular to the vorticity 
positions 
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2. The strength of a vortex tube is constant along its length. 


The proof of this statement is straightforward. Consider a vortex tube, capped 
by two surfaces perpendicular to @, Al and A2, say. In this way, we create a 
volume embedded by the side surfaces of the tube and the two areas A1l,A2. 
We call this volume Yype and its bounding surface Supe. Clearly, by the Gauss 
theorem 


| @-fidS = V-(Vxu)d*x =0. (2.97) 
Stube Varbe 


Remembering the convention about the outward direction of the normal to 
a closed surface, calculating the strength of the tube we keep the same 
directionality of the surfaces Al and A2 and we get using the Stokes integral 
theorem 


| e-aas = | o-ndS = u-dl= 4 u- dl. (2.98) 
Al A2 cl c2 


Since A2 is arbitrary, the theorem has actually been proved. A little reflection 
shows that this theorem, together with the first theorem, proves a little more, 
which is the content of the next theorem. 

. The strength of a vortex tube remains constant in time. 

A vortex tube cannot end within the fluid. 

It can either end on the boundary or close on itself, creating a vortex ring. The 
proof of this statement is the subject of Problem 2.22. 
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2.5.2 Inviscid Two-Dimensional Vortex Equation of Motion 


In severely restricted conditions, the equations governing vortex motion simplify 
considerably. In particular, consider a flow which is two-dimensional. Suppose that 
all fluid quantities are represented in the Cartesian plane. This is not necessary, of 
course, but merely convenient for our purposes here. Assume that all quantities are 
independent of the vertical z coordinate. Then assuming, as well, that the fluid is 
inviscid and barotropic equation (2.13) simplifies to 


> (5) --+[e(!) <9) 0 


The symbol € is used here to denote the vertical component of the total vorticity, 
i.e., ¢ =Z-q@. Under even more restricted conditions, wherein the fluid is assumed 
to be everywhere of constant density, 


DE 2 


=0 2.100 
Dr ; ( ) 


where we remember that the material derivative in such two-dimensional flows is 


D oa O fa) 
Di tan TY 95: (2.101) 


It follows that (see also Problem 2.19) the usual stream-function formulation is 
appropriate and, as such, 


2 4 
eed ya _2¥ po Ou (3 o-y 


= = + : 2.102 
Ox oy axe dy? ) ( ) 
The important consequence of Eq. (2.101) is the fact that, in two-dimensional 
Lagrangian flows, fluid particles conserve the vorticity with which they are initially 
endowed. This observation leads to an interesting result, which we discuss in the 
next section. 


2.5.3 Hamiltonian Dynamics of Point Vortices 


Vortex dynamics is a vast subject, which could not be seriously covered in a book 
like this; however, we shall mention in the Bibliographical Notes at least one 
comprehensive reference. We have chosen a few example two-dimensional flows 
to include in our concise discussion of vortices. One interesting example that has 
connections to statistical mechanics consists of a collection of point vortices. From 
Problem 2.19 it can be shown that Eq. (2.101) enables a vorticity—stream function 
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formulation of an inviscid, two-dimensional incompressible flow, whose primary 
equation may be recast into the following form: 


7] 

2s sly.d =0, with 6=-V*v, (2.103) 
where J is here the two-dimensional (x, y) Jacobian, as defined in Problem 2.19, and 
where V? is the two-dimensional Laplacian. The above equation can be rewritten as 
a single differential equation for the stream function 


V2 
ov) +J[w, V7] =0, (2.104) 
where J is given by 
a(w,V? 
Jly,V2y] = ae = a,.way(V2y) — awar(V2y). (2.105) 


We should not forget that the stream function satisfies the two-dimensional Poisson 
equation, as can be seen, e.g., in the second expression in Eq. (2.103), and that 
the source term of that Poisson equation is the vorticity. Our focus shifts now to a 
vorticity field composed of only very tight vortices, actually approximated by point 
ones as the source term to the above-mentioned Poisson equation, thus 


N 
¢ => Fj6(x-x;)), (2.106) 


where Jj, is the strength, i.e., the circulation around, of the k-th point vortex, which is 
located at a point x; = (xx, yx) of the x-y plane. The function 6(x) is the Dirac delta 
function, which is not a new concept to the reader, who learned any undergraduate 
quantum mechanics and perhaps a graduate course on electromagnetism. The Dirac 
delta function’s more formal definition, in particular the question how it can be 
mathematically perceived as a function and some of its properties, will be discussed 
in some detail later, in Sect. 4.1.3, in the context of waves. The sum is over all the 
point vortices, here assumed to be N, and they constitute the aggregate entirety of 
the vorticity field. The solution of the Poisson equation in two dimensions having 
point sources is well known and one may easily apply it here to get 


1 
w(x) = — D_Flog|x—x;|. (2.107) 
20 321 

The fluid velocity at the vortex core of the ith vortex, u; = (u;,v;), is obtained by 
taking the derivative of the total stream function sans the contribution of the ith 
vortex. In other words, the velocity, in the Lagrangian description, of the fluid 
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particle at the ith point vortex location is given by the induced velocity of the 
remaining N — | point vortices, thus 


dx; aw 14 _(i-y) 

—_— = Uu= = T; 5 

dt ay; on 2 x—x2 

dy; ow 1 id (xi — xj) 

— =vj= = IF . 2.1 
de Ox; in 2 x—x[2 nee 


When examining Eq. (2.108), it is not too difficult to notice the intriguing fact, 
namely, that they have the form of Hamilton’s equations, where the Hamiltonian 
function is given by 


1 
H = — XTiTjlog|xi — xj). (2.109) 
ij 
iZj 
The plane coordinate y, is proportional to the canonically conjugate momentum 


of xx. Actually, they have to be multiplied by VI";. We have then the Hamilton 
equations 


dx; 0H dy, dH 
: = dwt —— 2.11 
: dt OY; = ’ dt Ox; : ( a 


with this pair clearly equivalent to Eq. (2.108). It is surprising, at least to the authors 
of this book, to find such an unusual Hamiltonian system arising from FD. In any 
case, the question if this system is integrable or not is certainly of interest. Since 
its discovery, the system of N point vortices (and the limit N — o) have been 
extensively studied. We mention only a few significant results: systems of two or 
three vortices are integrable, while that of N = 4 displays typical characteristics of 
Hamiltonian chaos. References to deeper studies of this problem are listed in the 
Bibliographical Notes of this chapter. Also, in Chap. 5 we examine similarities and 
implications of these ideas to point vortices in geostrophic flows (Problem 5.10). 


2.5.4 The Velocity Field, Derived from a Given Vorticity Field 


We mentioned at the outset of this chapter that problems involving vortex flows do 
not always have a unique solution owing to the fact that many different velocity 
fields can produce the same vorticity profile. It turns out that under appropriate 
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restricted conditions uniqueness is possible. Consider a given vorticity field w(x), 
with the proviso that very far from the origin, that is, for a large enough r = |x|, 
the vorticity decays to zero faster than 1/r*. We wish to claim that a solenoidal (a 
synonym for “divergence-free’’) velocity field given by 


_ tt (x’—x) x @(x’) 3, 
u(x) a. mop (2.111) 


where the volume % is large enough, so as to satisfy the requirement posed above. 
To show this, define 


1 O 3, 
== —— 2.112 


Posit now u = V x V. Operating with Vx on (2.112) leads to 


1 1 
Aru(x) = Vx—— ) x od? =— Ve—— |x odx 
y\ |x—x"| HN © |x—x"| 


_ wy! 
--| (==) x od’, (2.113) 
DA eS 


which can be shown using rules of vector calculus, see Problem 2.23. Thus u as 
given in formula (2.111) satisfies V x V, as required. The proof of its uniqueness 
follows, as usual in such problem, from assuming that there is some other u! = 
V x V. So u—w’ must also be solenoidal and vanish for a far enough boundary. 
But it must also be true that V x (u— u ) = 0 and also both velocity vectors and 
therefore their difference are gradients of a scalar potential u—u’ = V@, so V7 = 0 
is implied. The only bounded solution for this potential satisfying all the above 
conditions is @ =const, and hence the desired uniqueness follows. 


2.5.5 The Rankine Vortex 


Consider a simple one-dimensional example of ideal fluid flow with a region of 
nonzero vorticity, called forced vortex, surrounded by a region with circular rotation 
but with zero vorticity—such a vortex is called free. Naturally, it should be possible 
to have compound vortices, e.g., forced up to some cylindrical radius and free above 
it. Such a compound vortex is known as the Rankine vortex. 

A simple example of a Rankine vortex is what is called the bathtub vortex (for 
obvious reasons), but it should be remembered that the solution presented here is 
just a good approximation of a real vortex of this type. Consider a constant density 
fluid in a container and let the function z = H(r) be the height of the free surface 
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of the fluid, which we describe in cylindrical polar coordinates (r,@,z). Implicit in 
the form of H is an axial symmetry assumption of the surface. The body force, due 
to gravity, has the form b = —gz and the external pressure is a constant Po say. Let 
us formally develop the velocity field of the Rankine vortex using a stream function 
formulation. We assume that the flow has no vertical velocity in steady state. In 
that event, the equations governing the motion of the fluid are two-dimensional and, 
hence, are given by Eqs. (2.101)—(2.102). Let a be the radius of the “sink” creating 
a tube of radius a above it. We assume that the time-independent vorticity contained 
inside this circular patch is also spatially constant and given by ¢(r,@) = 2Q. Thus 
we write 


2Q,r<a 
= , ; 2.114 
C9) = {err se Q.114) 


remembering that Q is a constant. Since we assume no variations with respect to 
the polar coordinate, the vorticity equation is given by 


ld(dy\_ ,_ {20,r<a, 
5 (at) = ~ { (2.115) 


For the sake of this formal development, let us assume that the velocity field is zero 

at r = 0. Thus the solution to the above equation for the stream function satisfying 

the condition that velocity field decays as r > © is given by 
A-10r,r<a 

= 2 : : 2.116 

Mm { Blnr, r>a, ( ) 


where A and B are unknown constants to be determined by applying a suitable 
matching procedure at the transition r = a. In particular, we require that the stream 
function and its first derivative with respect to r match at r = a. The latter condition 
is the same as requiring that the circular velocities match each other at the surface, 
and see below. Thus the conditions become 


1 
Hee 520° = Bina, Qa=B/a. (2.117) 


The solution to the above shows that B = Qa’ and A = Qa? [In(ae!/?)] : 

In polar coordinates, the radial and azimuthal velocities are given in Eq. (2.77). 
Given the symmetry in the problem 0, ++ 0, it comes as no surprise that the radial 
velocity is zero, u, = 0, and that the azimuthal component of the velocity field is 
given by 


Qr r<a 
a > 2.11 
up ee r>a. ( 8) 
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Thus, here Q is the angular velocity of the vortex core and it gives the solid body 
rotation rate of the tube. The factor 2Q appearing in the designation of the vorticity 
of the patch is a common one and will reappear once again when we speak of 
Coriolis effects and the physics of fluid flows in globally rotating reference frames 
(Chap. 5). Note here the explicit meaning of the continuity of the radial gradient of 
y: without it the azimuthal velocity field wu, would show a jump at r = a. Because 
the vorticity outside the vortex tube is zero, i.e., € = 0 for r > a, the external flow 
is irrotational and we may use the appropriate version of Bernoulli’s theorem, in 
particular, case 3b of the steady detailed in Sect. 2.3.5, to construct the pressure 
field externally: 


pQ?at 
P= Po- J 7— — P 8%; (2.119) 


for z < H, where H is the height of the free surface and we assume H — 0 for r > ©. 
The free surface for r > a can thus be expressed as 


Q? 4 
H(r) =— = r?. 
& 


Inside the vortex core, we actually have very simple equations of motion 
SS Or, ——_ = ~g, (2.120) 
which can be integrated to give 
5d — grt C= Pr (2.121) 


where P, is the pressure in the core. Now on the cylinder r = a for z < H, we should 
require that P, = P. This gives the value of the constant 


and substituting it in Eq. (2.121) we get 


2: 
} 
P= Py — pQ?a* (: - x2) QZ. 


The expression for the surface follows 


H 7 2.122 
= £0" (5-1) ifr<a. oe 
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Remark: Is dug /dr continuous at r = a? Is this allowed? What does it mean? Offer a 
physical rationalization of this feature by taking into account that all fluids in nature 
are viscous, if however slightly. We also urge the reader to tackle Problem 2.25, 
which is another important example. 


2.5.6 Tumbling Kirchhoff—Kida Vortices 


In Sect. 2.5.5, we discussed a simple case of the Rankine vortex, which is a circular 
patch of constant vorticity € = 2Q. The flow in its interior rotates like a solid body 
(Uy cc r), while the exterior flow shows a 1/r drop off in Uy: All streamlines are 
nested circles with a common origin. Such vortices are constructed assuming there is 
no slippage on the boundary of the vortex. Because the globally integrated vorticity 
field is nonzero, it comes as no surprise that the total circulation is a constant for any 
closed path containing the interior patch (of surface area Sp, say) outside of which 
there is no vorticity, that is, fu-dl = S)¢. 

In this final section of the chapter, we provide a more sophisticated calculation 
involving the response of an elliptical patch of vorticity. Imagine taking a circular 
vortex with constant interior vorticity like the Rankine vortex, say, and stretching it 
into an ellipse and then letting it go. This stretched elliptical patch will tumble in 
place with a constant frequency @. This setup is an example where an asymptotic 
approximation analytical solution can be constructed for a relatively complex 
arrangement. It is the purpose of this section to develop this solution by highlighting 
the techniques and procedures used for the calculation. Aside from providing a 
platform for developing deeper intuition on vortical flows, such vortices are often 
used as time-dependent test-case solutions to assess the performance of numerical 
experiments. Henceforth, we shall refer to this vortex solution as the Kirchhoff— 
Kida vortex (KK vortex for short). The original treatise on this problem is actually 
attributed to both H. von Helmholtz and G. Kirchhoff, while its importance was 
recognized and expanded upon, to include external strain and shear, only recently 
(in 1981) by S. Kida. It is an important construction in developing an understanding 
of what happens when vortices interact beyond the simpler circular assumption. It 
is also interesting from a mathematical point of view since it makes use of elliptical 
coordinates to construct the full answer. One of the purposes of this discussion is to 
serve as an introduction to this often overlooked, yet powerful, asymptotic method 
of solution. 

Thus consider a two-dimensional, inviscid, constant density fluid. The equations 
governing the vorticity of such a system is given in Eqs. (2.101)-(2.102). The KK 
vortex is the solution in this setting giving the behavior a patch of constant vorticity, 
¢ =A =const. contained within an ellipse of major and minor axes of size a and 
b, respectively. Without loss of generality we assume a > b. The ellipse, in turn, 
tumbles in place with a constant frequency @ given by 
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Fig. 2.7 Elliptic rotating patch, a diagram 


ga (2.123) 


(a+b)? 


The discussion in the rest of this section will center on the derivation of the 
relationship in (2.123), which might perhaps seem innocuous enough; however as 
we shall see, its development is subtle. Let the laboratory frame coordinates be given 
by x and y. Now suppose that in a frame rotating with an angle as a function of time 
o(t), the patch of vorticity of interest appears fixed. Call these coordinates in the 
rotating frame X,Y (see the diagram in Fig. 2.7). The two coordinates relate to one 
another according to 


X =xcos@(t)+ysing(t), Y= —xsing(t)+ycose(t). (2.124) 


While the points X and Y are fixed in the rotating frame, they appear to have a time 
dependence in the laboratory frame with corresponding time derivatives 


X=@Y, Y=-—@xX, g= (2.125) 
where, as usual, over-dots denote ordinary derivatives with respect to time. However, 
do note that this coordinate transformation is area preserving as this will prove 
beneficial a little further on. In the rotating frame, the shape of the ellipse is fixed in 
time. We shall call the ellipse shape, S, by using the name surface function. In the 
laboratory coordinates, it is expressed by the relation S(x, y,t) = 0 and in this frame 
the third derivative in the above Equation is relevant: 
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p y2 
S(x,y,t) = patp! 


_ [xcos p(t) +ysing(t)]” n [—xsing(t) +ycos@(t)]° 1=0. 


a b2 
(2.126) 


Our objective will be to follow the Lagrangian motion of the boundary over time.” 


The solution developed by Kirchhoff makes the important ansatz that boundary 
points of the patch rotate with constant rotational velocity, i.e., @ = const. We shall 
return to this during the matching procedures below. 

In order to ensure that the developed solution is self-consistent, the solution 
procedure must go through the following three stages similar to what was done 
for the Rankine vortex. Here the method of matched asymptotic expansions will be 
used. In Chap. 3, this method will be applied to a simpler case and we encourage 
the reader (and teacher) to study the self-contained Sect. 3.5.1 before delving into 
the following lengthy calculation employing matched asymptotic expansions. As 
references to the technique we find the books of Nayfeh, Van Dyke, and Kevorkian 
and Cole (references [21, 22] and [23] of Chap.4) to be the best. The above- 
mentioned three stages are: 


1. Calculate the solution to the vorticity and stream function in the interior and, 
furthermore, have motion of the surface be consistent with the interior solution. 
We hereafter refer to this as the derivation of the interior solution. 

2. Develop the solution to the stream function exterior to the rotating patch. This 
will entail calculating the stream function in elliptical coordinates. It is referred 
to as the derivation of the exterior solution. 

3. Match the stream function and its derivative normal to the elliptical surface at 
the location of the surface of the elliptical vortex patch. 


To give the different regions symbolic designations, we refer to the interior region as 
I and the exterior region as E. We symbolically reference the surface separating the 
interior from the exterior as 0S, reminding ourselves that the equation describing 
the boundary of this surface is given by S(x,y, t) = 0 as expressed in Eq. (2.126). 


1. Interior solution. 
The vorticity in the interior is constant and given by A. The equation for the 
stream function in region I is 


2 2 
c=a=-(S4454). (2.127) 


2A more pedagogic discussion of the mathematical formulation of boundaries and how they are 
formally tracked will be given in Chap. 4, in and around the discussion surrounding equation (4.41). 
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However, for reasons which will become self-evident below, it will prove easier 
for us to proceed with the calculation in the X,Y coordinate frame. Now, 
because the coordinate transformation from (x,y) +> (X,Y) is area preserving, 
the Laplace operator also transforms preserving its form in both coordinate 
representations. This may be verified by applying the coordinate transformation 
in Eq. (2.124) directly to Eq. (2.127). The result becomes 


oe a 
can =- (T+ Se). (2.128) 


The above equation has the particular solution 
= tll 2 2 
y= —3A (4x? +BY’), (2.129) 


with the, as yet, unspecified constants A and B. The solution in Eq. (2.129) is 
relatively general and, thus, in order to ensure that —-V*y = A, it follows that 
A and B must relate to each other according to 


A+B=1. (2.130) 


Now, u and v are the velocity components expressed in the (x,y) coordinate 
system; thus we know that since this is a two-dimensional incompressible fluid, 


pea $o2e (2.131) 


If we reference the corresponding velocities in the (X, Y) coordinate system by 
U and V, respectively, they are given by 


_ Oy 


v= sy = 


—BY, V=-— =AX. (2.132) 
We will make explicit use of the above shortly. 

As we have posited, points on the boundary S$ always remain on the boundary 
S, even if material is moving along the boundary, and, as such, the boundary 
surface rotates with solid body rotation. This then means 


D, 
ae =0, = ON ig OP gt (2.133) 
Dt |, yeas Ot ox oy 


See also the future discussion on Eq. (4.41). We proceed by individually 
assessing the terms appearing in Eq. (2.133). By working in the transformed 
coordinate frame (X,Y) and making use of Eq. (2.125), it follows that 
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es = —@(a* — b”)XY. (2.134) 


The remaining two terms in Eq. (2.133) can be transformed from the (x,y) 
coordinate system to the (X,Y) coordinate system showing that the entire term 
form is exactly preserved, i.e., 


aS, aS _ owas dyoS  owos dwas _ 98 y7s 
ox dy  odyoax axdy OYAX AXOY — ax 


u 


y 
(2.135) 
The above is none other than the statement that the Poisson bracket of two 
scalar functions is conserved in an area preserving coordinate transformation 
(see Problem 2.26). Thus it follows that 


aS OS» ; 
us tY5y = (Aa?A — Bb7A)XY. (2.136) 


Reassembling terms we find 


D 
2 =0 = [Aa*A — Bb’A — (a’ — b*)] XY, (2.137) 


x,yEdS 
which is satisfied only if 


.___, Aa® — Bb? 

@=A—a ; (2.138) 
At this stage the solution is only partially complete. Equations (2.130) and 
(2.138) are two relationships for the three unknowns A,B, and @. To proceed 
we must determine the solution in the external region E. 


. Exterior solution. 


The exterior solution is one where the vorticity is zero. We have therefore to 
solve 


ef), (2.139) 


While this looks straightforward in principle, the solution of this Laplace 
equation has to satisfy the condition that the velocity field decays to zero as 
the polar radius r = \/x2 + y2 — oo, The situation is further complicated by the 
requirement that whatever solution we develop in this exterior region, it must 
smoothly match the stream function of the interior solution on the elliptical 
boundary OS. To facilitate this, we should transform this problem into one in 
elliptical coordinates (see Fig. 2.8). Let us set up the exterior solution in terms 
of X and Y (going into this frame of reference does not affect the mathematical 
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Fig. 2.8 Elliptical coordinates 


form of the solution) and then transform into elliptical coordinates. We now 
briefly define elliptical coordinates (6 , 1) through 


X =ccoshé cosn, Y =csinhé sinn. (2.140) 


The constant c will be chosen momentarily. Four important features should be 
observed at the outset, namely, that (see Problem 2.27) 


* Constant values of 7) trace out pairs of hyperbolae 

* Constant values of € trace out ellipses 

¢ € + is the same limit as r > © in polar coordinates 

¢ The elliptical angle 1 asymptotes to the angle coordinate (@) in polar 
coordinates as r —> co 


Because in these coordinates constant values of € correspond to surfaces of 
ellipses, we can determine the value of c so as to uniquely define a family of 
ellipses containing the one of interest to us. Specifically, an ellipse family will 
share the same major to minor axis ratio and this is determined by choosing 
the correct value of c. Once c is chosen (and our ellipse family is determined), 
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we can determine the value of € = €, that uniquely identifies the boundary 
associated with the vortex patch defined in Eq. (2.126). We start by assuming 
€, is known in order to determine c. Once c is determined, we can solve for &,. 
Thus, we suppose that the coordinates X, Y corresponding to the boundary of 
the elliptical patch is 


X =ccosh€, cosn, Y =csinh, sinn. (2.141) 


In order for these values of X and Y to describe the coordinates of the vortex 
patch boundary, we should arrange X and Y found in Eq. (2.141) in such a way 
as to be able to directly compare it to the functional form for the boundary found 
in Eq. (2.126). Using trigonometric identities, we relate the coordinates of the 
boundary in Eq. (2.141) directly to the equation of the boundary in Eq. (2.126) 
and this gives 


F ie x.y 
| =1=S45. 
ccosh?& — c? sinh? E, Ce ca 


(2.142) 


The above correspondence will be true only if the coefficients of the X* and Y? 
terms are equal to one another on either side of the equation, which means 


ccoshé, =a, csinhé, = b, = C=a—b. (2.143) 


In this way, we have determined the value of c that selects the family of ellipses 
appropriate to our vortex patch. Now we can use this to determine the value of 
€, identifying the boundary of the vortex patch of interest to us here. This is 
done via 


b b 
cosh, + sinhé, = e%0 = a ua 
ec 


= é, = log ( i; (2.144) 


Conveniently, the Laplace equation of the stream function expressed in elliptical 
coordinates is 

ey ay 

sex tats = 9. 2.145 

Ee On? ( ) 
To see why this is so, see Problem 2.27. The general solution which shows 
decay as |X|,|Y| — °° ,which is the same as  — , is given by an integer sum 
over n of individual solutions, i.e., 


=A, + CoE + ¥ e-"5(C, cosnn +D, sinnn), (2.146) 


n=1 
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with A,,,,C,,D, unknown coefficients determined from imposing matching 
conditions on the boundary 0S. With hindsight (see below) we know that the 
only nonzero value of the coefficients are C, and A,,,; thus the external solution 
is given by 

(x,y €E) =A,,, +C,e778 cos2n, (2.147) 


ext 


where all the rest of the C, are zero. The symbol y(X,Y € E) is the stream 
function for values of X,Y contained in the exterior region E. We have 
developed the exterior solution but what remains is the determination of the 
two unknown constants C, and A,,,. This is done next. 

3. Matching. 
We have solutions for the stream function in regions I and E as found in 
Eqs. (2.129) and (2.147) with a number of undetermined constants including 
A,B, and @ as well as C, and A,,,. A partial set of relationships exist between 
these constants found in Eqs. (2.130) and (2.138). However, to complete the 
solution we must uniquely ascertain the values of the five unknown constants 
in terms of a,b, and A. This is done by matching the stream functions and their 
derivatives at the boundary 0S. Matching of the solutions means enforcing, 
first, that the stream functions of both the inner and outer solutions match at 
the boundary of the ellipse and, second, that the gradients of the two solutions 
in the direction normal to the ellipse boundary, 0S, match each other as well. 
The matching procedure must be done in a transparent way. The best strategy 
for this is to reexpress the solution in the inner region in terms of the elliptical 
coordinate system that was used to express the solution in the outer region. 
Once transformed in this way, direct comparisons of the stream functions of 
both regions, as well as their normal derivatives, can be done with just little 
complication. 
Starting with the stream function in the interior zone as expressed in Eq. (2.129), 
we can transform it from the X, Y variables into the elliptical variables n,& by 
explicitly applying the transformation in Eq. (2.141). This yields 


w(X,Yel=- 3A (AX°+BY") =-}A (2A cosh? E cos* 1) +c”B sinh? € sin* n) ; 

(2.148) 
where the symbol y(X, Y € I) is the stream function for values of X, Y contained 
in the interior region I. The convenient utility of transforming into these 
elliptical coordinates is that the vortex patch boundary, 0S, is at € = , (for 
all 1). As such, the functional form of the stream function as one approaches 
this boundary from inside is easily represented by 


y(X,Y > 0S-)=—4A (2A cosh? €, cos” n + c?Bsinh? &, sin? n) 
—jA [A +b°B+ (aA - b°B) cos 2n| 


=+1, (A di b°B) —16¢2cos2n, (2.149) 
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where the symbolic notation y(X,Y — 0S”) is meant to represent the value 
of the stream function as one approaches the boundary of the stream function 
from points contained inside the ellipse, hence the minus superscript appearing 
on 0S. In arriving at the second line of the above equation, we have made use of 
the definitions of c and &, found in Eq. (2.143) while also making use of some 
basic trigonometric double-angle identities. In writing the last line, we have 
made explicit use of (2.138) to bring out the expression of @ in the coefficient 
of cos2n. 

The value of the exterior stream function, Eq. (2.147), as one approaches the 
boundary 0S from outside is 


w [(E,n) 3 aSt] = w(E > E+,n) =A, + Cpe cos2n, (2.150) 


where we have used the same notational convention (i.e., the expression 
w[&,n — OS*]) to express the corresponding value of the stream function on 
the boundary 0S as viewed from within the exterior region E. The two stream 
function solutions on the boundary, Eqs. (2.149) and (2.150), are equivalent 


if the constants match each other, ie., A,,, = —jA (A + °B) and if the 
coefficients in front of the function cos27 are equal. The second of these 
implies that 


1 
C,e7 750 =—79e = C, =-F(a+0). (2.151) 


In getting the last expression above, we have made use of the alternate form of 
€, found in Eq. (2.144). Thus, the exterior solution may be reexpressed as 


v[, Y)e B| = f(a +b)2e-% cos2n — 1A (A +b°B). (2.152) 


Note that had we retained all of the unknown coefficients (i.e., C,, and D,,) of the 
general external solution for the stream function y found in Eq. (2.146), then 
the step we have just executed would have demanded that they all be set to zero 
except, obviously, for A,,, and C,. This justifies our earlier dropping of them in 
our lead up to Eq. (2.147). 

Our next task involves matching the normal gradient of the interior and exterior 
solutions at the boundary 0S. We note that this normal gradient represents the 
tangential flow around the vortex patch and by assessing this differentiability 
condition across the ellipse boundary we are assessing the circulation profile on 
it as well. The tangent flow is easily identified in elliptical coordinates because 
it corresponds to gradients of y along the direction of € evaluated at the surface 
€ =6€,. Thus, the procedure is similar to what we just performed for matching 
the stream functions: take the partial derivative with respect to & of the interior 
stream function solution expressed in elliptical coordinates and evaluate it as 
one approaches the boundary from inside, i.e., as > 0S”. The result of the last 
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calculation should be set equal to the same partial derivative with respect to € of 
the exterior solution as evaluated as one approaches the boundary from outside 
(i.e., as + OS*). Thus the matching condition is nothing but 


ay (%, Y)e 1 
ae 


_ ay((E.n) €E] 


(x,Y)+as- ag ee 


(X,Y)sast 


The matching procedure will require the identification of the coefficients 
appearing in front of the remaining trigonometric functions appearing in the 
above equation. We leave out the details and show the resulting form after some 
algebra (see Problem 2.28) to simplify into the following final condition: 


1 A 
5 (a+b) % = zo (A-B) cosh€, sinhé,. (2.154) 


We now have three conditions: Eqs. (2.130), (2.138), and (2.154) which, 
together with the relationship in Eq. (2.143), lead to a unique solution in which 
all constants of the problem can be expressed in terms of A, a, and b. We get 
therefore, 


b a 
= —_ B= 2.155 
re a46' ( ) 


and the value of @ as is required in (2.123), 


Aab 
(a+b)?" 


We have presented here a solution for an elliptical vortex patch. This solution 
is highly idealized in the sense that it is constructed of only a constant vorticity 
patch. Nevertheless, the Kida solution has been extended to incorporate effects of 
ambient flow shear and strain and such extensions can be studied using tools from 
dynamical systems theory. Such kind of calculation is presented in reference [15] in 
the Bibliographical Notes of this chapter. 


Problems 


2.1. 
Show that in a flow of a fluid having a constant density, the following equation for 
the vorticity holds: 


Do 


a (@-V)u+vV7o. (2.156) 
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What can you say about the evolution of vorticity in a two-dimensional flow, in the 
plane (x),x2), say, in such a flow? 


2.2. 
Show that 


(VF) = , Vv (FZ) I(< v) ul VF, (2.157) 


o D 

p Dt 
where we are writing out here the terms used in the proof of the Ertel theorem—in 
Eqs. (2.17) and (2.18). Hint: it seems that the easiest way to do it is by writing out 
all the vectors in their component form. 


2.3% 
Prove the Ertel theorem (2.15), but instead of the condition that F is a material 
invariant, it is a function of P and p only. 


2.4. 
Derive Eq. (2.21) from (2.20). Are there any restrictions on oj needed for the proof? 


2.5. 
Show that in a steady, that is, 0; = 0, and an inviscid flow the following relation 
holds: 


oxu=—-V&+TVs, (2.158) 


where & is the Bernoulli function, defined in (1.71). 

Assume now that the Bernoulli function is a constant (as it sometimes happens, 
see Sect. 2.3.5) and the flow is homentropic. Thus w x u = 0. The meaning of the 
case @ = 0 is obvious and the case u = 0 is trivial. The case where the vorticity 
and velocity are parallel, w||u, is referred to as Beltrami flow. Give an example of 
Beltrami flow, which is a swirl flow in a pipe. Hint: use of cylindrical coordinates 
simplifies the derivation. 


2.6. 

In the example of a uniformly rotating flow, worked out in the previous chapter, we 
got the result that isobaric surfaces are parabolas of revolution with a minimum at 
the center (see Eq. (1.59)). Now, with the Bernoulli theorems at our disposal we may 
reason in the following way: Bernoulli’s theorem (case 2) gives 


1 P 
-u’ + — +z =const, (2.159) 
2 Po 


leading to the following shape of surfaces of constant pressure: 


Q? 
z(x,y) = const — rae +y"). (2.160) 
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This is in contradiction to Eq.(1.59) and seems wrong, the surface here has a 
maximum at the origin. Can you explain this? 


2.7. 

In our discussion of the de Laval nozzle we have concluded that a sonic point in the 
flow through the nozzle is in the throat. Is the converse also true, i.e., that at the 
throat there is always a sonic point? Is it possible that the flow through the de Laval 
nozzle is subsonic throughout its entirety? If yes, what will be the general shape of 
A(x)? 


2.8. 
Consider now the isothermal case of the accretion vs. wind problem, discussed in 
Sect. 2.3.6.2. Equation (2.48) now reads 


(u—C) 


2 
ldu  2C [ ou), eer 


udr or 2Cr 

where C is the isothermal sound speed and is a constant. Discuss the Parker wind 
solution and show that such a solution starts at r = 0, accelerates through the sonic 
point at r =r; = (rg)/2, and goes out to infinity with ever increasing speed. Clearly 
then, in such an outflow problem, conditions at infinity cannot be specified. Rather 
than that, one can show that the density at the sonic point is given by ps = e3/ aoe 
and the mass loss acquires then a critical value (express it in nondimensional units, 
as defined in the text). 


2.9. 

Show that inviscid adiabatic flow of a fluid with no body forces, around a body of 
linear dimension b executing co-linear oscillations of amplitude a < b inside the 
fluid, is a potential flow. 


2.10. 

Assume that the absolute value of a body force is b. Show that for incompressibility 
to be a good approximation, the magnitude of the force has to be much smaller 
than some quantity related to the velocity change time and length scales. Interpret 
physically this result. 


2.11. 

Show that the correct solution of a potential, incompressible flow is the one whose 
kinetic energy is the smallest among all incompressible flows satisfying the given 
boundary conditions (as first shown by Lord Kelvin in 1849). 


2.12. 

We assume that a source at the origin of strength g in three dimensions satisfies V - 
u = q6(x), where dx = 5(x)6(y)6(z) is the Dirac three-dimensional delta function, 
and the velocity, excluding the origin, is derivable from a potential u = V¢. Show 
that the potential of this source flow is 
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where r is the radial coordinate in spherical coordinates r = \/(x? + y? + 22). What 
would be the potential of a source g at x = a/2,y = z= 0, and a sink —g at z= 
—a/2,x = y = 0 (a dipole). Find a simple expression for @ in this case in spherical 
coordinates for r >> a. 


2.13. 

Using the general formula (2.69) show that the total kinetic energy and the total 
momentum of a constant density fluid in which a body of volume %, having an 
arbitrary shape, is moving at velocity U and inducing a potential flow in the fluid 
are 


1 
Ekin = xp (4nA-U—%U"), (2.162) 
P= p(4nA—VoU), (2.163) 


respectively, where A is the vector appearing in (2.69) and p is the fluid density. 
Hints: 


¢ Consider a large sphere of fluid containing the body and use the identity 


u’ =U? +(u+U)-(u—U). 


e Show that the following angle integral, containing two constant vectors B and C, 
is 
4n 


[(B-8)(C-Ha0 = 2B. 


where dQ is the solid angle and f is the radial unit vector in spherical coordinates. 


2.14. 

(a) Consider the complex potential w(z) = mIn(z— zo). Find the stream function 
and show that it represents a source in two dimensions located at zo = xo + iyo. (b) 
If there is a sink of the same strength situated at —zo, what is the complex potential? 
(c) Show that in the limit when the source and sink are very close to the origin, such 
a doublet (compare with a dipole) has a complex potential w(z) = —/z, with u 
complex. The strength of the doublet is |{1| and its axis points in the direction of the 
complex number is wl. Explain. 


2.15. 
Given the complex potential 


wc 
w(z) = oe log(z), (2.164) 


find the flow velocity. Hint: it will be easier to express it in circular polar coordinates, 
r and @. Interpret it physically and give the physical meaning of the constant I". 
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2.16. 

Consider a two-dimensional uniform, irrotational flow of fixed density having a 
speed VX at infinity, past a fixed cylinder of radius a. Show that the polar velocity 
components are 


a w\.. 
w=Vv(1-5) COS P; we=Vv(1+5) sin @. (2.165) 


Hint: use the Milne-Thomson theorem and assume that there is no circulation 
around the cylinder. 


2.17. 

Demonstrate the power of the complex potential method by showing that any ana- 
lytic function of z that has an inverse (conformal mapping) generates a transformed 
complex potential and in this way streamlines are mapped to streamlines. Use the 
so-called Joukowski mapping Z = z+c*/z ona circle z= ae'? with a > c > 0. What 
does the circle transform to? Using the results of the previous problem, sketch (do 
not perform all the calculations) the way of obtaining the solution to the transformed 
problem for the case in which the circulation along the body is 0. 


2.18. 

Let a two-dimensional harmonic (satisfying the Laplace equation) flow have a 
complex potential f(z), analytic in the circle |z| < R. Show that if a circular cylinder 
of radius R is placed so that its circular cross section coincides with the circle |z| < R, 
the complex potential of the new flow is w(z) = f(z) +/*(R/z*), where * indicates 
complex conjugate. Can you think of a way to generalize this result to a three- 
dimensional case? The result is called Butler’s sphere theorem. 


2.19. 

Consider a two-dimensional, dependent on x and y only, say, incompressible flow. 
Do not assume that the flow is steady and/or inviscid. Show that the following two 
relations hold 


1. 
Vw=—, (2.166) 
where y is the stream function and € = Z-@, withz=&x Jf 
2. 
7] 
oe +J[y,6]=vvV°C, (2.167) 


where v is the kinematic viscosity and we have used the shorthand notation 
Ja, b] = 0,a0yb — Ob Oya. 


116 2 Restricted and Vortical Flows 


This is called, as mentioned in the text, the vorticity-stream function formulation 
and is frequently useful in calculations of two-dimensional, incompressible, viscous 
flows. Note the y is determined up to a constant and one can show that the function 
is a constant on the boundary of the domain (so it is possible to choose it as 0 there). 


2.20. 
Show that in two dimensions, @- Vu = 0, ie., @ is a scalar material invariant and 
specify under what conditions on the flow this is true. 


2.21. 

Derive, following von Karman, the horizontal speed of two infinite parallel point 
vortex, spaced by 6, lines comprising a street, where the vertical distance between 
the lines is h and the vortices sequence on the lower line is shifted by —A/2 with 
respect to the vortices on the upper line, using the following stages: 


1. From Eqs. (2.106)-(2.107) for the vorticity and stream function of an N point 
vortex line with strengths Jj, find the complex velocity potential of the double 
line of point vortices (all separated by distance A on a line and all of the same 
strength —I°) 


ip *EN ir 1 1 > 
Wn = ~ ag 2s Hoste kA) = on log ; “ (: — ae) Zz | + const. 
(2.168) 
2. Use the identity 
an, = 1 4 
sinz= ‘ll 1- yee (2.169) 
to get at the limit N — oo 
iT 1 
gas [sin =z], 2.170 
Woo = 5 log [sin =z ( ) 


and this can be repeated for the other line, as well. 

3. After evaluating this limit, find the total velocity potential for a body moving 
at velocity (U,0) and consider the velocity at the point (0,4/2) for the system 
minus that of the vortex at this point. This should give, by symmetry, the speed 
of this vortex, relative to the body, V, say. You will have to evaluate a limit to 
get the result 


V= - tanh Z (2.171) 
= 5, tan 1 5) : 
2.22. 

Prove the fourth Helmholtz theorem, as given in the text, regarding the possible 
termination of a vortex tube. 
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2.23. 
Prove formula (2.113). 
2.24. 
The integral kernel 
(y—x) x J(y) 
Ix—y/° 


used in formula (2.111) appears also in the Biot—Savart law in electromagnetic 
theory. What is then the vector J? Explain. 


2.25. 
Consider a steady two-dimensional flow of an ideal fluid of constant density. Show 
that in this case a relation 


Vw =f(y), (2.172) 


where y is the stream function and f an arbitrary function, must exist. Take f(y) = 
—k’y and try to solve the resulting equation for y in the disk r < a whose velocity 
can match the velocity in r > a that is the same as irrotational flow past a circular 
body of radius a. Hint: separating w(r, @) = B(r) sin(@) you will arrive at the ODE 
for B, Bessel equation. Take as solution the Bessel functions of order one. Can you 
explain the interpretation of the solution as a propagating vortex dipole? 


2.26. 

Suppose there are two functions f(x,y) and g(x,y) and, furthermore, suppose there 
exists a coordinate transformation given by Eq. (2.124), where @(t) is a parameter. 
Show explicitly using the chain rule that the Poisson bracket is preserved in the 
transformation, meaning 


Ofdg oOgof of dg og of 
Oxdy Oxdy OAXOY OXOdY' 


(2.173) 


Argue that this is necessarily true for area preserving coordinate transformations. 


2.27. 
Starting with the transformation to elliptical coordinates (see Fig. 2.8 in the text) 


X =ccoshé cosn, Y =csinhé sinn. 


(a) Prove that the locus of points for constant values € = €, trace out ellipses with 
major and minor axes a and b expressed through the formulae a* = c? cosh? e. 
and b? = c? sinh” &,. 

(b) Similarly, show that constant values of 1 = 1, trace out hyperbolae satisfying 
the relationship x? /a? — y*/b? = +1. 
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(c) Show that the elliptic angle 1 is equivalent to the angle coordinate in polar 
coordinates in the limit of very large €,. 

(d) Show that 0 < 1 < 7 uniquely corresponds to points in the upper two quadrants 
of the Cartesian plane, while 7 < 1 < 27 corresponds to points in the lower 
two quadrants. Argue that all points Y = 0 and X > ¢ are identified with n = 0 
and arbitrary €, while all points Y = 0 and X < —c are associated with n = 7 
and arbitrary &. 

(e) Show that the coordinate system has a coordinate representation ambiguity 
for values of € = 0. In particular, show that the chord along the Y = 0 axis 
connecting the points +c cannot be uniquely assigned a value of 1 (two values 
of 7 coincide with the same point). Conclude that the coordinate system is only 
useful to represent points that do not contain this dangerous chord. 

(f) Show that the Laplacian in these coordinates very easily converts from Carte- 
sian coordinates: 


a " a : 2 a? " a” 
0X2 ' AY? * ¢(cosh2E —cos2n) \ dé? | an? 


(2.174) 


and conclude that the denominator in the last expression is not zero for all values 
of € > 0. Show this by explicitly putting in the coordinate transformation and 
working through all of the partial derivatives. Hint: work backwards starting 
from the above result. 


2.28. 
Complete the steps leading to (2.154). 


Bibliographical Notes 


Section 2.1 


Here we focus on restricted flows, that is, on flows that an assumption (or set thereof) 
is simplifying the general equations. The general references on FD, mentioned in the 
beginning of the previous chapter, usually contain some material of special flows. In 
the next sections we add some specific bibliography on restricted flows, which may 
be quite useful as further reading. 


Section 2.2 


The vorticity concept is helpful in formulating the fluid dynamical equations in an 
alternative way, which is often more suitable to the understanding of certain physical 
aspects of the flow. In the following references, the reader can find a good discussion 
of such a formulation (due to mainly Crocco). 
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Chapter 3 
Viscous Flows 


We fail! 
But screw your courage to the sticking place, 
And we’ll not fail. 


William Shakespeare (1564-1616); ‘Macbeth’ I, vii 59 


3.1 Introduction 


We hope it is both appreciated and understood that the nondimensional number 
indicating the importance of viscosity in a definite flow is the Reynolds number Re, 
as defined in Eq. (1.80). Viscous flows, for which Re is neither exceedingly large 
nor vanishingly small, are naturally more complicated than inviscid ones. Moreover, 
the class of solutions describing viscous flows is very different from those of the 
inviscid Euler equations. The Navier-Stokes equations are of the mixed kind, while 
the Euler equation is hyperbolic. Thus, it can be reasonably deduced that the limit 
Re! —> 0 isa singular one. More about the singular limits is given in Sect. 3.5.1. In 
this chapter we offer a few examples of simple, analytically soluble viscous flows 
and discuss briefly their nature. 

Perhaps the simplest example is the following. Assume a one-dimensional flow 
u(x,t) = u(y,t)X, in which both the density and pressure are constant. It is easy to 
see that this is a solution of the two-dimensional Navier-Stokes equations, i.e., u 
satisfies 


0 oe 
5 = V5" (3.1) 


where v is the kinematic viscosity. Keep in mind that the nonlinear advection term 
is automatically zero since there is no velocity component in the y direction while 


© Springer Science+Business Media, LLC 2016 121 
O. Regev et al., Modern Fluid Dynamics for Physics and Astrophysics, 
Graduate Texts in Physics, DOI 10.1007/978-1-4939-3164-4_3 


122 3 Viscous Flows 


there is no dependency of the x-component of velocity in the x direction. The 
above expression is simply the well-known diffusion equation in which the quantity 
being diffused in the perpendicular (y) direction is the horizontal (x) momentum, 
per unit mass. So we readily understand that shear viscosity causes the transport 
of linear momentum, usually in a direction perpendicular to the momentum. Note 
that the bulk viscosity does not comply with this simple prescription but, as we 
have said before, we neglect the effects of bulk viscosity except when dealing 
with rarefied gases in extreme conditions. The approximate value of the kinematic 
viscosity coefficient, which depends on the temperature and is given here in the 
dimensional units (cm/s), is, e.g., 0.01 for water, 0.15 for air, and 7 for glycerine, at 
room temperature. Of primary interest is the viscous time, i.e., the typical timescale 
associated with momentum diffusion/transport over a length scale of interest L, but 
this depends on L, of course. The solution of equation (3.1) is well known. We do 
not deal with it here, because we do not want to get bogged down by the boundary 
conditions, but detailed solutions of this equation will be examined in Chap. 7. 
The general form of the viscous time, which can approximately be found from 
dimensional analysis, iS Tyisce ~ LV? /v. This will be useful in much of what follows. 
It would seem that all one needs to know is the value of Tyjs¢ to assess the effects of 
viscosity on general flows, but this can be misleading. One interesting observation is 
that water rotating in a drinking glass (ZL ~ 5 cm) has a very long viscous time of the 
order of Tyisc ~ 2500s, suggesting that it should take about this long for the water 
to come to a standstill. But this is in contradiction with everyday experience as the 
swirling liquid in the glass actually comes to rest in under a minute. The solution 
to this puzzle lies in recognizing the emergence of boundary layers at the bottom 
of the glass and reevaluating the validity of the Helmholtz vortex theorems to such 
scenarios, the latter of which has already been mentioned. This particular problem 
of water swirling in a glass is further examined in Chap. 5. 

We proceed with some of the aforementioned analytically tractable viscous 
flow solutions. The first two sections and their associated problems have become 
well-known paradigms of viscous flows because of the possibility of getting exact 
analytical solution for them. Unless otherwise stated, in all of the following 
examples we assume a steady flow of constant density. 


3.2 Elementary Flows When the Governing Equations 
Are Linear 


Some of these flows are exact solutions of the Navier-Stokes equations and 
contribute a lot to the understanding of various physical effects in viscous flows. 
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3.2.1 Plane Couette Flow 


The idealized example is of two infinite parallel plates located at y= 0 and y= A, 
with a plane parallel flow between them whose properties are x and z independent. 
The flow is set in motion by the horizontal velocity of the sliding upper plate at 
constant velocity UX, while the lower plate is stationary. We assume that the fluid is 
incompressible and make the steady flow ansatz that 


u(x,t) = u(y)X. (3.2) 


Substitution of the above into the Navier-Stokes equations gives 


1 dP du 
2S Ee ——_ 3.3 
sai tat (3.3) 
with the solution 
P=const and u= UTS, (3.4) 


which satisfies the boundary conditions of a viscous flow: parallel components of 
fluid velocity equal the boundary velocity, while normal components of the fluid 
velocity are zero. It is fairly easy to convince oneself that the upper plane exerts a 
force per unit area of vp(U/h)X on the fluid, in other words, this is a horizontal 
stress, while the lower plate exerts on the fluid a force per unit area of the same 
magnitude but opposite in direction. Newton’s third law gives the answer about the 
forces the fluid exerts on the plates. 


3.2.2. Poiseuille Flow 


We next consider the ubiquitous pipe Poiseuille flow. Planar Poiseuille flow exists 
as well—see the end of this section. Pipe Poiseuille flow takes place, as the name 
suggests, in cylindrical pipes and is often times used as a model for blood flow 
in a circular blood vessel, even though blood is not a simple viscous fluid but has a 
shear dependent kinematic viscosity (blood is sometimes known as a shear-thinning 
fluid since its kinematic viscosity weakens with increased shear); however, such 
generalized Newtonian or non-Newtonian fluids are not discussed in this book. We 
should remark, however, that the name of G.H.L. Hagen is also associated with pipe 
Poiseuille flow, since his research on such flows was done independently of J.L.M. 
Poiseuille and at about the same time. 

Consider a finite circular pipe of constant cross section and radius R. Take the 
axis of the pipe to be the x-axis and assume that the fluid flowing through it is 
of constant density p, and constant kinematic viscosity coefficient v. Dictated by 
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convenience, the two other directions may be represented by y and z, or by polar 
coordinates r and @. We postulate a steady axi-symmetric flow in the pipe, whose 
direction is the X direction only, and the velocity along the x-axis is independent of 
x, i.e., the flow ansatz is u, = u(r). Such a flow automatically satisfies the continuity 
equation while the y and z components of the Navier-Stokes equations give that the 
pressure is constant over the cross section of the pipe, i.e., 0P/dy = 0P/dz=0. On 
the other hand, the x component of the Navier-Stokes equation is 


C=-— —— 4 V' a. (3.5) 


In order not to violate the ansatz that u be independent of x, it must be true that the 
value of the axial pressure gradient, 0P/0x, is independent of x. Given that the flow 
is axi-symmetric and that the pressure is independent of r and @, it immediately 
follows that 0P/dx = constant. Consequently, the pressure gradient along the pipe 
must be —AP/L, if AP is the pressure drop between the two ends of a pipe of length 
L, where the minus sign indicates forcing for AP < 0. 

The velocity distribution can thus be determined from an equation having the 
form Vu = constant and is best solved for in cylindrical coordinates. Rewriting the 
Laplacian in cylindrical coordinates and substituting the value of the constant so as 
to ensure that the boundary conditions on P be properly satisfied, we finally get 


1 AP 
ae a (3.6) 
rdr\ dr P VL 


Integrating twice over the cylindrical radial coordinate, between the appropriate 
limits and imposing the condition that the velocity must remain finite at the center 
of the pipe plus the requirement that u = 0 at r = R (no slip), we obtain the final 
parabolic velocity distribution over the pipe cross section 


AP 
~ 4vp,L 


u(r) (R= 7), (3.7) 


This is the acclaimed pipe Poiseuille, sometimes called Poiseuille-Hagen flow 
(Fig. 3.1). Note that the amount of fluid passing per unit time through the pipe is 
according to (3.7) 


mAP 4 


R 
Q= 2np, | urdr = BvLt 


Z (3.8) 


A prominent feature of this is that the discharge rate per unit pressure drop has 
a R* dependence. Thus, for example, to get the same amount of fluid discharge 
through a pipe with half the radius of the original one, the pressure has to increase 
16-fold, or, conversely, if the pressure drop is the same only 1/16 of the fluid will 
pass through the pipe, per unit time. This indicates that clogging one’s pipes may 
incur a heavy price. We leave to Problem 3.2 the solution for plane Poiseuille flow. 
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Fig. 3.1 A schematic depiction of pipe Poiseuille flow. For details see text 


3.2.3. Flow onan Inclined Plane 


We study now the flow of a viscous fluid down an inclined plane. Let the plane be 
perpendicular to the z unit vector and thus coincide with the x—y plane of a Cartesian 
system. We consider only a flow in the X direction of a fluid layer whose thickness is 
h, The gravitational force, per unit mass, g is directed at an angle @ to the direction 
—Z and it lies in the x,—z plane, see Fig. 3.2. Because of symmetry considerations the 
velocity must be in the form (u,v, w) = (u(z),0,0) and the pressure be a function of 
z alone. The fluid is forced down the inclined plane by the gravitational body force. 
The relevant equations are 


au 
ind+n— =0, 
pgsin We 


i 6=0 (3.9) 
= pgcos@ = 0, : 


where 1) is the coefficient of dynamic viscosity. Let the external pressure be Po. 
Thus on the surface z = h the stress has only a normal component (equal to the 
external pressure) 0;, = —Po. On the other hand, we assume that the ambient air 
above induces no tangential stresses. We recall that the form of the tangential stress 
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Fig. 3.2. Schematic illustration of the flow of a fluid layer down an inclined plane. For details 
see text 


across the surface is, in this configuration, given by 0, = vdu/dz. Thus, the second 
boundary condition is that 0,,(z = h) = 0, which means to say that we require 
du/dz = 0 at z=h. Therefore it follows that 


pgsin@ 
2n 


z2(2h—z) and P=Po)+pg(H—z)cosé. (3.10) 


We may calculate easily the total volume flux (per unit length in the y direction) 
to be 


[ gh? sin@ 
udz = —_—_.. 
0 3v 


3.2.4 The Rayleigh Problem 


This problem, named after Lord Rayleigh (J.W. Strutt), the well-known physicist 
and 1904 Nobel laureate, results from the following setup: viscous fluid of constant 
density occupies the z > 0 half space. There are no body forces and we assume 
that the z = 0 plane moves with a prescribed, time-dependent, velocity U(t)&. The 
problem is to solve for the fluid flow for all z > 0 with the assumption that the fluid 
velocity goes to zero as z — ©». 

A brief inspection is enough to show that the resulting flow profile depends on the 
function U(t). For illustration here, we assume that the boundary oscillates at some 
frequency @, i.e., U(t) = Uocos wt. The symmetry of the problem dictates that all 
dependent variables must be functions of only the vertical coordinate z and the time 
t, while the only nonzero component of the fluid velocity is in the x direction, e.g., 
since V-u = 0, w must be a constant and because it is zero on the boundary, it must 
be zero everywhere. We have in general 
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ou 1 > 
Pee u, (3.11) 


where v is the kinematic viscosity coefficient. The z component of the above 
equation is 0P/dz = 0 and since all quantities are functions of z only, it must be 
true that P = const. Thus, we are left only with the diffusion equation in z for the 
velocity u(z,t): 


Ou O7u 


- Van u(0,t) = U(t). (3.12) 


With the above U(r) we make the ansatz u(z,t) = [Z(z)e!"] , where Z is a complex 
function of the real variable z. The substitution gives 


2 
mp. Z(0) = Up. (3.13) 
022 


The solution for the velocity satisfying the condition that u(z > ©°) = 0 is (Fig. 3.3) 


u(z,t) =R [Boe GtNe/6 en = Upcos (or- 5) ef 8 (3.14) 
{ 
i 
0 
-0),2 0 0.2 0.4 0.6 0.8 1.0 1,2 
u(z,0) 


Fig. 3.3. The velocity (horizontal axis) as a function of the distance from the oscillating boundary 
at time =0 mod 27. zis in units of \/v/@ 
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where 6 = \/(2v/@) is the depth over which transverse fluid waves are attenuated, 
reminding the reader of the idea of skin depth in electromagnetism. As can be 
expected from physical intuition, the depth of penetration of the waves increases 
with viscosity and decreases with frequency. 


3.3 Some Additional Viscous Flows 


In a fair number of flows, the nonlinear Navier-Stokes equations are reducible 
to a single nonlinear ODE or a set thereof, simplifying the problem. Despite this 
simplification, the resulting ODE usually must be solved either numerically or via 
the use of some kind of similarity technique. There are cases, however, that the 
reduced nonlinear ODE is tractable analytically, either exactly or by approximation 
methods. We give now a number of such flows that we feel may have import in 
physical applications, some of which are also described in the collection of problems 
at the end of this section, e.g., problems 3.4 and 3.13. 


3.3.1 Two-Dimensional Flow Towards a Stagnation Point 


Consider a two-dimensional incompressible steady viscous flow in the domain 
y => 0 in which y = 0 is a stationary rigid boundary. The relevant Navier-Stokes 
equations are expressed in Cartesian coordinates x = (x,y), with a corresponding 
two-dimensional velocity field u = (u,v). The velocity field far from the rigid 
boundary is assumed to be that of straining flow, i.e., as y — co we assume that 
u = ax and v = —ay, where @ is a positive constant. Thus, the Navier-Stokes 
equations for steady flow, in this case, are 


te ag a5 TY u, 
Ov ov OP 9 
Pal om ral v, 
Ou OV 
3a tay 7 (3.15) 


in which the Laplacian operator V7 is understood here to be in two dimensions, i.e., 


ee 
x2 Ay?” 
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As remarked before, when a flow problem in question is dimensionally restricted 
like it is here, the Laplacian operator symbol (V7) should be understood to be 
restricted in dimension in the same way. In the above quoted equations we have 
set the density to a constant, p = 1. To proceed towards finding a solution, we make 
the following ansatz: 


u=onf'(E),  v=—Vvaf(é), (3.16) 


where € = y/ a/v. Viscous problems in which we assume rigid boundary con- 
ditions are those in which the velocity field matches that of the boundary. In this 
particular case, the velocity must be zero at y = 0, i.e., u = v = 0 at y = 0 since the 
boundary at y = 0 does not move. As can be seen, the assumed velocity solution form 
found in Eq. (3.16) satisfies the boundary condition at y = 0, provided f(0) =f’ (0) = 
0. Furthermore, the solution takes the asymptotic form u~ ax, v~ —ay very far 
from the boundary which is consistent with the far-field behavior assumed for the 
problem at the outset. Equation (3.16) is also an exact solution of equations (3.15) 
provided f satisfies the nonlinear ODE: 


f" +f" +1-f? =0, — with f(0) =f'(0) =0, —f'(e) = 1. (3.17) 
The last of the conditions means that f(y — ce) > ,/a/v which automatically 


satisfies the boundary condition on the velocity field v in the far field. Here 
Eq. (3.17) must be solved numerically. The solution yields the flow in Fig. 3.4. 


~(yay 


Fig. 3.4 Two-dimensional flow head on a wall, that far from the wall has the character of classic 
strained flow, i.e., u + ax and v > —ayasy > /v/a 
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Fig. 3.5 The geometry and the schematic flow in a converging channel 


In the layer near the wall there is a balance between viscous diffusion of vorticity 
from the wall and the advection of vorticity towards the wall by the flow. What can 
you say about the effect of the increase of v? 


3.3.2 Flow in a Converging Channel 


We shall consider this problem for a relatively high Reynolds number and therefore 
we expect (see Sect. 3.5) the appearance of boundary layers near the walls. The 
geometry of the problem is shown in Fig. 3.5. The flow we consider is two 
dimensional and nothing depends on the coordinate z. We assume that at x = y = 0 
there is an extremely narrow slit allowing fluid to exit (enter) when the flow is 
towards (out of) the converging channel. This problem was first solved by G. 
Hammel in 1917 and we essentially follow his reasoning while developing the 
solution. Switching now to cylindrical coordinates (r,@,z) it is natural to assume, 
because of the independence on z, that the flow is purely radial, that is, to say, 
Ug = uz = 0 together with u, = u(r,@). The Navier-Stokes equations in cylindrical 
coordinates then give for this incompressible flow 


Ou 1OP (du 1d’ Lou u (3.18a) 
oF por’ or. r2dQg2 roar r2}? oe 
10P 2vo0u 
=a oe" (3.18b) 
pe (3.18c) 
or 


Now, since the last of these equations indicates that ru(r,@) is a function of @ only, 
it is advantageous to introduce a new function of @ 
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ru _ 6vq(@) 
q(9) = by — Ge, * 


From the second equation of the above set, (3.18b), we have 


10P 12v? 
pao 7) q, (3.19) 


where q’ = dq/dg. Integrating in @ introduces an arbitrary function f(r), an 
integration “constant,” and so, substituting the result into Eq. (3.18a) yields 


1 
q'+4q+6q = eal (”). (3.20) 


Both sides of this equation must be equal to a constant (do you understand why?) 
and we call this constant C. The solution for the pressure is thus 


6v C 
P(r,9) = om l2ao) _ 5| + const. 


and q(@) has to satisfy the ODE 
qd +4q+67 =C. (3.21) 


We may multiply this equation by q’ and integrate once, yielding 
1 n 2 3 = 
34 +2q° +2q° —Cu+D=0, (3.22) 


where D is yet another constant. It is clear the constants will be found when 
this equation is solved with no-slip boundary conditions, that is, with the velocity 
parallel to the boundary equalling zero. This condition has to be applied on both 
walls. This kind of situation indicates that the fluid meets what is called a rigid 
boundary: velocity zero in both normal and tangential directions. Can you deduce 
any flow properties without actually solving Eq. (3.22)? 
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Even though most fluid flows encountered in nature are endowed with high 
Reynolds numbers, there exist several applications of flows having Re < 1. This 
can happen if the viscosity of the fluid is very high (e.g., as in honey or molasses) 
or the relevant length scale of the flow is tiny, e.g., flow in thin films, or best if both 
situations occur. Also, when small particles in a liquid (oceans) or a gas (heavily 
polluted air, a dusty proto-planetary disk with many embedded more sizeable solid 
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bodies) are critical to important larger scale astrophysical and geophysical problems, 
they require a description using a very viscous, or equivalently a very low Re 
approach. We bring here a few examples of these creeping flows, commonly known 
as Stokes flows, concentrating on some of their interesting physical phenomena. This 
seems to be the right place to point out that in the nineteenth century G.G. Stokes’s, 
contributions to fluid dynamics, optics, and mathematical physics were paramount. 
As we saw, the central equation of viscous FD bears also his name, together with 
C.-L. Navier, an engineer, who arrived at a similar equation, at approximately the 
same time, independently. From the outset, let us suppose the uniqueness of steady 
incompressible flow when Re < 1. The straightforward lowest order assumption 
is to multiply the nondimensionalized Navier-Stokes equations by Re, followed 
by taking the limit Re — 0. The resulting set of equations should be a good 
approximation to a very viscous, very slow, creeping flow. This limiting form of the 
Navier-Stokes equation are called the Stokes equations and the resulting solutions 
are referred to as mentioned before—Stokes flows. 


3.4.1 Stokes Flow and Its Properties 


One should, however, be slightly more careful. The Stokes equations result from 
the steady incompressible Navier-Stokes equation. When we discussed the nondi- 
mensionalization of the Navier-Stokes equation, which naturally gives rise to 
the appearance of the Reynolds number, we adopted typical values for U and L 
(velocity and length scale). With the dynamic viscosity 1 assumed constant, the only 
parameter of a steady incompressible flow becomes the nondimensional number Re. 
Furthermore, we had deduced (see Sect. 1.6) that the natural units for the pressure 
are U* where p is a constant which we set, henceforth, p = 1. In this case, we 
obtain in the limit Re — 0 the nondimensional equations, 


V-u=0 and V-u=0, (3.23) 


since the inertial terms in the Navier-Stokes equation (Du/Df) are multiplied by Re 
and, hence, go to zero in the limit taken. Now, we leave it to the problems at the end 
of the chapter to deal with an example of a flow obeying equation (3.23), hoping 
the reader will be convinced that in some cases this equation is a less physically 
plausible choice than the following alternative to represent highly viscous flows. 
The reason that Eq. (3.23) may be unsatisfactory is that expelling the pressure at the 
outset is not physically justified since it may play an important role in shaping the 
resulting flow. In order to carry the pressure into the nondimensional formulation, 
we must scale it by NU/L, another combination having units of pressure, which 
yields 


VP—V’u=0 and V-u=0, (3.24) 
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where we remember that uv and P, as appearing now, have been nondimensionalized 
by U and nU/L, respectively. Note that this pressure scaling has in it the values 
of viscosity, while the previous scaling was purely dynamic. With this “viscous 
scaling,” so to speak, we obtain the Stokes equations. The above form found in 
Eq. (3.24) reflects the smallness of Re and, as a result, the inertial terms in the 
equations of motion are inconsequential, as we mentioned above. 

Another physical scenario which leads to the form appearing in Eq. (3.24) is 
the case of a flow in a very thin layer, as in a layer between two parallel, very close 
walls, giving rise to a relatively very small typical flow length, and hence to Re < 1. 
Yet another case is a flow which involves a timescale different from L/U and, as a 
result, the time derivative in the equation cannot be dropped. Can you think of an 
example of such a flow? Returning our attention to Eq. (3.24), we also assume now 
that the flow governed by this equation takes place in a finite volume /, bounded by 
the closed surface OY on which velocity boundary conditions of a viscous flow are 
satisfied, i.e., the no-slip conditions discussed earlier. We now list several properties 
of the Stokes equations, as posed here. 


1. Uniqueness. 
Let the following boundary condition be specified, u(x) = us on OY. For the 
sake of the solution’s uniqueness proof, assume that there are two possible 
distinct solutions to (3.24), where we label the second one with superscript 
asterisk. Forming now the so-called difference flow, we get 


p=P-P*, and v=u-uw', (3.25) 


with v = 0 on the boundary. Thus we obtain the Stokes equations expressed 
in terms of the difference variables. This is possible because the equations are 
linear. We chose to write Eq. (3.25) into its component forms 


_ Op Oy; Ovi 
se. 7 (3.26) 


J 


Multiplying the first equation by v;, integrating the result over “, making use 
of the divergence statement, and finally using the Gauss divergence theorem 
results in 


02v; | 
0O= -$ prinds + | Vin dX. (3.27) 
OV WV Ox; 


The first term vanishes since v; = 0 on OY and so 


vi 3 d (_ Ov; Ovi\7| 3 
[ae z= ff LF (5) ($) | dx =0. (3.28) 
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Using the divergence theorem again and re-exploiting the fact that v; = 0 on the 


boundary, we are left with 
dv; \? 
| ( “) d?x =0. (3.29) 
WV Ox; 


The above integrand has nine terms, all squares, thus it is positive or zero. The 
only way that the integral can vanish is if indeed all the squares of derivatives 
are zero and thus v is constant, but it is zero on the boundary, thus it is zero 
everywhere. So we have proven here that the solution to equations (3.24), if it 
exists, is also unique. 

Reversibility and difficulty of swimming. 

Now we claim more. Let a particular vector function, say f, be the boundary 
condition us, of a unique solution to the problem, u. The corresponding pressure 
field of the solution will be some spatially dependent scalar function P’, say, 
plus some physically inconsequential constant P,, that is to say, P = P’ + P). 
Suppose that we then change the boundary condition to us = —f. By inspection 
of the Stokes equations, now —u will be a solution to the problem with a 
corresponding pressure distribution given by P* — P’, with P;, being some 
other inconsequential constant pressure. We have proven that this is the only 
solution. Thus, it follows from the Stokes equations that reversing the boundary 
conditions leads to reversing the flow. This is the explanation of the schematic 
drawing in Fig. 3.6. The two small patches of two kinds of dyes are smeared 
out by the rotation, but return to their original position when the flow is 
reversed. Experimental verifications of this phenomenon are quite stunning, 
but one has to remember that not all fluid particles return, a small amount of 
them are sensitive enough to small disturbances caused by thermal molecular 
motion, which breaks this symmetry. The film “Low Reynolds Number Flow” 
in the NCFMF collection (web.mit.edu/hml/ncfmf.htm1) contains a 
beautiful demonstration by G.I. Taylor of the Stokes flow reversibility and much 
more material on the subject of this chapter. Sir G.I. Taylor (1886-1975) was 
a physicist and mathematician, and a major figure in FD and wave theory. 
The fact that creeping flows are reversible makes regular swimming in very 
viscous fluids very problematic. It would appear at first glance that swimming 
is achieved (like in fish) by repeated motions to and fro of the tail. Based on our 
above considerations, if this motion is time symmetric, then swimming forward 
is impossible. In order to achieve swimming forward, some breaking of the time 
symmetry of the above motion is called for. This is sometimes referred to as the 
scallop theorem. The following example is a consequence of this theorem. 
Swimming by time symmetry breaking. 

Tiny swimmers can overcome the difficulties explained above and achieve 
forward motion. A biological swimmer, like a sperm cell executing helical 
motion, say, of its tail, is one form of action that is not time reversible. Another 
good example of what some microorganisms do to break the time symmetry is 
described in the following example: 
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a 


Fig. 3.6 The reversibility of Stokes flow: (a) initial dye patches, (b)-(c) spreading of the dye due to 
the rotation of the inner cylinder, (d)—(f) reversal of rotation causing the return to initial condition. 
During the motion some of the dye microscopic particles are lost to the unstained fluid due to 
molecular diffusion. This experiment has to be done very carefully because rapid accelerations 
violate the Stokes scaling 


Consider a system that is a thin flexible sheet. Let (x,,y,) be the coordinates 
of any point on this sheet and let each of these points execute the following 
motion: 


eo yx = asin(kx— ot), (3.30) 


that is, a wave travels in the x, direction with phase velocity Vy) = w/k. We 
shall discuss the concept of phase velocity with physical insight and some 
mathematical rigor in the next chapter. The particles of the sheet exhibit 
oscillatory motion in the y, direction: 


dy 
dt 


= —@a.cos(kx, — of), (3.31) 
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where k is in units of inverse length and @ is in inverse time units. Despite 
its oscillatory nature, this motion is not time reversible, the wave runs in the 
opposite direction if t+» —t and, moreover, it is possible to show that a steady 
flow component is also induced. In this particular case, we will be able to show 
this result analytically, using an approximation for the case @/A = ak/(21) < 
1. € is defined as € = ak and is thus also very small (< 1). As will be apparent 
shortly, the flow will have, to an €” level of approximation, a steady flow 
component in the x direction, 


2 
2 {a 
V=2n (5) Vo, (3.32) 
when viewed from the frame of the fluid, which is on the average at rest. We get 
a steady motion of the sheet, that is swimming to the left. 

Now, the vorticity-stream function representation of the flow in vector form is 


V xu=(0,0,—-Vy), (3.33) 


and after operating with Vx on the dimensional version of the Stokes 
equations (3.24) 


0=-VP+nV-u, V-u=0, (3.34) 
the biharmonic equation for the stream function follows 
Viw =0, (3.35) 


with the condition that dw/dy = 0 and dy/dx = wacos(kx — wt) = 0, both 
of them on the surface y = asin(kx — wf). Since this is our first encounter 
with the use of an asymptotic approximation method, we perform it explicitly 
using some elementary intermediate results found in problem (3.5). First, it is 
convenient to switch to nondimensional spatial variables: 


kx— ot x’, kywy, kw/oany', 


and we remark that the time variable is only a parameter here. Now, we perform 
the above substitutions and subsequently drop the primes from all expressions 
hereafter, i.e., x' ++ x,y’ y, and y’ +> y, where now it is understood that all of 
these variables are their nondimensional counterparts. This practice is common 
also outside this book and we are confident that the reader has encountered it 
before; however to avoid confusion, we shall be very explicit when variables are 
to be manipulated in this way. The nondimensionalization yields the biharmonic 
equation (3.35) with boundary conditions expressed in these nondimensional 
coordinates as 
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0 
— =0, Me COSX, on y=kasinx. 


Ox 


The subtlety here is that the boundary conditions are applied on a surface that 
is not simple and flat but which has some structure to it (~ sinx). The situation 
before us can be analyzed if we assume € = ka << 1, in which case the reader 
can show after doing Problem 3.5 that the boundary conditions found above can 
be expressed in the form of the following Taylor series expansions: 


oy _ (ay 7 
(Sr) resin (S)., + HOT = 0, 


ow aw _ 
(H) +esinx (om), + HOT =cosx. (3.36) 


Seeking an approximate solution we formally expand wy asymptotically in 
powers of €: 


w=y,+ey, +HOT. (3.37) 


Substituting this expansion into the biharmonic equation, we get a series of 
problems for the different powers of €. We shall list just the first two 


a? Wo OW . OW, 
( Aye aye ) = 0 with Oy = 0 
and OM = cOosx on y=0; (3.38) 
Ox 


Ox? oy 
OV OW. OW OW - 
ey + a2 sinx =O and Ox + aoe sinx=0, on y=0. (3.39) 


Trying the solution for y, as 
Wy (x,y) = [(A+By)e + (C+Dy)e’| sinx, (3.40) 


we must have C = D = 0 for physical reasons (the solution has to be bounded 
for y + oo). Using the boundary conditions for y = 0 we get the solution 


y, =(1+y)e~ sinx. (3.41) 
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We may substitute this solution directly into the boundary conditions for y at 
y = 0, giving 


au, 
Ox 


= sin’ x = (1—cos2x)/2, =0. (3.42) 


oy 


Using similar considerations as we used in finding the solution to y,, we readily 
find the solution: 


1 
Wi = 5) (1—e-*”cos2x). (3.43) 


Finally, returning to dimensional variables, i.e., x + kx— ot, y+> ky, and yo 
kw/(@a), henceforth, considering x,y, y as dimensional, we may determine 
the x component of the fluid velocity, up to order €7, to be 


1 1 
u= a = —ewye™ sin(kx— wt) + €7Vp E ( 5 


+ HOT. (3.44) 


) e 7% cos2(kx — or) 


Do you see where the extra factor of € comes from? This shows immediately 
that there is a non-oscillating (in fact, steady) component to the velocity, 
EV, /2, which has a value stemming from the phase velocity Vp, which broke 
the time symmetry of problem (3.32). 


. Steady motion of a spherical body at very low Re. Drag. 


The Stokes equations admit an analytical solution for the motion of a spherical 
body of radius R in the presence of an oncoming stream whose velocity is a 
constant very far from the body. The problem can also be phrased as a sphere 
moving at constant velocity U through a fluid, which is at rest at infinity. 
The most convenient way of approaching this axially symmetric problem is 
by using the Stokes stream function which is examined in Problem 3.6. We 
set the problem up by orienting the symmetry axis to be along the direction of 
the incoming flow and position ourselves in the reference frame of the sphere. 
From this vantage point we assume that very far from the sphere the velocity 
field is a constant whose magnitude is equal to —U and oriented parallel to 
the symmetry axis of the sphere. It is therefore best to express the stream 
function solutions in spherical polar coordinates (r,@,@). Although spherical 
and cylindrical coordinates will be discussed, in detail, in Chap. 5, we expect 
the reader to remind himself or herself of these important fundamental technical 
details and their properties. 

Consider the Stokes stream function ¥(r,@), with the axial symmetry of the 
problem reflected in the function’s independence of the azimuthal coordinate 
angle @, so that 
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1 ov 1 ov 


Wao or” MO pang gos =O: a 
We now find 
I 2 
Vxu= (0,0,-——D?¥ J , (3.46) 
rsin@ 


with the definition of the differential operator 


a? sin@ a 1 oO 
Doe 
vi=p2 "2 a6 (sam): a 


Now we write the creeping flow equations (3.24) in a slightly altered, but 
entirely equivalent, form 


VP=-nVx(V xu), (3.48) 


where we have restored units to the expression and having made use of the 
divergence free condition V-u = 0. This expression can be separated component 
by component in spherical coordinates, giving two equations, one for 0P/dr 
and the other for 0P/0@. We leave it to the reader to write out these equations 
in full. Differentiating the first equation in 0, and second in r, and subtracting 
the result eliminates the pressure and produces a simple looking homogeneous 
equation for the Stokes stream function: 


2 (D2) ¥ = 0. (3.49) 


We note here that this equation resembles a spherical analog biharmonic 
equation (3.35). To determine a unique solution, boundary conditions are 
needed: we require that the flow does not penetrate the surface of the sphere and, 
furthermore, there is no slip there. We saw before that this is nothing other than 
the typical requirement of viscous flow: both components of the fluid velocity 
must vanish on the surface of the stationary body, viz., 


0, ¥ = dg ¥ =0 at r=R, (3.50) 
while we would like the fluid to be undisturbed at infinity, in other words, that 
the flow be equal to —U in the direction oriented along the body’s symmetry 


axis. For this to be the case, we suppose that the far field form of the stream 
function should be given by 


1 
¥ ~ 5Ur’ sin” @ asf}, (3.51) 
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Indeed, upon using Eq. (3.45), we obtain that u, + Ucos@ and ug = —Usin@, 
as needed. To solve Eq. (3.49) we try separation of variables. Inspired by the 
form of the Stokes stream function at infinity, we try the ansatz ¥ = f(r) sin? 0. 
Substituting this into Eq. (3.49) confirms that the angular part has the correct 
form and the ansatz produces the following radial ODE for f(r): 


dif 4d f 4f _ 
dA Pdr A 


0. (3.52) 


This is a linear, homogeneous, fourth order, nonconstant coefficient equation for 
f(r). Inspecting the form of the equation, it is possible to attempt a polynomial 
solution. We substitute a trial solution r* for some unknown A and we find that 
A should satisfy 


is A 19) (3.53) 


This fourth order equation has four distinct solutions: A = —1,1,2,4 indicating 
that there are no pathologies in the assumed form! and, therefore, we can write 


A 
f(r) =—+Br+Cr +Er, (3.54) 


F 
where A,B,C,E are constants yet to be determined. The condition at infinity 
requires C = U/2 and E = 0 while the conditions on the surface of the sphere 
require that f(R) =’(R) = 0, which finally determines the solution 


1 Ae = 
ra 5 ie ard sin’ 0. (3.55) 


With the Stokes stream function found, it is possible to determine the fluid 
velocities as well as the drag force on the sphere, which has the classical Stokes 
value Fp = 677 UR. Problem 3.7 is devoted to this calculation. 


3.4.2. The Stokes “paradox” and the Reciprocal Theorem 


Consider a Stokes flow around an infinitely long cylinder of radius R whose axis 
lies perpendicular to the flow. The flow in the far field is assumed to be of a constant 
velocity U, oriented along the y-axis. Thus aligning the x coordinate direction with 


‘Note that this is an example of an indicial equation and is a part of the procedure of developing 
ODE solutions using the method of Frobenius. A good treatment of this matter can be in books on 
ODEs (see the Bibliographical Notes). 
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the cylinder’s axis, we require that as r >> | the velocity field should take on the form 
u = UV = Using f+ Ucos@ @. We have already seen above that after operating 
with Vx on the first equation of (3.24), we are led to the biharmonic equation for 
the stream function: 


Viw=0. (3.56) 


Inspired again by the requirement that for r + oo we have to get a uniform flow, we 
choose to separate variables in plane polar coordinates, thus y(r,@) = f(r) sing. 
This satisfies the differential equation (3.56) provided f(r) is the solution of the 
equation 
2 
eta 1 
—_—— -—-——_— lc = . T 
(+14 =) £0; Can 
with the no-slip requirement at the surface of the cylinder, ie., w(R,@) = 
(dy/dr) <r = 9 While the unperturbed flow, condition at r — , enforces 


f(r) — Ur for very large r (do you understand why?). The most general solution 
satisfying Eq. (3.57) can be found through routine integration 


D 
f(r) =A +Brlnr+Cr+-—, (3.58) 
- 


with A, B,C,D yet to be determined constants. The far field requirement of a smooth 
matching onto a uniform flow forces us to choose A = B = 0. The rigid/no-slip 
conditions on the surface says that both CR + D/R = 0 and C — D/R* = 0. But 
these can be both satisfied only if C = D = 0 and there is no satisfactory solution 
around the cylinder in unbounded fluid. This is known as the Stokes paradox and its 
resolution involves some subtleties involving the retention of order Re terms, which 
ultimately leads to the important Oseen equation (see Problem 3.9). 

This kind of difficulty arises also in other branches of physics that are governed 
by elliptic equations (which demand boundary conditions on the surface of the 
domain, or at infinity if the domain is infinite). Two-dimensional perpendicular cuts 
through infinite linear structures, like the cylinder in the last example, and trials to 
solve the problem in two dimensions (of the cut) fail to take into account that the 
infinite, in three dimensions, structure does not allow proper boundary conditions at 
the three-dimensional infinity. Therefore, logarithmic contributions appear, which 
diverge at large distances. This is similar to the calculation, e.g., of the electrical 
potential at a distance r of an infinite charged wire. 

Consider now two different Stokes flows, i.e., both satisfying equations (3.24): 
u“) 4 wu). The volumes in which these flows take place are identical in size and 
shape and we assume that there are no body forces, but we are not assuming that 
the fluids have the same dynamic viscosity 1. One of the versions of the reciprocity 
quality (sometimes called a theorem, which was originally discussed by H. Lorentz, 
as early as 1906, but proved in its general form by H. Brenner only in 1963) is then 
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n® | dsioj) a." uv?) = nl” [ asic, a," ul) dSi. (3.59) 


We can arrive at the reciprocal expression (3.59) using our previous relations (1.15), 


(1. ee oe na 41) evaluating the product of) 9° ) which comes out to be 


D6 Be 4 2n' D9} 1g? ) where we have not forgotten the incompressibility 
ee both fluids and it seems to be a proper place to remind the reader that the 
summation convention on two identical indices is used. The first term in the last 
expression drops out on account of incompressibility. Thus we are left with 


ya yoy? 
629 = m@9Q™. (3.60) 


The second expression comes oe: upon interchanging the upper indices, which is 


obviously allowed. Now, since gy oe a Qe) gy it follows that 


1) 52 2) oll 
1269?) =qVo@gQl. (3.61) 
From this relation follows the reciprocity relation by a relatively simple calculation, 
which we leave to Problem 3.8. Reciprocity relationships may be useful in 
calculating the resistance of particles and concomitant pressure gradients when the 
particles (or drops) are immersed in a creeping flow of a fluid. 


3.4.3 Viscosity of Suspensions 


Fluids mixed with a large number of particles (in various phases, but of a different 
material than the fluid) are common in nature and industry. Understanding the 
behavior of suspensions is therefore very important and we shall devote this section 
to the problem of calculating the correction to the viscosity of a fluid whose dynamic 
viscosity coefficient, in the absence of suspended particles, is given to be No. Before 
proceeding, we must first elucidate some preliminary assumptions that are valid for 
the specific case we treat. 


3.4.3.1 Definition of a Suspension and the Case Treated Here 


We consider the mixture as a homogeneous suspension if the fine particles in 
question are randomly distributed in the fluid and if the phenomena we wish to study 
have a characteristic length scale that is much larger than the size of the particles. We 
call 1 the value of the fluid dynamic viscosity coefficient of the suspension and it 
will be some function of the basic fluid viscosity n, and, obviously, some properties 
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of the suspensions themselves which we shall develop hereafter. The value of 7 can 
be calculated easily, as it turns out, if the suspension is dilute, that is, the total volume 
of the particles is much smaller than the volume of the fluid in which they reside. 
This case is particularly amenable to a calculation when the suspended particles are 
all of equal size and spherical. This calculation was first done by A. Einstein (1906). 


3.4.3.2 Dilute Spherical Particles Case When the Unperturbed Flow 
Has Low Re 


Consider first the effect of one particle when immersed in a fluid whose unperturbed 
flow has constant velocity gradients, in linear form as, say, 


(uo)i = OikXk, (3.62) 


where Qj; is a constant symmetric tensor. The unperturbed pressure is assumed 
constant and is denoted by Po. The fluid is assumed incompressible, which means 
that oj; = 0; thus the tensor defining the unperturbed flow is traceless because 
O(uo);/Ox; = 0. Placing the spherical particle of radius a, say, at the origin we 
denote the new fluid velocity by u = up + W, where the perturbation u, tends to 
zero far away from the origin. Nevertheless, the velocity perturbation, at least in the 
region of the particle, cannot be considered very small with respect to the flow in 
the absence of a particle. At r = a, where r is the spherical coordinate, we must 
have the boundary condition u = 0, because of the symmetry of the problem. Now 
using Eq. (3.24), in view of the additional assumption that the flow is characterized 
by small Re, we may try the solution for u; to be 


0°(V°f) 


u) =VxV~x [(a-V)f], PS note a ag 


(3.63) 


where (a@-V)f = aj Of /Axx. It is a vector since @ is a second order tensor, and we 
are also assuming that the function f is of the form f(r) = Ar+ B/r. Expanding all 
these expressions and using the boundary conditions the following result emerges: 


5 3 5 
(u1)i = 2.5 (S - =) nk — OM, (3.64) 
with the pressure given by 
a 
P= —STo = OKNINE. (3.65) 
r 


n is a unit vector in the radius vector direction. The momentum flux density tensor 
is equal to the stress tensor because of the linear approximation of the velocity. 
Consider the volume average of the stress tensor 
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1 
w=5 I oydx, (3.66) 


where VY is considered very large. We denote average (or mean) values in this book, 
interchangeably by an overline (-) or angle brackets ((-)). In each case its meaning is 
spelled out and in Chap. 9, where averaging plays a central role, it will be discussed 
in considerable detail. Define now the integral 


_ 1 Ou; Ou; 
l= ap lou - Tlo & + a + PBx| : (3.67) 


Evidently, the integrand is zero in the fluid (by definition), but it may have 
contribution from the volume of the spherical suspended particles. On the other 
hand 


Oi; = No (3 +5) — Pd +1 (3.68) 
Ox~E = OX; 

is an identity. Convince yourself why. Now it is reasonable to drop the average 
pressure, using the argument that it is a scalar and thus is given in terms of linear 
combinations of oj, subject to aj = 0. It is also evident that O(Ojmxx)/OXm = 
X(Oim) /OXm + Oix. This allows one to transform the volume integral J into a surface 
integral, and it has to be multiplied by n, denoting here the number density of the 
spherical particles, because it can be assumed to be done over each particle alone 
(due to the low density of the suspended spherical particles). The result is 


ta $ [GsntedSn — Ho ade Ld). (3.69) 


The mission now is to calculate J, but we may keep only terms « 1/7? and neglect 
cc 1/r* in the solution for the velocity (3.64). This algebra finally leads to 


3 
I = 20a’ no (SQimMMN Tn — OimTtkTm) - 


An elementary exercise in tensor calculus gives 77m = Spm as well as 
ree | 
TMK = T= (dix im + Sik Om + Sim Ox) 


and thus the result for the average stress is 


‘Ou; Ou, \ 20 
a= ( wane 4 : TNoOtjea°n. (3.70) 
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Upon substituting for the unperturbed velocity from Eq. (3.62) into the first term, we 
get 200% plus a first order small component that averages to zero. The correction 
to the viscosity resides entirely in the second term. Thus, the corrected viscosity 
works out to be 


nN =no(1+2.58), (3.71) 


where B = 47a°n/3, conventionally called the volume fraction, is effectively the 
ratio of the total volume of the suspended spheres to the total fluid volume. The 
calculations for nonspherical suspended particles becomes very involved even for 
spheroids. It is also much more difficult to treat non-dilute suspensions, in which 
the fluid coupling among nearby spheres cannot be neglected. 


3.4.4 Hele-Shaw Flow 


When a fluid is restricted to flow between two parallel flat plates (made of glass, 
say) a distance h apart and this distance is very small with respect to the expected 
typical length scale L of the flow in the plane of the plates, we may transparently 
consider the response of the fluid for the case of fixed density, steady flow, and free 
of body forces. This kind of flow is called Hele—Shaw and the space in which the 
flow proceeds is sometimes referred to a Hele—Shaw cell. There are a number of 
applications for such a flow, the most obvious is the case when a fluid sample is 
prepared for microscopic examination. 

Choosing the plane of the plates as horizontal, that is, with the z-axis perpen- 
dicular to it, we nondimensionalize the velocities (u,v,w) by a typical horizontal 
velocity U, the lengths in the x—y plane by a typical length L, and the one in the 
z direction by h, the distance between the plates. With these scalings, the Navier— 
Stokes equations greatly simplify if we remember that ¢€ = h/L < 1. The density 
is scaled by its constant value and disappears from the equations. To obtain a 
meaningful balanced set of equations for the flow of a thin layer between two plates, 
we scale the pressure by (€~*7U/L). The following components of the steady 
Navier-Stokes equation follow, with the functions scaled as explained above: 


{c} (ud, + voy + wo) u {em \ OP { s \ (Axx + Ay + & dz) u, (3.72) 


2 
{o} (Udy +vd, Tv wo.) V —= {etna} OyP + {va} (Ox Tr Ay +€ 70-2) V, (3.73) 


fer } wa ea, {etna bart {an E a, Bye 20) w. (3:74) 


It is not difficult to convince oneself, dividing the equations by nU/(e7L)’, say, that 
in lowest order in € the following nondimensional set of equations emerges: 
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OP d*u = 
ax! a2 
OP Ov _ 
dy a2” 
OP 
-S =0. (3.75) 


Using the boundary conditions u = v = 0 on z= 0,1, setting w to be zero 
throughout, at this order of approximation, and exploiting the nondimensional 
continuity equation 


OxuU+dv+0,w =0, (3.76) 
we readily obtain 
10P 
= --—- {= 
5 gl -2)s 
10P 
= —--—2z(1- 3.77 
vo ay z(1—z), (3.77) 


and P = P(x,y). Now, integrating the continuity equation over z, between z = 0 
and z = | after substituting from Eq. (3.77) for the velocities, a two-dimensional 
Laplace’s equation for the pressure, which is a function of x and y alone, follows: 


1 
Th =0. (3.78) 


It is also true that the vertically averaged two-dimensional velocity in a Hele-Shaw 
flow is 


An interesting result can be observed, when a Hele—Shaw cell is only partially filled 
with fluid, as when it is injected or sucked (by a syringe, say) through a point in one 
of the walls (assumed to be the origin), as shown in Fig. 3.7. Assume that at the free 
surface I” (sideways) there is constant pressure and also fixed surface tension leads 
to the conclusion that the radius of curvature of the boundary of the advancing or 
retreating fluid is constant (see figure). Let us assume that the boundary I" is given 
by the function b(x,y,t) = 0. The z averaged boundary condition at the surface is 
thus 


Db 
P=0 and Din! on b=0, (3.79) 
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sink source 


Fig. 3.7 Hele—Shaw cell 


where 


D a 
ee a Ny 
Dt vai , 


where the V operator contains, of course, only derivatives on x and y. The model 
is reversible (replacing t by —t and P by —P leaves the equations unchanged). 
However, advancing fluid flow (as a result of injection) is stable, while a retreating 
interface, because of a sink, is observed to be unstable because of the related 
breaking of the interface to form “fingers” (see Fig. 3.7c). We leave further 
investigation of the problem, as well as related flows through porous media, as being 
outside the scope of this book. 


3.5 Viscous Boundary Layers 


Thus far, we have both intimated and explicitly shown that viscous effects may 
play an important role also in flows endowed with very high values of Re. This 
counterintuitive fact arises for reasons we have already discussed, involving the 
response due to the presence of both boundaries and/or obstacles in the flow, where 
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the velocity of the fluid is forced to take on specific values (often zero). The 
viscous effects we speak of become manifested on very short spatial scales, to offset 
(dimensionally) the small viscosity. In the flow development it arises, generally, 
in the near-zone of the boundary or obstacle. Such regions go under the name of 
boundary layers. In a boundary layer a small length scale is created giving rise to a 
smaller effective Re in the region, despite its being large on the flow scale. 

We wish to discuss boundary layers a little more thoroughly in this section, 
even though it is obvious that we shall be able to touch only upon the basics. 
Entire books have been written on the subject and we refer the reader to the 
relevant material in the Bibliographical Notes section at the end of this chapter. 
We would like, however, to state at the outset that we limit ourselves to laminar 
boundary layers, that is, those in which the flow is largely stable and appears 
ordered. We have already seen an example of this in our earlier discussion of two- 
dimensional flow towards a stagnation point (Sect. 3.3.1). This should be held up in 
contrast to unstable boundary layers, which present the phenomena of detachment 
and transition to a disordered flow on the way to turbulence. We have discussed 
briefly the phenomenon of boundary layer separation, but a serious discussion of 
turbulence must await Chap. 9. Regardless, the example of the Blasius boundary 
layer which we discuss below is well known to undergo a linear instability due to 
the emergence of a dynamical boundary layer, i.e., a boundary layer that appears 
in the flow only when some time-dependent perturbation is applied to the basic 
state. We shall see this examined further in Chap. 7. In order to fully appreciate 
this sequential progression towards flow complexity and turbulence, we must start 
with the basics, that is, mathematical boundary layers in ODE, treated by matched 
asymptotic expansions. Moving to physics, the particular Blasius flow basic state is 
a good place to start and is described in some detail in this section. P.R.H. Blasius, 
whose name was given to the boundary layer which became a seminal work, was 
the first student of L. Prandtl. 

We should make clear what our attitude and perspective is with regards to the 
matter of fluid flows and how we think of them in relation to turbulence. Fluid 
flow, like most natural physical motions, develops in the direction of kinetic energy 
dissipation and entropy increase. If the viscosity is dominant Re = @(1), and 
viscous dissipation readily occurs. In high Re flows, confined by solid boundaries, 
e.g., walls, or including solid obstacles, the flow creates short scales near the 
boundaries in order to be able to dissipate in the boundary layers as explained above. 
Unbounded flows with very large Re, like many astrophysical flows, if they have no 
obstacles, can dissipate their kinetic energy only by becoming unstable and forming 
small-scale eddies in the flow. This is the way to turbulence which is endowed 
with high effective turbulent viscosity (see Chap. 9). As we shall see, this does not 
mean that bounded flows cannot become turbulent. We feel that an exposition of 
the subject of FD and, in particular, the development of turbulence is best based on 
a look at historical developments. At the beginning of the twentieth century, there 
were two types of well-studied flows: those of inviscid fluids, which under some 
additional simplifying assumption gave rise to beautiful analytical theory, e.g., that 
of potential flow, and those of very viscous, i.e., Stokes, or creeping flows, which 
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are also well understood when subject to certain simplifying assumptions, as for 
flows on thin films. We have given a number of examples and problems on these 
two types of flows in this chapter. As is often the case, both types of flows can 
be present in a given physical setup and, as we explained at the beginning of this 
section, these two types of flows appear to be linked to each other in boundary 
layers, where the relevant length scales of the flow become very small in at least 
one spatial dimension of the flow. This was first noticed by L. Prandtl who, in his 
seminal paper of 1905, introduced and initiated the study of boundary layer theory 
by writing a set of appropriate equations. We shall not, for the reason on economy 
of space, detail these equations and direct the interested reader to reference [7] in 
the Bibliographical Notes, a voluminous classical work on boundary layers. 


3.5.1 A Mathematical Digression 


We shall make now a mathematical digression, discussing a rigorous way to 
perform boundary layer matching in a simple ODE, not related to any particular 
fluid problem. We intend the following example to be a guide for the student in 
constructing similarly approximate solutions to problems defying exact analytical 
solution. Consider the following two-point boundary value problem for the function 


F(x): 


af df 

E 7) Te + 2f(x) =0, (3.80) 
with the boundary conditions f(0) = 0, f(1) = 1, and where 1 >> € > 0, ie., € isa 
small positive number. Notice that the solution to the problem posed in Eq. (3.80) 
can be exactly written down, as it is a second order linear constant coefficient ODE. 
We use this simple system to detail how an approximate solution is developed and 
compare it to the exact solution. In the description of the asymptotic approximation 
method, we shall proceed as if the exact solution to the problem is not known. We 
shall, naturally, exploit the fact that € is a small number, in the construction of the 
approximate solution. As remarked in Sect. 2.5.6, that calculation should perhaps 
appear after this discussion, but constraints compelled us to include that topic in 
Chap. 2. 

The first thing to notice, when one considers an approximate solution to 
Eq. (3.80), is that a simplistic, straightforward approach to a possible perturbative 
approximation technique will not work here because this is clearly a singular pertur- 
bation theory problem. This concept means that such a perturbative expansion fails, 
because € = 0 changes the mathematical nature of the problem. In this particular 
instance, the singular nature of the problem arises because setting € = 0 reduces 
the order of the ODE and it becomes impossible, in general, to simultaneously 
satisfy both of the required boundary conditions for f(x). The technique that will be 
employed instead is especially suited for such problems and is perhaps the simplest 
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example of boundary layer theory. The idea is to consider first an outer solution 
(for x large), in which the danger of singularity is absent, and later move on into an 
inner region (for x > 0 and small enough), where the apparent singularity is properly 
resolved. The procedure concludes by showing how one links the solutions found in 
the two separate regions. 


1. Outer solution. 
Proceeding in a straightforward manner, we assume a regular perturbation series 
to represent the approximate solution: 


f(x) =fo(x) + €fi (x) + HOT. (3.81) 


We get, in lowest order in €, 
—— +fo(x) = 0, (3.82) 


whose solution fo(x) = Ae cannot satisfy, nontrivially, the x = 0 boundary 
condition. This is, thus, the outer solution and we shall, in this simple example, 
be content with only its lowest order, i.e., the @ (1) term. It is reasonable that this 
solution satisfies the outer boundary condition fo(1) = 1 and thus A = e and the 
lowest order outer solution is 


R'@ =e. (3.83) 


It is evident that this outer solution does not satisfy the boundary condition at 
= 0,165) ° (0) =e 40. 
2. Inner solution. 

The breakdown of the outer solution occurs very close to the left boundary, where 
the full solution must undergo a rapid variation, as is obvious from the inspection 
of (3.80). In other words, a boundary layer is reasonably assumed to exist near 
the left boundary. Thus we should look for a suitable inner solution. To capture it, 
one may stretch the x variable, with the help of €, e.g., by defining a new spatial 
variable 


x 


(3.84) 


Xx 


with a > 0 undetermined, as yet, for the sake of generality. Trying an expansion 
appropriate for the boundary layer region—the inner solution, 


F(X) = Fo(X) +e°F\(X) + HOT, (3.85) 
where we call this inner solution F'" and again allow for a positive power c of € 


for the sake of generality. Note that here we understand that X is held fixed when 
e>0. 


3.5 Viscous Boundary Layers 151 


Substituting the inner solution into the original equation and balancing the 
various terms, in order to achieve consistency in the powers of €, gives rise 
to the determination that only a = 1 can give consistency. This is called the 
distinguished limit for this problem. With this choice the lowest order boundary 
layer equation is 


Fo dFo 
—_ +2 = f X <0 : 
re + ax 0 for 0<XK<o, (3.86) 


with the boundary condition Fo(0) = 0. This equation can be readily solved with 
one undetermined integration constant (B) thus 


Fo(X) = B(1—e"*), (3.87) 


where we now add the superscript Fi" (X) = Fo(X) for the sake of clarity. 
3. Matching. 

The only, as yet, undetermined constant is B and it will be determined by the 
procedure of matching explained below. The important point to remember is 
that both the inner and the outer solutions actually are approximations of the 
same function (in different regions); therefore, we expect that there is a smooth 
transition between the two in the intermediate region. In this example as one 
comes out of the boundary layer, that is, X — oo, the inner expansion has to be 
equal to the value of the outer expansion as one comes into the boundary layer, 
that is, x — 0. More formally, the matching condition is 


lim F(X) = limf™ (x), (3.88) 


e0, x fixed x0 


or more simply, symbolically 
(Fey = pouty", ase 3 0. (3.89) 


Imposing this kind of condition on Eqs. (3.87) and (3.83) immediately yields 
B =e, and the final result for the lowest order term of the outer expansion is 


Fg" (X) =e-e'™*, (3.90) 


where it has to be remembered that X = x/e. 
4. Composite solution. 

The objective of the final step is to obtain the complete approximate solution, 
correctly composed of the inner and outer solutions. This can be readily achieved 
by adding the two solutions over the entire domain (the two solutions do not 
contribute anything outside the intermediate overlap region) and subtracting their 
common part (which has nonzero contribution only in the intermediate, matching 
region). In the present example this yields in lowest order 
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Fig. 3.8 Outer and inner solutions in lowest order (dotted) and the composite solution at this order 
(dashed) is compared with the exact solution (solid). In this example, € = 0.05. To achieve an even 
better approximation the inclusion of HOT is called for 


f~folx) +Fo (=) —fo(0) ~ e!-* — el 24/€, (3.91) 


The good quality of the boundary layer method approximation in this simple 
example can be seen clearly in Fig. 3.8, where the exact solution of (3.80) (solid 
line) is shown along with the outer and inner solutions (dotted) and the composite 
approximation (dashed). The value of € here is 0.05 and further improvement of the 
approximation can be achieved, if the next order (too complicated to be discussed 
here) is included. 


3.5.2 The Blasius Boundary Layer 


We consider now the Blasius boundary layer problem and use this opportunity in 
order to show how to estimate the order of magnitude of the different equation terms 
relevant in this situation and exploit the information in a systematic procedure. Let 
there be a steady, viscous, two-dimensional flow taking place in the x—y plane with 
corresponding velocity components u and v. The flow proceeds in the x direction 
parallel to a semi-infinite plate, e.g., a strip 0 < x < L, infinite in the y direction. 
L is assumed to be large so that it is much larger than the average width of the 
boundary layer whose size is denoted by 6. The boundary layer does not have to 
be of fixed thickness, and we shall see further on that it is, in fact, dependent upon 
one’s position along x. The flow is arriving from the left and it is in the x direction. 
Its magnitude far away from the object is Up. The boundary conditions to be used 
are 


1.u=v=0 = for y=0 and 0<x<L, 
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2,.u—>U, for yoo. 


Considering only the first component of the equation of motion, i.e., 


2 2 
Ou Ou 1o0P : ( O fa) Ju (3.92) 


On” Oy pode” coe oe 


where v is the kinematic viscosity, we notice that if the equation is nondimension- 
alized, all that changes is v +> 1/Re. We shall now use the key assumption of the 
boundary layer approximation, namely, that in such boundary layers, variations in 
y are much more rapid than those in x. The boundary layer thickness is 6, so we 
estimate at once that, since 


(3.93) 


where ~ means, as usual, @, that is “order of”’ that the boundary layer thickness is 
much smaller than a typical scale of the main flow, i.e., 


6<L or €= ° <1. (3.94) 


Now, since we assume that in the boundary layer the viscous term is of the order of 
the inertial term, one may estimate 


ve Ou O7u Uo 
~ ~ ~v 3.95 
L c Ox oy? 67’ ee) 
that is, 
L ) 
§ =v— = —n~Re!/* => Rene”. (3.96) 
Uo L 
Another order of magnitude estimate that follows is 
oP Ou 
—|~ —|. 3.97 
| ax| 5 eo) 


Returning to the dimensional equations we get the boundary layer equations 
(Problem 3.10): 


Ou Ou 1 OP O7u oP Ou ov 
iG aoe Oa tae 


This set of equations is not as simple as it may look and its solution depends, of 
course, on the boundary conditions employed (non-penetrating no-slip conditions 
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Fig. 3.9 Schematic drawing of a boundary layer forming on a plate, located at y = 0 in a flow 
proceeding parallel to the plate and above it. The x-axis in the figure plane direction, at the bottom, 
with x = 0 at the same position as y = 0 in the figure plane 


as in our case) or even on more complicated bottom wall conditions. There also 
remains the question of how a boundary layer solution can be smoothly matched 
to the external flow. It is beyond the scope of the book to deal with these issues in 
detail but we shall give the proper physical and mathematical framework to better 
perceive and handle the problem posed. 

We adopt the above boundary conditions and proceed towards developing an 
approximate equation that the basic flow state must satisfy for the case depicted in 
Fig. 3.9, where it is assumed that we have a flow over a flat wall coinciding with our 
strip on the y = 0 plane. As said before, well above the plate the flow is assumed 
inviscid and satisfies the irrotational version of the Bernoulli equation; in fact, it is a 
uniform flow with velocity u = UpX. Along the streamline just above the boundary 
layer, we thus have P/p, + (1/2)U = C (where p, is a constant density). It is also 
not difficult to see that all terms involving v are @(€) so the pressure y derivative 
is 0 (e?) and along any streamline (they are parallel to the x-axis) the pressure is 
constant. Hence, up to order € our (dimensional) equations reduce to 


(3.99) 


Do you understand why the second equation was discarded? Now we shall try to 
obtain the stream function w(x, y) for this problem from dimensional and similarity 
analysis. Defining Re, = Upx/v and 6 = yx-!Rel/ * and using similarity solution 
considerations, we make an educated guess of the following ansatz for the stream 
function 
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w(x,y) = VvxUof(E) (3.100) 


and obtain that if, as usual, u = 0 y/ox and v = —d y/dy we will have u/Uo =f’ (&) 
and the equation with its boundary conditions will be satisfied if only the function f 
satisfies the ODE 


‘ies sft" =0, (3.101) 


with the boundary conditions f(0) =f’(0) =0, f(& — o) = 1. What is the meaning 
of the last condition? Equation (3.101) has to be solved numerically and from its 
solution one can reconstruct the boundary layer structure (see Problem 3.11). 


3.5.3 Concluding Remarks on Boundary Layers 


The body of research on mundane boundary layers tends to be large. This is chiefly 
so because of the engineering needed for designing solid objects (e.g., cars, rockets) 
that have to move through the air and partially or fully submerged ones in liquids 
(ships, submarines). Physical understanding must accompany the designing tasks. 
One of the important recent achievements of this research was the understanding of 


Fig. 3.10 Outflow from a New Jersey lake, after hurricane Irene, is forced to narrow by a concrete 
bridge support. Flow separation is clearly evident at the sharp bend and even though the flow is not 
laminar, the photograph illustrates well this phenomenon. (Author: Altac csi, licensed under the 
Creative Commons Attribution-Share Alike 3.0 Unported—http://creativecommons.org/licenses/ 
by-sa/3.0/deed.en) 
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the mechanisms leading to boundary layer separation (Fig. 3.10). It is beyond the 
scope of this book to describe these mechanisms in greater detail. 


Problems 


3.1. 

Consider an incompressible, viscous fluid (having a constant kinematic viscosity v) 
at rest between two parallel rigid boundaries at y = 0 and y = H. Assume that at 
t = 0 the lower boundary (y = 0) starts to move in the x direction with velocity U 
and continues with this speed for all t > 0. Prove that the velocity distribution for 
O0<y<His 


yi 2061 Pvt). 7. y\le 
u(y,t) = ( 2) ss ¥ tex ( 7p ) sar) x. (3.102) 


j=l 


Hint: Clearly, this problem is governed by the diffusion equation as in the Rayleigh 
problem but with no pressure driving. However, the boundary conditions are not 
homogeneous—there is an impulse of the lower boundary at t = 0. Thus, the 
mathematical technique has to use a general solution to the homogeneous problem 
plus a particular solution to the inhomogeneous one. 


3.2. 

Solve for the plane Poiseuille flow, that is, a flow between two parallel plates (at 
y=0 and y= 4H) driven by a pressure difference in the x direction (that of the 
flow) being AP over length L, with uy = u, = 0. 


3.3. 

Solve the Rayleigh problem (see Sect. 3.2.4) for an impulsive start of the boundary 
motion, that is, U(t) =0, fort <0; U(t) = Up, for t > 0 with u = 0 for all finite ¢ 
at Z > 0. 


3.4. 

Imagine a solid disk of a very large radius (ideally, infinite) rotating at the z = 0 
plane with angular velocity Q. Find a nonlinear set of ODEs, whose solution will 
describe the entrainment of the fluid, i.e., its flow for z > 0, where the fluid resides 
originally. Neglect any body forces, and assume a constant uniform inflow, w = —W, 
at very large z, as needed. 


3.5. 

Start from the biharmonic equation for the stream function (3.35) subject to the 
condition u = u, on the sheet (see the definition of the wave on the sheet through 
the equations for x, and y, in the text). Expand the x and y derivatives of y around 
y = 0 to second order in € (see text). The result should be Eq. (3.36). 
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3.6. 

A stream function y’ expressed in a plane (r,z) automatically satisfies the incom- 
pressible condition. Imagine an axi-symmetric flow expressed in cylindrical coordi- 
nates (r,z,@). According to (2.76) a representation u = V x (w’@) is valid. However, 
y’ does not satisfy the physical quality of being constant on streamlines. Show it. 
Examine, instead, the prescription for the velocity given by 


u=Vx (Fo). (3.103) 
r 


where 7 is the Stokes stream function. Show that it guarantees incompressibility 
and is constant on streamlines and thus can serve as a bona fide stream function for 
axi-symmetric flows. 


3.7. 

From the Stokes stream function given in Problem 3.6 find the fluid velocities in 
the problem of a viscous fluid flowing from —c9 (where its velocity is U) towards 
a spherical body of radius R. By integrating the pressure equations and finding the 
viscous stresses imparted on the surface of the sphere, show the sphere suffers a 
drag force of Fp = 6277 RU. Calculate the terminal velocity of a ball falling in a 
container of glycerine in terms of Ap, the difference between the density of the ball 
and the of the glycerine (in c.g.s.). Given are R = lcm, Ng = 10 c.g.s. 


3.8. 

1. Complete the proof of the reciprocal theorem (3.59) for Stokes flows, from the 
equality in the text (3.61). Hints: start from evaluating the following expression 
of) 23 and use tensor symmetries, dummy index interchange, and product of 
derivatives formula to arrive at appropriate expressions that are in the form of a 
divergence. 

2. How can a body force be incorporated in the theorem to generalize it? 

3. Can you give an example in which this reciprocal theorem is applied? 


3.9. 

The limit Re — 0 was taken in the text, at lowest order, by setting the Reynolds 
number to zero and thus implicitly assuming that this is a regular limit, while in 
reality it is a singular one (see in Sect. 3.5.1). Explain the mathematical and physical 
meaning of this. Taking into account the fact that for r ~ 1/Re (r in units relevant 
to the problem, e.g., the radius of the moving sphere in the Stokes problem) the 
neglect of the inertial terms is not justified. Oseen suggested to keep an approximate 
contribution of the inertial term. Suggest such a linear term, remembering that U is 
in the ¥ direction. Keep p = 1 and write the resulting Oseen equation. Show that it, 
in turn, leads to a modified equation for the stream function 
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[Re (Using 3 Loose Z) v"] eve Sie (3.104) 


3.10. 
Derive the dimensional boundary layer set found in Eq. (3.98), using the procedure 
explained in the text. 


3.11. 

Numerically solve equation (3.101) and describe how to proceed in order to 
construct from it the Blasius boundary layer, as detailed in the text. Plot f(€) and 
f'(&), using f(0) =f’(0) = 0 and f’( — 0) = 1 and find the asymptotic behavior 
of f for large &. 


3.12. 
The dimensional similarity analysis leading to the stream function ansatz (3.100) in 
the Blasius boundary leads to the understanding that 


b= yf. 


Using the results of the previous problem find the stream function as y — oo up 
to @(e). 


3.13. 

Determine the viscous flow in the setting of a jet emerging from the end of a 
narrow tube into an infinite space filled with the fluid. This problem goes under 
the name of a submerged jet. Hint: use polar coordinates (and the fact that the 
problem is axially symmetric) and justify the use of the ansatz u,(r,@) = F(@)/r 
and ug(r,@) =f(@)/r. Find the functions f and F from algebraic and differential 
manipulations of the equation of motion and complete the calculation by imposing 
physical conditions on the jet momentum. 


Bibliographical Notes 


Sections 3.1 and 3.2 


Essentially all books on FD contain discussions of simple viscous flow. We recom- 
mend, in particular, the book of Landau and Lifshitz, reference [1] as listed in the 
Bibliographical Notes of Chap. 1, as well as the one of Acheson (here, [1]). 
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Ae 
2. 


D.J. Acheson, Elementary Fluid Dynamics (Clarendon Press, Oxford, 1990) 
S. Childress, Mechanics of Swimming and Flying (Cambridge University Press, 
Cambridge, 1981) 


. J.M. Ottino, Sci. Am. 260, 40 (1989) 


A very good discussion on the method of Frobenius and ODEs, in general: 


4. G.F. Simmons, S. Kranz, Differential Equations; Theory, Technique, Practice 
(McGraw-Hill, New York, 2006) 
5. ELL. Ince, Ordinary Differential Equations (Dover, New York, 2012). Suspen- 
sions are treated in the Landau and Lifshitz book and much more thoroughly in 
6. J. Happel, H. Brenner, Low Reynolds Number Hydrodynamics (Martinus 
Nijhoff, Dordrecht, 1983) 
Section 3.5 


Boundary layers are treated in a variety of books, the most comprehensive is the 
classic 


7. 


H. Schlichting, K. Gersten, Boundary Layer Theory, Sth edn. (Springer, Heidel- 
berg, 2003) 

The following review may have special appeal to students interested in the 
subject: 


. J.P. Boyd, The Blasius function: computation before computers, the value of 


tricks, undergraduate projects and open research problems. SIAM Rev. 50, 791 
(2008) 

Asymptotic methods, sometimes useful in treating fluid boundary layers, are 
well described in a number of books, the best of which are, in our opinion, those 
by Nayfeh, Kevorkian and Cole and Van Dyke. They are explicitly referenced 
in Chap. 4. 


Chapter 4 
Linear and Nonlinear Incompressible Waves 


Through the dear might of Him that walked the waves. 


John Milton (1608-1674); ‘Liquids’ 


Waves in fluids are ubiquitous, from the outward propagation of pond ripples, ocean 
waves crashing ashore, sound and shocks in the air, and so many others that to list 
them all would be impossible. Waves appear also in a multitude of other branches 
of physics. For this reason we start this chapter with a mathematical and physical 
description of waves and adopt a linear point of view. This is a more basic and 
significantly simpler approach to discuss mathematically than the general one. It is 
a starting point which is empirically motivated, a natural conceptual tool to bridge 
the gap between mathematical results and observed fluid phenomena. Many of the 
wave phenomena that we observe day-to-day reside in the so-called linear regime 
wherein the mathematical and conceptual machinery of waves and wave dynamics 
is captured by small (in meaning defined more precisely later on) departures from 
steady states. 

Most of the notions related to linear waves, including when and where lineariza- 
tion works, are discussed in the main initial part of this chapter. Because of their 
strong link to a solid mathematical construction, we spend a considerable part of the 
discussion in this chapter developing the proper mathematical formalism necessary 
for producing reasonably rigorous results, not just in regard to waves but also for 
other calculations encountered throughout the book. We also introduce here how to 
use scaling arguments to develop reduced equations, like those of shallow water. 
In order to ease the task of introducing the above mathematical machinery and 
demonstrating its use in interpreting a large class of fluid phenomena, we develop 
the language mainly in the context of the simplest kind of dynamical fluid: the 
incompressible irrotational, i.e., potential flow in one spatial dimension. 
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4.1 Waves, A Mathematical Primer 


Before delving into how waves emerge as natural solutions of fluid equations, it 
is important to introduce some terminology. Suppose there exists what may be 
called a one-dimensional wave-train, embodied in the function (x,t), describing 
the departure of some quantity from equilibrium or steady state in one space plus a 
time dimension. Mathematically, we start with a simple wave-train, as depicted in 
Fig. 4.1, which may be locally approximated by the sinusoidal waveform 


1) (x,t) ~ Aycos(kx— or). 


If the amplitude = Ax is a constant, i.e., has a fixed numerical value in some units, 
not depending on k, despite the subscript, this wave train is strictly periodic. The 
functional form is then familiar and so we define and give meaning to the various 
quantities appearing. In any given fixed value of time t, we may assess a wavelength 
A the nominal spatial (x) distance measure of successive crests or troughs in 17, see 
Fig. 4.1. This is related to the wavenumber k appearing in the expression for n by 


The quantity w represents an angular frequency of the maxima, say, of 17, or, 
e.g., its throughs. In this sense we mean that in a fixed position in space, @ is a 
measure of the number of radians passed-through, per unit time by the peak, say, 
of 7, which is moving to the right. If T denotes the period between two successive 
peaks, passing at said fixed position, then the peak passes through 27 radians, i.e., 
one cycle, in time T given by 


2a 
a 


T 


Even though we shall use the angular frequency w throughout, it should be 
mentioned, for the sake of completeness, that another measure of frequency is often 


is nN = (z,t) 
n( at) : _4 { | \ 
| | | \ 
| | \ | \ — 
a) (mee! 


Fig. 4.1 A wave-train schematic diagram 
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used, namely, the number of cycles per second. It is denoted by f or v and the 
following obvious relations hold 


o 1 
PN 

The physical unit “cycles per second” has special name, honoring a prominent 
nineteenth-century physicist, H. Hertz, who was among the discoverers of elec- 
tromagnetic radiation. The unit is called simply “Hertz,’ abbreviated in writing 
as Hz. An interesting feature appears in examining the waveform 7: one can 
choose a moving reference frame, in which the sinusoidal pattern appears fixed 
in time. Let us define a Galilean reference frame boost Vp through the expression 
X =x—Vpt. Rewriting the waveform 1 in terms of the following new variable, X, 
Le., x» X + Vpt reveals explicit time independence for 


Vp = ke? 


that is, 


n (kx+ Vpkt— or) =1(kX), if Vp= -, 
in other words, the wave-train pattern appears independent of time to an observer 
moving with the appropriate velocity V) = w/k, which is usually referred to as 
the phase velocity. Note that from the above expression for 1), it follows also that 
Vp, =Af, whose meaning is that in the lab frame a distance of a wavelength is 
traversed by the wave-form in a time of one cycle. A wave in which the amplitude 
Ax can be perceived as a fixed parameter may be represented by the functional form 
7 «< cos(kx — ot) and is referred to as a monochromatic wave, meaning “of single 
color,” i.e., of a single wavelength 1. 

Sticking with our role as empirical observers, we could tabulate, from direct 
observation of carefully designed experiments, the frequency corresponding to a 
monochromatic wave of given wavelength. In general, one would find that for 
most given phenomena the frequency of a given waveform depends specifically 
on the waveform’s wavelength and thus on the wavenumber so that @ = @(A) 
and @(k), where usually physicists prefer the latter form @ = @(k), which can 
be considered more useful. We shall see momentarily why. A familiar example is 
the relation for electromagnetic waves in vacuum @ = ck, where c is the speed 
of light in vacuum, a universal constant. A qualitatively different example is the 
propagation of waves in deep water where the relation is given, as we shall see, by 
w* = gk where g is the magnitude of the vertical component of the gravitational 
acceleration. The relationship w(k), whether tabulated or expressed analytically, is 
important for understanding the properties of the wave in question. It is referred to 
as the dispersion relation. With @(k) given, it implies that the special velocity Vp = 
o(k)/k we referred to before as phase velocity of a given monochromatic waveform 
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may depend upon the wavenumber (and thus wavelength) of the waveform. In the 
case of light propagating in vacuum, it is obvious that the phase speed in vacuum 
is independent of wavelength and, therefore, the speeds of propagation of the two 
waveforms of differing wavelength are the same, or else there would be news! But 
in the case of deep water waves, the phase speed depends upon wavenumber, i.e., 
Vp ox k-'/2, and for two given waveforms of slightly differing wavelengths and thus 
wavenumber, there emerges a gradual separation in their relative phases whenever 


o ,do 
Vp=l4S (4.1) 
and, when this is the case, the waves are called dispersive, i.e., exhibiting dispersive 
phenomena (see the bottom panel of Fig. 4.2). The derivative on the rightmost side 
of this formula is a velocity, as is obvious in the equation. We shall show below 
that this velocity plays a particularly important role in dispersive waves, and it 
will become clearer as the theoretical underpinnings of these ideas are more fully 
developed along this chapter. 
We can speak of linear monochromatic waves in more than one spatial dimension 
as well. Let the quantity 1 represent a phenomenon dependent on all three spatial 
dimensions, so that we may write its waveform as 


1) (x,t) =H {Az exp [i(k-x— ot)]}, (4.2) 


where we use, as is frequently the habit for periodic phenomena, complex notation, 
with the physical quantity being the real part of the expression. The vector k = k,X+ 


Non-dispersive 


a \ ra 
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Dispersive 


Lag appears in phase 


Fig. 4.2. Schematic depiction of both non-dispersive (top panel) and dispersive (bottom panel) 
waves 
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Fig. 4.3. Three dimensional wavefront and in a coordinate frame. The wave-vector k is perpendic- 
ular to the plane M with normal fi 


ky¥ + k,Z replaces now the familiar wavenumber and is called wave-vector. Its 
direction is k = k/k where k = (k2 + ky + k2)'/ >. The monochromatic waveform 
expressed in Eq. (4.2) would, for real values of Ax, take on very similar appearance 
as the one-dimensional spatial form, i.e., 1 (x,t) = A,cos(k- x — ot). Evidently, the 
three-dimensional waveform may be visualized as a collection of parallel planar 
fronts moving in the direction defined by the wave-vector k. To better connect the 
geometry of the physics to mathematics, we recall from elementary vector calculus 
that the set of points (x,y,z) constituting a plane M containing the point (xo, yo, Zo) 
is defined by its unit normal fi via 6x -fi = 0, where 


5x =X —Xo = (x—X0,Y—Yo,Z—20), 


is a vector contained in the plane M (Fig. 4.3). 

In light of the monochromatic wave’s form, given in Eq. (4.2), we can see that the 
unit vector fi corresponds to the direction indicated by the wave-vector k. Thus at a 
given time f¢, there exists a plane M, comprised of points x, = (x;, y;, z;) Such that for 
all points on it k-x,; = constant = wt. Furthermore, we can orient our perspective and 
choose a new coordinate system containing the direction defined by k viax’ =k-x so 
that the three-dimensional waveform reduces to the familiar one-dimensional case, 
discussed earlier, that is, 1 (x,t) = n(x,y,z,t) = n(x’,t) = Axcos(k’ — wt). With 
this orientation in mind, it is easy to interpret the meaning of the three-dimensional 
monochromatic wave as a series of plane fronts propagating in the direction pointed 
to by k. Pretending that we are empirical observers having tabulated the dispersion 
relation for @, we may very well find that it depends functionally upon the three 
components of the wave-vector k, that is, @ = @(k) = @(ky,ky,k,). It is possible, 
but by no means general, to find the tabulated dispersion relationship for some 
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phenomenon to depend only upon the absolute value of the wave-vector, i.e., 
@ = o(|k|) = @(k). 

Finally, we introduce one concept specific to the relation of waves with their 
physical appearance. The motivation for the following definitions will become clear 
in an upcoming chapter but, for the sake of completeness, we define now the terms 
transverse and longitudinal waves. If a wave phenomenon is represented locally by 
a plane wave, then the direction of propagation of the wave, as we have previously 
defined, is k. Now if associated with the wave is a local velocity disturbance field 
given by the vector u, then we say that the wave disturbance is transverse if k-ai= 
0, which literally says that all velocity disturbance fields are perpendicular to the 
direction of motion of the wave. Longitudinal waves are those in which kx a= 
0 indicating that velocity disturbance vectors co-align with the direction of wave 
propagation. This definition carries over to disturbances in any field, e.g., @(x.r), 
propagating as waves in a definite direction. 


4.1.1 One-Dimensional Linear Waves 


We begin our discussion about waves, arising as mathematical solutions of actual 
equations, describing some physical phenomenon and show how the various wave 
properties described above follow naturally in these solutions. A simplest equation 
of this sort is a first order, one-dimensional, unidirectional wave equation with 
constant phase velocity Vp, given by 


5, + Vea, =; (4.3) 


for some function (x,t). We show here that whatever the general solution, its 
functional dependence must possess the mathematical form! 


y(x— Vf). 


One way to show this is to simply take the form given above, directly substitute 
it into the governing equation (4.3), and verify by the differentiation chain-rule that 
indeed this is a solution of the equation. Another more revealing approach is to make 
a coordinate transformation and look for the solution y in terms of new variables 
defined by 


'We do not deal as yet with boundary and/or initial conditions which are necessary to find a 
particular solution of a PDE. 
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Clearly, X defines a (Galilean) reference frame moving with speed Vy, to the right 
(increasing x). Substituting these new variables directly into Eq. (4.3) reduces the 
governing equation to the simple form 


oy 
OT =0. (4.4) 


Thus, we see that whatever the general solution y(X,T) is, we have now determined 
that it is independent of T and, as such, 


w= W(X) = w(x Vor). 


Any arbitrary function y(X) satisfies the wave equation (4.3). In order to complete 
the formal solution to the wave equation (4.3), an initial condition must be given 
and we naturally suppose that the functional form of y(x) is given at t = 0, i.e. 


y(x,t = 0) = Wo(x). 


The initial shape given at the initial time y (x) remains fixed as viewed from the 
perspective of the observer moving with speed V, in the positive x direction.” 
No specific boundary conditions are assumed and we look at the waves for 
(—e0 <x <0), 

These ideas may be extended to problems admitting two or more waves. For 
example, consider the second order partial differential wave equation 


2 
vv age Vs 0, 


4 a (4.5) 


where Vj» is, as before, constant. Introduce now the change of variables X and Y, 
given by 


X = X(x,t) =x-Vpt, 

Y = Y(x,t) =x+Vpft. 

Comparing this to the form we defined earlier, it can be seen that whereas X 

represents a Galilean translation in a positive x direction and speed Vp, Y represents 

the same but in a negative x directions. Performing this change of variables in (4.5) 
transforms the second order PDE into 

ay 


OXOY 8) 


?Here we ignore any additive constants in the solution, determining that they are zero, owing to the 
initial condition. 
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This equation has the general solution 


w(x,t) =f(X) +9(¥) =f (x—Vpt) +g (x+Vpt), (4.7) 


where f and g are each an arbitrary function, determined by initial conditions on the 
function y and its time derivative (see Problem 4.2). The interpretation is the same 
as before, however, with a minor twist: the solution to y is comprised of a linear 
sum of two solutions f and g where in f is a pattern that remains fixed in time in the 
frame of X while g remains similarly fixed in time in the frame of Y. 

In principle, there could be many waves possible in a system. From a pure 
mathematical point of view, if we envision the following PDE in one space and 
time dimension 


a"y a"y | any a"y 
Dan ~ Ofh- 1x TT OOF n = 0, 


then, if the constant coefficients {a} are such that the above equation may be 
factorized, that is, written as 


7] 7] 7] 0 7] 0 
ce ye a9) 
(5 vie =) ($ ae: =) (5+% =) eae Sa 


where the members of the set {vt are all real and distinct. We see that the 


equation admits n-independent waves with each wave’s phase velocity given by 
Vv), respectively. The general solution can then be quite easily constructed by 
superposition and is given by 


where the functional forms f () are assessed from initial conditions: the spatial form 
of the function and of its n — | time derivatives at t = 0 . The above form is but 
one of a myriad of wave equations and solutions. We shall return to this later in this 
chapter. 


4.1.2. One-Dimensional Linear Wave Equation Reexamined 
as an Initial Value Problem 


In general, linear wave equations may be more complicated than the simple example 
we began with, Eq. (4.3). For example, borrowing from quantum mechanics the 
Schrédinger wave equation, named after E. Schrddinger (1897-1961), one of that 
branch of physics founders, the equation has the form 
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oy = ip ary (4.9) 
ar ax’ 
where f is a parameter of the system. We may consider this as a purely mathematical 
example of a wave equation, having nothing to do with quantum mechanics, and 
solutions to this equation will involve, in general, a collection of waves with 
frequency @(k), such that the waves, as we will see, are highly dispersive, i.e., each 
individual monochromatic wave will progress with a phase velocity that depends 
upon the wavenumber of the wave. We shall explore this character of dispersion in 
more detail in the next section. Before doing so, it will be instructive, however, if 
we introduce some more mathematical formalism and demonstrate more tools in 
the context of the simple wave equation (4.3). We will then use these to analyze the 
properties of other equations like the Schrédinger wave equation above. 

It is important to realize that the relatively simple analysis we were able to apply 
in generating the general solution of the wave equation (4.3) is actually based upon 
a more systematic procedure that we can apply to linear wave equations of many 
kinds. Furthermore, the generic nature of the solution determined for Eq. (4.3) does 
not automatically carry over to the solution of more complicated wave equations 
like Eq. (4.9). It may be valid only if one considers the evolution of monochromatic 
disturbances involving an infinite (in x) periodic wave-train (e.g., a sine function 
for all x). In order to develop solutions of more sophisticated wave equations, like 
Eq. (4.9), we must appeal to more general techniques. 

To demonstrate this procedure, we return to the first order wave equation (4.3) 
and analyze it in more formal terms as a general initial value problem on which 
we utilize both Laplace and Fourier transforms. It may seem odd that we are re- 
deriving the solution to Eq. (4.3), since we already know its solution, from the much 
simpler considerations in the previous section, to be Wo (x am Vpt) with the function 
Wo(x) being the initial condition at t = 0. However, it should be understood that 
through this simple demonstration, we show the proper procedure behind generating 
mathematically rigorous solutions to general linear differential equations, wave 
equations, and other ones. 

Let us, as before, seek the solution of Eq. (4.3) with an initial condition y(x,t = 
0) = Wo(x). We further assume that the initial data function Wo is continuous at x 


and that the integral of its absolute value square is bounded, i.e., 7 | Wol7dx <0, 


As a general rule, initial value problems are handled by using Laplace transforms. 
The Laplace transform of a function w(x, f) is defined as 


Y(x,s) = [ e “w(x,t)dt, 
0 


where s is generally complex. Since the integral in the Laplace transform is done 
on the time variable at a fixed spatial position x, we shall drop x from the function 
arguments, without any danger of confusion. For the purpose of convergence, we 
suppose that the function y is locally integrable and the temporal behavior of y is at 
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most exponential.* The inverse transform, occasionally referred to as the Bromwich 
integral, is given by 


v= se [es (4.10) 


2ni O—ico 


where the integration path in the complex plane lies along a line parallel to the 
imaginary s-axis and is shifted so as to run to the right of all poles of the function 
‘’(s), in order for the integral to converge. This is schematically depicted in 
Fig. 4.4a. The choice of sufficiently large o > 0 achieves the latter requirement and 
we are setting the integration path to be the vertical line in the complex plane in the 
interval (o — ico, 6 + ico), or more formally, the one between the endpoints o + iR, 
with R > 0 real. Later on lim_,.. R is taken for the whole closed contour (see below). 
Ultimately the Bromwich integral will be evaluated using the residue theorem of 
complex function analysis, by completing this straight integration interval into a 
closed semicircular contour at a distance R from the origin with R — o. The 
complete closed contour, along which the complex integral of e“’'Y(s) is evaluated, 
includes the infinite semicircular path C.., connecting its endpoints to those of the 
straight interval of the Bromwich integral. The encircled domain now contains the 
entire negative R(s) axis and all of the S(s) axis, as can be seen in Fig. 4.4b, 
where one has to imagine that the limit R — has already been taken. The choice 
of the contour C., has to be such that the integrand function be bounded (for 
physical reasons). In the figure we show an example, in which Y(s) has three 
singularities, e.g., simple poles, which are obviously points, but are depicted in 
the figure in an artificially prominent manner. The construction shown in Fig. 4.4b 
serves sometimes in the proof of the important residue theorem, which we shall 
quote later, by letting the forth and back paths to approach each other until they 
ultimately merge and cancel out, leaving all poles surrounded by a small circular 
path, in a direction opposite to that of the big contour. The interested reader is 
encouraged to find a deeper treatment of this topic in, e.g., references [5] and [7] 
listed in the Bibliographical Notes to this chapter. 

A general property of the Laplace transform has now to be mentioned: if one is 
taking this transform of a function f(t) = dg/dt, then putting this form directly into 
the Laplace transform definition and integrating once by parts reveals 


F(s)= ; ” oF (t)dt= i ee I gis [ ” e"9(t)dt — 9(0)=sG(s)—g(0) 


3This is a prerequisite for the use of Laplace transforms. In particular, it means that the long time 


behavior of y could have exponential divergences associated with it « e“ for a > 0, but not worse. 


2 
Functional behavior like (for instance) e“ 


the Laplace transform. 


cannot be formally handled by the given definition of 
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Fig. 4.4 Bromwich integrals too 
and associated contour paths 3(s) 
used to evaluate them. (a) A 


The path of the integral to 

determine the inverse 

transform and (b) the contour 

path traversed in the complex e 
plane to facilitate evaluation. 
Poles of the function being 
integrated are designated by 
an exaggerated, prominent, 
dark circle for the sake of 
visual clarity 


where G(s) is the Laplace transform of g(t) and g(0) is the value of g at t= 0. 
The overall procedure in handling the solution of a wave equation involves thus the 
following steps. We take the Laplace transform of (4.3) yielding 


OW (x, 5) 
SP (x,8) + Vp 3 — = Wl), 
wherein ’(x,s) is understood to be the Laplace transform of y(x,t). Next, we 
perform a spatial Fourier transform to this equation by transforming it once more 
into 


s¥(k,s) +ikVp(k,s) = (s+ikVp)¥(k,s) = W(k). (4.11) 
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We are confident that the student has already been familiarized with the all 
important, at least to applied mathematics and physics, Fourier theorem, series, and 
transforms. To refresh some of this memory we define now the Fourier transform of 
a general spatial function h(x), satisfying some suitable mathematical requirements. 
Denoted here by /(k), it is defined to be 


—ikx 
“Tz =| e h(x)dx, (4.12) 


where k is real. The inverse Fourier transform is given by 


h(x) = Sir =| el h(k)dk. (4.13) 


An important remark should be made: if the function A(x) is real, then its Fourier 
transform /(k) has the property that h(—k) = h*(k), where f* denotes the complex 
conjugate of f. Further properties of Fourier analysis will appear in the following 
chapters of this book, and similarly reminded to the reader. 

It is important to pause here keeping in mind that the function Y in Eq. (4.11) is 
the double transform: one Laplace and one Fourier, of the original function y for 
which we are seeking a solution, however Wo is just the Fourier transform of the 
initial condition W(x). Solving the algebraic equation (4.11) for y easily gives 


% % 
P(k,s) = _ . ob o(k) = kVp. 
os StiKV,  s+io(k) pease: a= ha 


The sum appearing in the denominator of the rightmost above expression is critical. 
Those values of s for which the denominator is zero, i.e., s = —i@(k), are the poles 
of the integrand of Eq. (4.10), with an additional inverse Fourier transform of this 
integrand, but this is not essential here. The poles are the same and are identified 
by the dispersion relation, discussed at the beginning of the chapter. For our worked 
example here, w(k) = kVp. Having a solution to we may take the inverse Laplace 
transform to construct W(k, t), i-e., 


1 pete s. Wok) 
(kt) = — ag k) =KkV>p. 
Wks) Sales: Son oe 


Since the poles of the integrand occur on the imaginary s axis, the location of the 
integration contour of the Bromwich integral can be set to o = 0*, meaning to 
say that the contour is placed infinitesimally to the right of the imaginary s axis, 
so that the poles found on the imaginary s-axis are located only slightly to the left 
of the vertical part of the contour, in contrast to the situation depicted in Fig. 4.4b, 
where the poles are a finite distance from the imaginary s axis, because o > 0 and 
finite. Now, if we call C closed contour composed of the limits of integration of the 
Bromwich integral plus the infinite semicircular contour defined earlier and denoted 
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by C.., then it follows from the residue theorem that 


Lhe le=fo1 + Jor 
= 2niS,{Resiaesot | ° |} 


where WN is the total number of individual residues of the expression. This is 
schematically depicted in Fig. 4.4b. For our problem we would formally write 


O+ ie et 
[ joo 2Mi ot +f = 2ni oe 


al 


= ~ anid 8 Wk) = Vole“, (4.14) 
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where s; labels, in general, the poles in the integrand. Of course, in this case there is 
only the single pole located at 5s} = —ikV». Notice that for t > 0 the integral along the 
contour C.. is zero: because the semicircular contour extends out to infinite radius 
on the complex s plane by encompassing the K(s) < 0 axis, all contributions to the 
integral are killed off by the e“ term in the integrand. The solution for y(x,t) may 
now be constructed by applying the inverse Fourier transform upon the expression 


W(k.0): 
i /. Wk, te! dk 
x,t) = — ste 
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To continue the calculation, one has to refer back to the definition of the inverse 
transform found in Eq. (4.13); it follows that the last line above is the inverse 
transform of the function / evaluated at the “parameter” x — Vpt (instead of x). 
Thus the result of the last equation is simply 


W(x,t) = Wo(x—Vpft). (4.15) 


At first glance it would seem that we have expended an unusual amount of energy 
to obtain an otherwise simple result, derived previously with equal simplicity. 
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However aside from defining a mathematical machinery, the procedure also offers 
insights that would not have been had otherwise. We expound on this in the 
following section. 


4.1.3 Dispersion Relations, Phase and Group Velocities, Dirac 
Delta Function 


Suppose one is given any linear, first order, one-dimensional wave equation, 
with constant coefficients, for a function y, e.g., the Schrddinger equation (4.9), 
mentioned before, and further suppose that the initial condition of y is given by the 
function W(x). Then the general space-time solution y(x,f) is given by 


a a ike—i 
WOxst) = i _ Wolke Oak. (4.16) 


In general, we mean that one may “short-circuit” the Laplace transform stage of the 
process and, instead, express the solution of the system by evaluating Eq. (4.16) once 
the dispersion relation @(k) is known, because we know that the Laplace transform 
involves an integral along a path, like we had before, of a function whose pole is at 
s = —io(k). A shortcut way, then, to determine the solution for a linear equation, 
without having to go through the Laplace transform route is to assume solutions of 
the wave equation to be a superposition (sum or integral) of the so-called Fourier 
form solutions, i.e., 


Ayel tot (4.17) 


and insert this ansatz into the governing equation, utilizing the dispersion relation. 
We shall refer to an expression of the form (4.17) the Fourier or normal mode ansatz. 
A normal mode of an oscillating system is a pattern of motion, in which all parts 
of the system move sinusoidally with the same frequency and with a fixed phase 
relation. 

In the example of the simple wave equation (4.3), 


(—@+Vpk) Ace = 0, (4.18) 


and a nontrivial solution (i.e., Ay # 0) arises when @ = @(k) = Vpk, that is, @ 
is given by the above dispersion relation. In practice, when the dispersion relation 
is determined and provided that the initial condition is given, the spatio-temporal 
evolution of the system is determined wholly by evaluating the integral (4.16). 
Generally speaking for linear partial differential equations (not just limited to the 
wave equation), it is of central importance to ascertain the dispersion relation. Much 
of the analysis performed in this and also in a few subsequent chapters is organized 
around determining dispersion relations. Suppose that one is given the dispersion 
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relation (k). As we have discussed above, a sinusoidal monochromatic wave in a 
medium with this dispersion relation @(k), ie., 


y = Agsin [kx — o(k)d] =Aysin fh | t (4.19) 


will appear fixed in form to an observer who moves to the right with the phase 
speed V,) = w(k)/k. Depending upon the problem, the required observer’s frame 
speed may be a function of the wavenumber, k, because the dispersion relation 
need not to be of the simple form @(k) « k, like in electromagnetic waves in 
vacuum, but may be somewhat more complicated, e.g., @(k) = Vp(k)k, where the 
phase velocity is a nontrivial function of k. The mathematical underpinnings of this 
intuitive interpretation should be by now clear, given the discussion of the previous 
section. 

Let us apply now the concepts and techniques that we have developed, to the 
Schrédinger equation (4.9). Assume, as before, that the initial condition for the 
function y(x,t) is given as Wo(x). We may find the dispersion relation by inserting 
the Fourier form (4.17) into the governing equation and find 


Ap(—@+B?)=0 = a(k)=BR. 


Observe the first departure from our previous discussion. Whereas the phase velocity 
of the pattern is given by 


@ 
Vp = 7 = Bk, 
it is now apparent that it depends upon the disturbance wavenumber (thus wave- 
length). In this way, then, solutions of the Schrédinger equation are clearly 
dispersive. 

Before continuing any further with this example of the Schrédinger equation, 
we take a little detour motivating a new important construction called the Dirac 
delta function. This concept was already mentioned in Chap. 2 but was treated in 
an heuristic way, see, e.g., Eq. (2.106). Here we would like to base Dirac’s delta on 
a mathematically firmer ground. Consider a system that is wholly described by its 
Fourier form, and its initial (t = 0) condition is simply 


1 ; 
y(x,0) = Taghwe (4.20) 


in which A,, is the amplitude. If we compare this expression to its equivalent 
definition via its inverse Fourier transform, the structure of the initial condition may 
be reverse-engineered, i.e., 
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where, on inspection, we see that the functional form on the left-hand side of the 
expression is the same as the form of the integrand, at k = kg. So we may identify 
the initial data function W, in terms of a special kind of function. Actually, it is 
usually perceived as a generalized function, 6(&), called the Dirac delta function, 
after P. A. M, Dirac, a leading theoretical physicist of the first half of the twentieth 
century, who provided much of the mathematical basis of quantum mechanics and 
was among the initiators of particle physics and quantum field theory. The following 
identification practically defines Dirac’s delta function 


Wo(k) = Aky 5(k — ko) (4.21) 


and gives its basic property in the expression 


[8x0 )dx =F), 


which says that the integral of the product of a function and the Dirac delta 
function is the function evaluated where the argument of 6 is zero.* The following 
expressions clarify further its properties and those of its derivative 


e!™dx = &(k), 


gal 
[8 e—a0)f wld = =F" (20) 


where primes denote derivatives with respect to the argument of the function f. 
There exists also an associated function called the step or Heaviside function 
defined by 


0,x <0; 
a)={¢ x>0. 


Throughout this book, we shall set its value at the discontinuity H(0) = 1/2 and 
adopt its derivative with respect to x as the Dirac delta function 


‘There is considerable mathematical worry over the formalness of Dirac’s 6 as a true function 
per se. A useful conceptualization is to treat it as a distribution, familiar in probability theory. 
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This is consistent with all of our previous definitions as [™.d(x)dx = 
J". (dH /dx)dx = H(ce) — H(—-) = 1. 

Suppose now that we are interested in solving the Schrédinger equation with 
initial data w(x,0) = Wo(x), as given in Eq. (4.20). In other words, we can say that 
this system is initiated with power in no other wavenumber than k = ko. Its Fourier 
transform corresponds to a single Dirac delta function at ko, i.e., Wo(k) = Ag. d(k — 
ky). Given the preceding analysis, the time evolution of y is given by 


(x,t) = Ag elo—Ve) — Az, efkoleBhot) (4.22) 


With the initial data given as a Dirac delta function at ko, we find the time-dependent 
solution of the Schrédinger equation to be a rightward shift of the original pattern 
with phase velocity Vp = Bko. 

Now imagine a modified situation in which the initial data y(x,0) = Wo(x) has 
a corresponding Fourier transform, /(k), that qualitatively resembles a Dirac delta 
function centered at ko, but is not identical to it: it is an acceptable regular function, 
which is strongly peaked around k = kg and exhibits a strong decay on either side 
of k = ko. A function fitting this prescription, and one which also may serve as a 
reasonable facsimile of a Dirac delta function, when A —> 0, is the Gaussian 


1 _ (kk)? 
p(k; ko, A) = V2nA e 2A, (4.23) 


with the parameter A measuring the half-width at half maximum of @. Note that 
the symbol @ here should not be confused with its role as the azimuthal angle 
variable in both polar and cylindrical coordinates, for which it was used in other 
chapters of the book. The Gaussian above has been normalized, so that its integral 
is [~., 9(k)dk = 1. The resemblance of ¢ to the Dirac delta function is most apparent 
in the limit where the half-width approaches infinitesimally small values, i.e., 
lim, -0 9(k; ko, A) —> 6(k—ko) (see Fig. 4.5). For the discussions found in this book, 
we shall always interpret the Dirac delta function as representing something like 
the Gaussian functional form found in Eq. (4.23) in the limit of an infinitesimally 
small width. In practice, the meaning of infinitesimally small width (A — 0) shall 
be understood as a width A that is much smaller than any relevant scale L of the 
system, i.e., 0 < A < L and, as such, serve in approximations. The Dirac delta 
function, in addition to its general role in mathematical physics, is an important tool 
in facilitating analytical solutions to, e.g., fluid problems involving sharp interfaces, 
a situation we shall encounter in the upcoming pages. 

An initial condition Wo(x) whose Fourier transform is a strongly peaked function 
at some wavenumber ko, like that expressed by @ of Eq. (4.23), qualitatively depicts 
a function in physical space that looks like the form found in Eq. (4.20), but with 
the added new feature of a spatial modulation of the envelope of its wave extrema. 
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Fig. 4.5 Gaussian form with unit integral. It resembles a Dirac delta function in the limit where 
its width measure A — 0 


Such a spatially modulated wave train is called a wave-packet. If the peak is narrow 
enough, i.e., A is suitably small, then it stands to reason that the waveform will 
show a correspondingly long length scale modulation of the basic periodic wave 
form with wavelength Aj = 27/ko. Indeed, as depicted in Fig. 4.6, the wave-train 
corresponding to the Gaussian form @(k) is the exponential form (4.20) with the 
constant amplitude A;, replaced by a spatially modulated function that we call ®(x). 
In this example, that function is itself a Gaussian centered at x = 0 and decaying 
slowly (but surely) as |x| + oc. Speaking quantitatively, ® is the Fourier transform 
of @, as given above, 


Wo(x) = O(x)e#*, B(x) e 24”, (4.24) 


These features naturally lead into a new concept called the group velocity, a name 
that fleshes out the evolutionary consequences of initial conditions that are not in 
the form of exact monochromatic waves represented by Dirac delta functions in 
wavenumber. Instead, we imagine an arguably more realistic waveform, initiated 
with a Gaussian profile in wavenumber space. The group velocity, as a concept, 
provides some information on the bulk evolutionary character of a collection of 
waves initiated together. For example, let us consider the fate of a slightly smeared 
monochromatic wave form given by Eq. (4.24). Writing the dispersion relation 
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Fig. 4.6 The corresponding spatial form of Wo(x) whose Fourier transform is @ given in the text. 
The envelope A(x) is shown 


«(k) = Bk’ as a Taylor expansion around the peak value of k = ko and retaining 
only terms up to second order 


(k) = @(ko) + Ve(k — ko) + sVel(k- ko)’, 


in which the following identifications are made 


y= 22 , &o 
8 dk \ko’ 8 dk? Niky’ 


(4.25) 
we see that Vg, as given, defines the group velocity. In this particular example 
Vo = 2Bko and Ve = 2B. Now we insert this rewritten form of the dispersion 
relation into the general wave solution Eq. (4.16) and perform some rudimentary 
algebraic manipulations to reexpress it in a more revealing way: 


a ae ikx—i 
y(x,t) = al Wolke (Mak 


- se | v0" 


This expression describes what is called a wave-packet. We have a superposition 
of waves with continuous wave numbers, whose amplitudes are expressed by the 
function W%(k). The continuity of the superposition is reflected by the integral, a 
continuous sum, over k. If (%(k) is indeed a very strongly peaked function around 
k = ko, then we can define a new wavenumber variable 6k = k — ko to represent 
deviations from this peak wavelength. Inspection of @(k), as found in Eq. (4.23), 
shows that it is purely a function of dk and, therefore, so is the initial condition: 


Wolk) = Wo(dk). Thus 


cikoxti(k—ko)x—i[o(ko) +Ve(k—ko)+3 Ve! (k-ko)}t gy, 
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Up to this point, no approximation has been made in developing the solution to the 
Schrédinger equation with a general initial condition {%(k). It is perhaps the right 
place to point out that we have used the Schrédinger equation, for no other reason 
than its being a familiar wave equation whose dispersion relation w(k) is nontrivial, 
but the equation is linear. This allowed to meaningfully define V, and distinguish 
it from Vp. The full solution is completed after evaluating the integral found in the 
above expression (see Problem 4.3). We can extract some insight without evaluating 
exactly the integral. Certain properties may be inferred for strongly peaked initial 
conditions t%(dk), for example, like the form @(k) found in Eq. (4.23), by dropping 
the term proportional to 5k? in the exponent. Formally speaking, dropping this 
term is acceptable only if one is interested in the evolution of the system for times 
significantly shorter than some maximum time fmax = 1/(V,' - A) (also verified in 
Problem 4.3). With this omission, the solution for these relatively short times is 


Wlx,t) = @(x—Ver)e0(™Ve4) (x Vet) = cm J woldb ee) ak. 
T J—co 


(4.26) 
The result can now be interpreted in the following way: the monochromatic wave kg 
with phase velocity Vp = @(ko)/ko has as an amplitude envelope function ® whose 
argument depends only upon the expression x — Vet, i.e. B(x,t) P(x— Vet). It 
indicates that in the frame moving rightward with the group velocity V,, function 
® appears unchanged. One can envision this fixed shape @ as defining an envelope 
function for the monochromatic wave in which the relatively high frequency action 
of the basic carrier wave (the basic wave with phase speed Vp) is amplitude 
localized around, for example, x — Vgt = 0 (see Fig. 4.7). Problem 4.3 examines the 
results of this interpretation against the exact solution of this Schrddinger system 
with the initial condition yw(x,t = 0) = @ given in Eq. (4.24). Although we will 
demonstrate this more explicitly in the upcoming sections, we should point out 
here that the group velocity typically is associated with the propagation of some 
physical quantity of the system under scrutiny. In FD applications, it will indicate the 
direction of propagation of the disturbance energy. Physical interpretation usually 
dictates that the quantity of interest will involve the square, or, in the complex 
function case, the absolute value squared, of the resulting wave solution, which 
may also carry information. If, for example, we interpret y as the wave-function of 
a quantum mechanical system, a physically meaningful and measurable quantity is 
the probability amplitude (in standard quantum mechanics interpretations) given by 
|y|?. In what we have developed thus far this would be 


wx [ox —ver etl)! —|o(e— ven)” 
vl? |@(x—Vet)e =|o(x—v,0)|". 
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Fig. 4.7 The forward propagation of a mainly wavy initial condition with envelope function ®. 
The bulk of the wave-train (where the amplitude in @ is extremal) propagates rightward with 
group velocity Vg even though the individual wave pattern within exhibits a phase velocity Vp 
which is not always the same as Vg. In the figure, for display clarity, it is shown that the maxima 
of the modulated wave coincide with the maximum, of the envelope. This is, of course, true only 
if Vy/V> is a rational fraction 


Although we have introduced this concept through the specific solution of the 
Schrédinger equation, the conceptual framework of the group velocity carries over 
to any solution of any wave equation. The approximations we have used and the 
perspective we have developed here in interpreting the solution to the classical 
Schr6édinger equation help in rationalizing the dynamics that emerge in a whole 
class of fluid problems. For example, a solution to a general wave equation may 
have a much more complicated dispersion relation @(k). Nevertheless, together 
with an initial condition that is strongly peaked around some wavenumber ko, or 


set of wavenumbers Ku ) Jj = 1,2,...,N, where N is some finite integer, the concept, 
interpretation, and consequences of the group velocity will similarly carry over. 
We will see shortly that in certain wave propagation problems, the group velocity, 
evaluated in a multidimensional wave problem, will indicate the direction of energy 
propagation which is not always even in the same direction as the corresponding 
phase velocity. 
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4.1.4 One-Dimensional Unidirectional Nonlinear Waves 
and Their Breaking 


We take a brief detour and introduce a way of intuitive thinking involving the 
progression of nonlinear waves. The approach grounds a certain amount of physical 
intuition into the notion of nonlinear wave distortion and relies on a perspective 
introduced in Chap. 1, namely, of the Lagrangian coordinates. From the mathemat- 
ical point of view, we are talking about the method of characteristics, as applied 
here to incompressible waves. This method will be discussed in considerable detail 
in Chap. 6, before being applied to compressible flow. The mathematical solution 
expressed here, albeit in an implicit form, is simple. We show here how to connect 
the mathematical construction and derived solution to its physical manifestation in 
the hope that its intuitive power becomes apparent. 


4.1.4.1 An Implicit Solution 


Let the wave equation, for the function (x,t), be 


oP +Vv(o) <= =0, (4.27) 


in other words, the wave equation is characterized by a phase velocity V, suppress- 
ing the subscript “p” usually used to denote the phase velocity, which is a function of 
the wave-function itself @. Suppose also that at some initial time ¢ = 0, the function 
@ is initiated by some given function in space @(x,0) = @o(x). Assume now, if only 
for the sake of the following demonstration, that the functional form for the phase 


velocity is given by 
V=Vo+9. 


The solution for the above system, valid, as we shall see, only for a limited time is 


-1 
6(x,1) = Go]x— (Vo + o)¢], for t<t, where wamin{ (2) \ 


and in the following discussion we prove it by showing how this solution is 
constructed. We stress here the curiosity that this solution is both implicit in its 
argument and, under certain conditions, is valid only up to a finite time, indicating a 
discontinuity (see below). We shall both prove this statement, discuss what it means, 
and show how it may be geometrically intuited from simple kinematic arguments. 
With V as given above and in accordance with standard linear wave theory, we may 
introduce a new variable 
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& =x-—Vot (4.29) 


which represents a coordinate that moves with speed and direction indicated by Vo. 
In these new coordinates, the general nonlinear wave equation (4.27) is reduced to 
what is the celebrated Burgers equation: 


d¢ ao 
ae +¢@ aa 0. (4.30) 
The solution’s form found in Eq. (4.28) comes from directly inputing the ansatz 
@ = F(& — $f) into Burgers’s equation itself. It indicates that the quantity @ is 
some unspecified function F of an argument algebraically including itself. The 
curiosity of the implicit definition of the solution is handled, of course, via chain 
rule differentiation. Defining the variable 5 = & — ot 
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Thus, putting this expression directly back into (4.30) we find the requisite 
cancellation, except for a troublesome feature, i.e., 


dd 06 OSE +055 (9-0) FE 
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While the numerator cancels exactly, indicating that this solves the system, there is 
a problem associated with the denominator if it ever crosses zero and the continued 
satisfaction with this solution cannot be ensured. With the function F identified 
with the initial distribution ¢o9, we define the first moment this can happen as the 
time that the wave “breaks” and we will associate with it the symbol 4, defined by: 


ty = min(—1 “ee ) . In amore rigorous way, we say that at time #, the solution 
. x 


develops a weak discontinuity. This appears again in our discussion of shock waves 
in Chap. 6. It is important to keep in mind the following subtlety: if we accept this 
solution as a valid one, even for a finite time, until 4, then the functional form 
and evolution of the solution depends critically upon the functional form of the 
initial disturbance of @, i.e., do(x). Therefore, the solution @ = ¢9(§ — @r) and the 
breaking time fp, if it is reached, is evaluated from the functional form of the initial 
distribution @9. One immediate consequence is clear: if d@o/dx is never negative, 
then there will be no possibility of wave-breaking. Below we shall sequentially 
develop the intuition that should help to better understand the meaning of this 
solution. 
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4.1.4.2 Characteristics: A Qualitative Demonstration for a Linear Wave 


We shall now consider, for the sake of a qualitative understanding of the use of 
characteristics in an incompressible fluid, a linear example with the flow field set a 
priori. Consider a physical quantity expressed by the function F(x, t), which at some 
initial time t = 0 is given by the spatial function F(x,t) = F,(x). Assume that this 
quantity is subject to a velocity field V(x), which is spatially dependent, but fixed in 
time. This means that at ¢ = 0, a fluid particle at a point x is endowed with a value 
of F equal to F,(x). Then the path X(t), defined by the solution of the differential 
equation 


v(x) =O A¢=0) =x, (4.31) 


on which the following is also satisfied 


dFo 
basi! =0 4.32 
dt : ( ) 


x=X(t) 


will be such that, along it, the quantity Fo will be constant. In other words, Fo, at a 
given starting position xo, will remain the same along the path x = X(t) given by the 
solution of the first order differential equation for X(t) in which x = x, is the value 
of x att =0. 

The physical consequence of this interpretation is illustrated in Fig. 4.8, depicting 
the fate of a tent-like localized pulse in F,, initiated wholly in a region x < 0. The 
velocity field we consider is simple: V(x) = V_ for x < 0 and V(x) = V, for x >0 
with V,; > V_ > 0. Consider four points belonging to the initial profile labelled by 
their corresponding positions in x, e.g., x1 < x2 < x3 < x4. We further suppose that 
associated with these labelled points are four values of the quantity, which is to be 
advected F; (i = a,b,c,d) such that F; = F,(x;). According to the flow dynamics, 
each of the labelled points will have their position readings kinematically evolve 
according to the prescription above, with their positions given by x = X;(t) with 
X;(t = 0) = x;. Along each path X;(t) the corresponding values of F; are preserved. 
When the x value of each of these trajectories remains less than zero, each element 
labelled by i moves rightward with a velocity V_ in accordance with our established 
intuition. So while the entire pulse structure remains within x < 0, the evolution of 
the distribution F, moves with simple parallel pattern translation without distortion. 
However, the leading trajectory associated with label xg reaches x = 0 before the 
others. Once it passes this point it will continue forward with the faster speed V_. In 
this way distortion is experienced by the structure, as indicated by the illustration. 
Once the entirety of the pulse has passed beyond x = 0, its shape will still be 
recognizable but it will look stretched out. As is apparent from this depiction, the 
effective “wavelength” of the structure becomes longer. In this simple case, when 
the velocity field is given, it is easy to get the evolution of F (x,t) following the flow, 
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Fig. 4.8 Linear tent-like wave-form of the function F propagating rightward in a medium with 
two constant phase velocities on either side of x = 0. While totally contained in x < 0, the wave 
propagates rightward with constant velocity V_ and preserves its shape. However, as the waveform 
crosses x = 0 the phase velocity of the medium is a different constant V, > V_ and the shape 
deforms, e.g., at t = f2. Once the wave structure has completely crossed x = 0, here it happens at 
t = 13, the wave has an effectively larger wavelength 


which, as we have discussed in Chap. I, is just 


DF OF OF 
= ot V@s, =o (4.33) 


for the initial distribution of F'|,-o = F, (x). The physical outcome of an equation like 
this, written in Eulerian form, may be understood within this intuitive framework. 
All that is now necessary is to appropriately interpret the meaning of the velocity 
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term in the wave equation, i.e., V(x) in (4.33). With this in mind we can now apply 
the same interpretative scheme to an equation like (4.27) and, in particular, develop 
a working mental image of how V(@) dictates the time-evolution of the solution. 


4.1.4.3 Characteristics: Analysis for Burgers’s Equation 


Building upon the tools of the last section, we examine the solution to the Burgers 
equation (4.30) from the perspective of characteristics. For the sake of simplicity we 
consider the case Vo = 0, so that we have & = x, see (4.29), otherwise we would have 
a time-dependent horizontal shift to the right x +> x — Vor. As before, we imagine a 
localized disturbance of (x,t = to) given by @o(x) > 0, Vx. By examining Fig. 4.9, 
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Fig. 4.9 One-dimensional nonlinear wave breaking schematic drawing. The shape of the wave @ 
is shown for two times. The speed of translation of the wave pattern is locally determined by the 
value of @, which does not change as the wave moves and distorts its shape. Breaking (onset of 
weak discontinuity) is indicated at t = t; when the points X, = X; = X,. Note that the shape of 
the wave distorts as it progresses forward in space and time. On the side of the wave structure in 
which d@ /dx < 0, the two extreme ends of the labelled points are separated from one another by a 
distance Ax = xg — Xa. Up to the beginning of wave breaking the value of Ax shrinks continuously 
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we similarly select four points on the profile @ at t = fo labelled by their x-coordinate 
positions (at f = fo), xj. Similarly we note the corresponding value of do at these four 
positions, $;, i= a,b,c,d. Now the key point to realize is the following: the velocity 
of the points on the structure is determined by the value of the structure at the initial 
time since in the Burgers equation the speed of the wave in @ is equal to the value of 
@ at the relevant point. Thus the initial disturbance @ (x,t = fo) = $o(x) determines 
how each individual fluid element of the initial disturbance moves forward in time. 
So, for instance, if we consider a fluid particle associated with the wave at point x, 
and corresponding to it having the value of @ equal to ¢, = @o(xz), then the forward 
time trajectory of this point on the waveform is 


Xa(t) =Xat a(t — to). 


As this “x,” labelled element moves along, it also preserves its associated value of 
$o(x), equal to dy. In general it follows that the time evolution of each point on the 
wave, starting from (and labelled by) x;, proceeds according to X;(t) = x;+ @; (t—to). 

As the figure indicates, since the elements of the disturbance travel rightward 
with differing speeds, there is the distinct possibility that two separated parts of 
the propagating disturbance may meet at some later time. But this is problematic, 
because it would imply that some point in space (call it X,) at some specific time 
(call it #1) would harbor two different values of $9(x). However the initial condition 
go is assumed to be a well-defined continuous function (we did not spell it out, 
because this is not a mathematics book). So this is an impossibility. Physically, 
the time at which this occurs indicates wave breaking. In reference to Fig. 4.9, for 
instance, let us consider the two adjacent elements of the original disturbance x, 
and x;. If such a breakdown point exists for a time t), then it means Xp(t1) = X- 
(t 1) = X,. So 


Xo Xb 1 
de— bp  —- $e) 404) 


Xp—Xe 


xp t bp(ti —t0) =Xet+oc(t1—t) => (t-)= 


Notice that since x.— xp, > 0, the value of t; — fg is greater than zero only if 
0 (xc) — ¢0(xp) <0. As the figure indicates, the special point X, would correspond to 
two different values of ¢9. This means that there is a tendency to form a discontinuity 
if @o(x) is a decaying function of space. As this time is approached, the wave 
appears to steepen until a discontinuous feature appears, with singularity in the 
first derivative. The wave technically breaks for the earliest possible time which 
corresponds to the minimum value of all possible combinations of t; — fg in the 
expression above. Since we assume that the initial profile @9(x) is a continuous 
and differentiable function, it follows that the earliest possible instance for which 
breaking is possible occurs at a time Af, after fo: 


-1 
Aty = min(1 — to) =min< — (=) 
dx 
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If Vx, do /dx > 0, then there is no danger of wave breaking. Physically speaking, 
when this multi-valued situation arises the system undergoes a process in which a 
shock front appears and propagates at some speed. This concept will be handled 
more formally, for compressible fluids, in Chap.6. We should note here that 
in reality a fluid system characterized by the Burgers equation may have some 
viscosity. So as the propagating front steepens and the tendency of developing into 
a discontinuous jump is approached (a shock), the viscosity, however small, tends 
to smooth out the rough edges on the steepened side of the developing disturbance. 
In those cases one may find a propagation of a front which, over time, decays due 
to the viscosity. 

In Chap. 6 we shall delve deeper into the mathematical theory of characteristics, 
in particular for handling fronts and shocks associated with compressible fluids, 
in which disturbances of any kind propagate at the speed of sound, complicating 
the dynamics. Here, in incompressible fluids, the speed of sound is nominally 
infinite, but the mathematical similarity to relevant equations facilitate the use of 
characteristics. 


4.2 Gravity Waves on Water Surface as Irrotational Flows 


The exposition of the propagation of linear waves over the surface of water in a 
constant gravitational field, treated as an irrotational flow, is an ideal setting to intro- 
duce procedures including linearization and its justification through basic scaling 
analysis, as well as development of linearized disturbances and the consequent wave 
motion. Near the end of this section, we will introduce a rudimentary mathematical 
modeling of surface tension and its possible role in such surface gravity waves. The 
overall discussion is quite detailed in order to introduce some general mathematical 
tools that will not only be used throughout the rest of this book, but also may have 
applications in other branches of physics. 


4.2.1 Formulation 


We examine the behavior of a constant density fluid configuration involving only 
two spatial dimensions: x for the horizontal and z vertical. Constant, antiparallel to z 
the gravitational force per unit mass, g, is assumed to act on the system and this is a 
good approximation if the region we consider has a very small depth and height, as 
compared to the Earth’s radius. We should also keep in mind that all of the following 
discussion generalizes if a second horizontal dimension y is included. The velocities 
corresponding to the Cartesian directions are (u,v,w). As stated above the fluid is 
incompressible, moreover we choose it to be constant density and it is assumed to be 
irrotational as well. This situation allows for potential flow, which was described and 
investigated in Chap. 2. In the present model, the fluid is ideally infinite in horizontal 
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P(z,.z2>z,t)=0 z>2, z,=0+-(2,t) 


Fig. 4.10 Geometry of incompressible surface water waves. Note that we chose to mark the 
pressure above and on the surface as being equal to zero, while in real circumstances it is the 
atmospheric pressure Paim. Will it make a difference in the waves equation of motion? 


extent and in equilibrium its surface level is at z= 0. Let the surface of the disturbed 
fluid be z = z,. Since initially we shall investigate the linear case of surface gravity 
waves, Zz; will have to be small in some sense, which we will define more precisely 
momentarily. We allow for a more general case than just flat bottom and assume that 
the bottom of the body of water is located at z= —Ly. A schematic depiction of this 
system is given in Fig. 4.10. 

In Sect. 2.4 we saw how an incompressible irrotational fluid is described by a 
velocity potential u = V@ where @ is a solution to the Laplace equation, 


Vo =0, (4.34) 


here, two-dimensional. We shall now call the vertical deviation to the water’s surface 
equilibrium, which is at z = 0, due to a small disturbance 1)(x,t), a function of 
position and time. The location of the surface of the fluid with the perturbation z, is 
then 


Zs =0+n(%,1), 


or, in other words, we prefer to use 7) rather than z, to denote a perturbation, in 
accord with widely accepted notation. Since the irrotational fluid of constant density 
is in a constant gravitational field, the evolution in terms of the velocity potential 
is described by the corresponding Bernoulli’s equation. The various cases for the 
Bernoulli formula were discussed at length in Chap. 2, Sect. 2.3.5. Here we use the 
version called case 3b there. Thus 


nd 


1 2 Pp 
a +5 (Ve) + 5 te =fl0 (4.35) 
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where we have used external constant gravitational acceleration g pointing down- 
ward and f is an arbitrary function of time only. The pressure above the surface is 
the atmospheric pressure and since the surface height changes by only a little, we 
may put 


P _ Patm 


= const = Ho, (4.36) 
p Po 


since the fluid has constant density po say. Now the freedom in f(t) allows one to 
absorb Hp — f(t) in 0@(t)/Ot changing nothing in the physics. So the result of the 
appropriate Bernoulli’s equation is 


ag 14 = 
a ta" +gn =0, (4.37) 


and this is correct at z= 1) (x,t). We now linearize the surface condition by dropping 
uw from Eq. (4.37) and since on the free surface 


— +u— =w on z=7(x,f), (4.38) 
it yields w(x,n,t) = 07 /dt. One can also Taylor expand w on the surface thus 


w(x, 1,¢) = w(x, 0,1) +n + HOT. 


Neglecting terms of higher order than the first gives: 


an, a _an 
ot Oz ot 


w(x, 0, f) on z=0. (4.39) 


Linearizing now the condition for the pressure, which is Patm at (x,t) and using 
the equation of motion in the z direction and the possibility to express velocities as 
potential gradients, we finally get 


“e + gn =0 on z=0. (4.40) 
To complete the setup of this problem we have to establish a kinematic condition, 
connecting the moving surface z, (x,t) = 1)(x,¢) to the interior velocity field. As we 
discussed in Chap. 1, the motion of the surface is monitored by imagining the 
initial undisturbed surface’s fluid particles labelled for the purpose of its Lagrangian 
description. It is almost a tautology to say that, in reference to the moving surface, 
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the surface has zero velocity. Focusing for a moment on the function Z(x,z,t) = 
z—1(z,t), it is thus evident that its Lagrangian time derivative is zero on the surface. 
Thus the kinematic boundary condition for the surface is 


DZ _aZ, AZ, az 
Dt” ot ar * Oe 


=0 for z= 7(x,1), (4.41) 
Using the above definition of the function Z we can identify 
0,Z = —,N, uo,Z = —OxN wo.Z = w. 


So the kinematic condition (4.41) evaluated at the perturbed surface z = z; = 0+ 
1) (x,t), in accord with the above definition, is equivalent to Eq. (4.38): 


oO u(x.) = w(x, 7,1). (4.42) 
This expression for the moving surface, as viewed from the laboratory frame, 
appears simple, however it proves to be quite challenging to handle in general 
circumstances. If the velocity fields are given a priori, then there is no trouble in 
following the moving surface. However, if the determination of the velocity fields 
dynamically depends upon the motion of the surface, then working with Eq. (4.42) 
involves some nuance. Below we show how to work with this in a relatively simple 
way for problems involving linearized disturbances. At the end of this chapter, we 
demonstrate how this equation can be handled in a nonlinear case—the example of 
solitons propagation in shallow or deep water. 

To recap the situation for this incompressible irrotational fluid layer in a constant 
gravitational field: the velocity field in the interior fluid is given by the solution of 
the two-dimensional Laplace equation (4.34) for the velocity potential. The corre- 
sponding solution for the velocity must concurrently connect to the relationships 
governing the disturbed surface through Eqs. (4.38)-(4.42). This system forms a 
generalized nonlinear set of PDEs. To showcase how one goes about developing 
solutions of this system, we treat below the equations governing the linearized 
system in which the equilibrium state is a still fluid (z, = 0) sitting atop a flat bottom 
boundary located at z= —L, (Ly > 0). 


4.2.2 Linearization and Waves: Scaling and Normal Mode 
Analysis 


From a mathematical point of view, linearization typically involves the following 
procedure: 


1. Introduction of small disturbances about an equilibrium or mean/steady state, 
for all dependent variables. 
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2. Substitution of the dependent variables plus the disturbances into the governing 
equations of motion. 

3. Bringing the equations into the most transparent form by algebraic manipulation 
and ignoring all disturbance quantities appearing that are quadratic products and 
higher. 


It should be remarked that the first step can be performed also on states that are 
steady oscillatory. From the standpoint of a scaling analysis, linearization per se is 
justified if the discarded terms are significantly smaller in magnitude compared to 
the other terms that are kept. Clearly, assuming that one is dealing with continuous 
and differentiable functions, a disturbance can be introduced arbitrarily small to 
achieve this desired disparity. In practical situations, however, one would like to 
have some measure of the dependent variables’ magnitude, typifying the system 
under consideration in order that one may use it as a comparison to the disturbances 
themselves. In other words, when we say small we have to provide a measure of 
small compared to what? The answer is that we are after an approximation up to the 
accuracy of quadratic divided by linear terms. Below we demonstrate this procedure. 

Following the linearization procedure as enumerated above, we start with a fluid 
that is at rest. Since the velocity field is determined by the potential @, the steady 
state potential is a constant in space and time, call it @9. Thus the potential is 
written as 


> = b0+9'(x,z,1), 


where the prime notation hereafter indicates that the said quantity is a disturbance. 
According to u’ = V@’ the corresponding velocity components are 


oo’ 
ar er a. 
u = 0+ (x,z,t) x” 
/ 

ee eer cer eae 
Oz 


The velocity potential must satisfy Eq. (4.34) which amounts to 


2m! 2a 

of oe =0. (4.43) 
ox az 

The solution of this equation requires boundary conditions in both the z and x 
directions. We will treat in this case the horizontal direction as unbounded. For the 
boundary conditions in z if we require that there is no normal flow at the bottom 
boundary z+ Lp, = 0, or z = —Lp, then since in this example Ly is a constant, the 
kinematic condition amounts to requiring that the vertical velocity disturbance w’ 
be zero at this location: 


nee 


w(x, —Lp,t) = =0. (4.44) 
dz z=—Lp 
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This example is limited and if we suppose, instead, that we have a general velocity 
vector u(x,y,z) and a bottom surface S,, defined by S, (x,y,z) = Lo(x,y) +z =0, 
the explanation of what should be done in this case of a general bottom surface is 
not long. The requirement that the normal component of the velocity to the surface 
must be zero is expressed as 


VS AVAY 
(u: b ) =0 => («- 2 ) =0. 
IVS, | Sp=0 IVS, | z=—Lp (x,y) 


If the functional form of the bottom surface shape S, has no mathematical 
pathologies, then this condition simply becomes (u- VS;).__ 1, — 9. Since in the 
above example of a flat bottom S, = z+ Lp = 0 the no normal flow condition 
amounts to w’ = 0 at the surface S, =0, ie., z= 2 = —Lp. If the bottom has some 
topography to it, ic., L, = L,(x,t), then S, = z+L,(x) = 0 and we must have 


Oy _ 


w +u ax 0, on z= —Lp(x). (4.45) 
Summing up now the equations governing the disturbance terms of the velocity 


potentials in the present case, we write 


1 | /ae’\? (ae’\? 
AOL» « 
an an oo’ _ (290 
Ot = ax (2 ) ( Oz ) oe) 


where the second condition follows from Eq. (4.42). The Laplace equation (4.43), 
and the bottom boundary condition, which is Eq. (4.44) for a flat bottom, are also 
obviously needed. A striking illustration of gravity waves on Lake Superior is given 
in Fig. 4.11. 

Linearization amounts, as explained above, to neglecting products of perturba- 
tions which, in this case, appear only in the first term on the right-hand side of 
each of the above two equations. The justification of this neglect is the following. 
The perturbation in the velocity potential @’ scales as ugLo with Lo representing the 
horizontal and vertical scales of motion, here assumed to be of the same order of 
magnitude, and uo the disturbance velocity scale. Now, let No represent the length 
scale of the surface perturbation. Then the relative scalings for the right-hand side 
of Eq. (4.46) are 


2G) +E) 


og’ 
ot 


=O(u) and gn = O(n), 
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Fig. 4.11 Gravity waves on Lake Superior. (Public Domain. Author: NASA/JJohnson Space Flight 
Center. Image cropped. Courtesy of NASA via Wikimedia commons - http://eol.jsc.nasa. gov/Info/ 
use. htm) 


while for Eq. (4.47) they are 


an (0¢'\ (No ag'\ _ 
(S$) = (Bu) and (SE) = ow). (4.48) 


Focusing first upon Eq. (4.48) we see that for the nonlinear term to be much 
smaller than the linear term, that is, making the latter dominant so that the 
following is necessary: No/Lo < 1. In the preceding equation the same linear over 
nonlinear dominance holds if ua < Nog. These two strong inequalities are mutually 
compatible if 


ub Kgl) => us < Cg, where cy, = /glo. 
The gravity wave-speed Cg, being a natural unit of velocity in this system, becomes 


the measure by which all other perturbation quantities will be assessed. From this 
scaling analysis we say that the system is in the linear regime if both 
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1. The disturbance velocities uo are much smaller than cy. 
2. The height disturbance No is much smaller in scale compared to the typical 
horizontal and vertical scales Lo. 


To complete this discussion, we now define a naturally occurring timescale fo = 
Lo/cg wherein it follows that the time derivative terms on the left-hand sides of 
Eqs. (4.46) and (4.47) scale, respectively, as 


c on c 
=0( Lou) =0 — =6( 8 
(3 ow (Ceuo) , EP (3 nn) ’ 


and, as such, in order for these terms to be balanced to the corresponding linear 
terms on the right-hand side of the same respective equations it must be that the 
height perturbation scaling No = @ (Cguo/g) = O (Louo/cg). Thus, the linearization 
of Eqs. (4.46) and (4.47) yields now simply 


ag" 
ot 


ag! 


ap. - = —8snN, (4.49) 
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— = |{ 4. 
a(S) 4.50) 


together with the linear equation (4.43) and the boundary condition in Eq. (4.44). 

The central PDE to be solved is the two-dimensional Laplace equation and so the 
natural way to construct a solution is by assuming Fourier forms for the dependent 
quantities: 


¢' = § (jel (Vor) tec, N= felt (ser) +c.c., (4.51) 


where the horizontal wavenumber is k and the corresponding phase velocity, as yet 
undetermined, is Vp. We are concerned with developing a dispersion relation for Vp 
and, as such, we are performing a normal mode analysis of the system. There are 
a number of subtleties associated with this procedure that will be addressed in later 
chapters. The notation “c.c” is a shorthand for the words complex conjugate and 
adding it to a complex quantity verifies that the sum is real, as all physical quantities 
should be. Another possibility to achieve the same is to take the real (or imaginary) 
part, when we are using complex numbers as physical quantities. 

With the Fourier ansatz, the Laplace equation (4.43) turns into 


and, when subject to the boundary condition at z = —L», admits the solution 
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§ = Acosh [kz +1s)| (4.52) 


where A is an arbitrary amplitude. At this point we are ready to complete the solution 
by constructing solutions of (4.49)-(4.50), but before doing so we have to address 
one last important matter. Inspection indicates that the potential ¢’ and its derivatives 
must be evaluated at z = 7. Given that 7 is small in the sense we have heretofore 
explained, it means that we can achieve the above goal by performing a Taylor 
expansion of @’ around z = 0, in other words 


/ _ ht i ag! i 1 a9! 2 
ob (x,z= 1,1) = 6'(x,0,2) 4 & ao ta\ 52 5! +HOT 


Examination of the expressions on the right-hand side indicates that the linear term 
is larger than the first nonlinear term by a factor of N9/Lo by the same scaling 
arguments developed earlier. In this way Eqs. (4.49)-(4.50) become approximately 


ag’ 

ra i + —8T), (4.53) 
an _ (ag' 
an er (4.54) 


where the evaluation of the terms at z = 0 introduces an inaccuracy of the same order 
of magnitude as the other nonlinear terms that may be neglected in the above Taylor 
expansion of @’(x,z = 7,0). Substituting the above solutions, which are in Fourier 
form, from Eq. (4.51), together with the vertical structure equation (4.52) into the 
above equations we find the following algebraic relations: 


—ikVpAcoshkLyp = gf}, —ikVpfh = kAsinhkLy. 


This pair of equations can be solved for A and 17; the non-trivial solution gives V,,, 
which with the identity @ = kVp, leads to 


Vp? = 7 tanhkL <=} w= gktanhkLy, (4.55) 


giving the explicit dispersion relation: 


w(k) = +,/gktanhkLp. (4.56) 


We note that two waves are admitted by this system, one left and one right 
propagating. 
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Of interest also are two limits of @(k). The first, so-called deep water waves, is 
the one in which the horizontal extent of the disturbance is much smaller than the 
vertical depth of the fluid, thus kL, >> 1. In this case tanhkLp ~ | and the dispersion 
relation, with the corresponding phase velocity Vp, becomes 


oO ~ gk, => Ort ek, and Vp&®x _ 


A curious feature of deep water waves is the property following from the above: 
as the wavelength is increased the oscillation frequency diminishes, yet the phase 
speed increases! Additionally, the group velocity Vg is 


do 1 /g_ , 
Me OE HOY RS 2h 


indicating that V,, which is the speed of the propagation of energy, equals half the 
phase velocity and is in the same direction as Vp. The other limit is opposite, namely, 
the horizontal extent of the disturbance is large compared to the vertical extent of the 
fluid. This physical setting is, in fact, the shallow water case. In this limit, wherein 
kLy < 1, it follows that tanhkLy ~ kLy and 


oo & gLyk*, = a tk/ gly, and Vp xv/glyp. 


This system is explored in more detail in the context of shallow water theory 
(Sect. 4.3). 

Let us round out the discussion by briefly discussing the physical visualization 
of a surface water wave, asking the simple question: how does the position of a 
tracer on the surface, e.g., a very small buoy, approximating a fluid particle with no 
inertia, respond when a surface wave passes by. The vertical position of the surface 
is represented by the variable 1, so let us say that we are witnessing a waveform for 
it, given by 1 = Acos [k(x — Vet) |, where A is an arbitrary small amplitude. Using 
the relations between the linear quantities established above, in this case explicitly 
0;6' = —gn (at z= 0), we find that the velocity potential at the surface z = 0 is given 
by o' = [Ag/(kVp)] sin [k(x —Vpt)]. We are after the Lagrangian coordinates of an 
element initially at point x at the surface (z = 0). Denote its horizontal Lagrangian 
position by x’ and the horizontal Eulerian velocity field at z = 0 by up(x,t) = 0x’. 
The appropriate relations between the Eulerian and Lagrangian descriptions, in the 
linear case, are 


ox! oo! 
z=0 - c z=0 = u'(x,z = 0,t) = uy (x, t) 
=> y= aan [k(x —Vpt) | : 


kVp? 
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ot=x n(z,t+ 7) 


Fig. 4.12 Trajectory of an inertialess, very small surface buoy in the presence of a rightward 
moving surface wave given by ) = Acosk(x— Vpt) 


We can use these expressions now to trace out the position of our tracer buoy. Let 
us follow, therefore, the position of the buoy which at rest is located at z= x = 0. 
The coordinate pair indicating its position would be written, parametrized by time, 


as [x(t),z(t)]: 


[0.7] = [x'(x=0,0),0(¢=0,1)] =A las sin (kV pt) ,cos (kVpf) |. 


The implication of the above is found by the form of the tracer (buoy) trajectory. 
It is schematically plotted in Fig. 4.12. This example tracer buoy executes elliptical 
motion as the rightward moving wave passes by, instead of the often erroneous 
notion that the buoy just bobs up and down only. The x and z coordinates of the 
buoy’s position satisfy the relations of an elliptical curve. 


2 2,2 
A 
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4.2.3 The Effect of Surface Tension 


Surface tension is a physical phenomenon appearing on the interface between two 
fluids or a fluid and vacuum. Microscopically it is easy to understand this heuristi- 
cally, but the details require a deep understanding of the cohesion forces between 
the microscopic particles. Any microscopic particle in the bulk of the fluid expe- 
riences equal cohesion forces from all its ambience, i.e., its neighbors, assuming 
homogeneity, and is subject to thermal random motion. The film “Surface Tension 
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P(z,z,t)#0 


Fig. 4.13 Schematic surface wave train. Note the shaded area, on which we’ll focus in the next 
figure 


in Fluid Mechanics” in the site of NCFMF (web. mit .edu/hml/ncfmf .htm1) 
contains some nice demonstrations. Microscopic particles that lie on, or very close 
to a boundary with another fluid, experience different interaction with the material 
on their side of the interface from the interaction with the material on the other side 
of the interface. Since we have adopted at the outset a continuum approximation, 
we may say that to move a differential element of the surface, dS, a finite very 
small distance Hd6€ in its perpendicular direction will, on the average, require an 
investment of mechanical work dW = 6F -fdédS, where OF is the finite difference 
in the cohesion forces between the two sides. We may thus attribute to the interface 
surface element dS an energy dW. Defining y, = dW/dS we get a measure for 
energy per unit area that can be attributed to the interface per unit area at that point. 
Ye is called surface tension and it is often interpreted as tangential surface force 
per unit length. The following elementary discussion will suffice for our purposes, 
enabling us to include surface tension effects in the physics of linear surface waves. 
In Fig. 4.13, a long wave train is schematically depicted again but the purpose 
is to focus our attention to the shaded area, which is important for our upcoming 
explanation of the surface tension effect. The linearized Bernoulli’s equation, 
without surface tension effects taken into account, helped us above to get an 
approximation to one-dimensional surface waves and their properties. Now our 
purpose is to supplant it with the contribution of surface tension. Focusing on 
the shaded region in Fig. 4.13 we sketch the forces per unit length, acting on the 
curve representing the water surface as projected on the plane y =const., say, or 
any plane parallel to it, similarly to the what is depicted in the above mentioned 
shaded area. We obtain a one-dimensional curve and look at its short segment, 
whose x-coordinate is between x; and x2. This segment, Ax = x2 — x;, is shown 
at equilibrium in the lower part of Fig.4.14. The forces per unit length acting 
on the segment are T on each side. When it is displaced upward by (x,t) the 
horizontal components of the forces are in equilibrium as there is no horizontal 
motion at this linear approximation. Thus we have (T2 cos 6) — T; cos 0, )Ax = 0. 
Now cos @ = 1— 67/2+HOT so for small angles linearization yields T, + T, = T. 
In the vertical direction, we have a net surface tension force acting on the segment 
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Fig. 4.14 Diagram to help calculate the effect of surface tension in one dimension 


T, = Ty sin 0) — T; sin 6; + T(tan @2 — tan 61) 


_ an on op 
= (32) - (fae Soe (4.57) 


where the sign ~ denotes that linearization has been done. Thus the net upward 
force resulting from surface tension alone, per unit area on the fluid surface element, 
will be 
an 

and this has to be balanced by the pressure difference, to prevent vertical force on 
a massless body. At this point, we shall generalize the surface tension T to act on 
two-dimensional surfaces, by including some small “depth” in the perpendicular y 
direction and call it 7%. Thus we write 


MW =T, (4.59) 


where the physical consistent dimensions of [force]/[length] or [energy ]/[surface] 
are preserved. Thus 
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an 
Pout — Pin = Yor >> at z=N(x,0), (4.60) 


where there is no vertical force on a massless body. In Fig. 4.13, Pout is the exterior 
pressure, which, for convenience, we set it to be close to zero everywhere. Pi, is the 
interior pressure, just below the surface, at the point and time of question. In any 
case, we should not forget that there is a constant in our disposal in the appropriate 
Bernoulli’s equation (see the discussion before Eq. (4.40)). Now, the same procedure 
we did to linearize equation (4.37)-(4.40), but now with the extra surface tension 
term, gives 


=0 at z=0. (4.61) 


Performing the same analysis as in the previous section leads to a modified 
dispersion relation for waves obeying (4.60); this amounts to solving (4.61) using 
(4.54) assuming, as before, solutions of the form Ae“~!@' + ¢.c. yields 


De Yk? 
@* = | gk+ Fs tanhkLy. (4.62) 


In the limit of large kL,, known as deep water, the corresponding waves phase 
velocity is 


ak \ V2 
v= ($+) 


Further features of these waves are explored in Problem 4.7. One of the features 
uncovered is that a dimensional diagnostic parameter arises g- = Yk/p which 
indicates the importance of surface tension in surface waves. With its help it is found 
that, e.g., for g. very large, with respect to g/k, very short waves arise, that are new 
for us. They are called capillary waves and satisfy the following limit of their phase 
velocity: 


lim Vp« Vk, 


kLyp 


while for the long wavelength disturbances we recover the familiar gravity wave 
phase velocity 


lim Vp « 1/Vk, 
kLp—0 


where we showed only the dependence on the wavenumber. Other physical con- 
stants are contained in the constant of proportionality. It should be, by now, evident 
that the physical sense of extreme mathematical limits like 0 and © actually mean 


202 4 Linear and Nonlinear Incompressible Waves 


<_ and > than some typical value, determined a priori, of the relevant physical 
variable or algebraic combination thereof. These two limits also suggest that there 
is a minimum value of the phase velocity as a function of k. Calling this value of 
k ky, it is straightforward to show that 


1/2 1/2 
kn = (25) , Where Vin = (“#) 2 (4.63) 


Vm is the minimum of V, and it appears at the k =k, point. In Sect. 4.1.3, a 
somewhat heuristic argument was used to show that the group velocity measures 
the direction and speed in which energy propagates. A deeper discussion of this 
issue will be given in Sect. 4.4.3 as well as in Chap. 6, in which it will be shown 
for sound waves. Interesting features appear when examining V, in the combined 
gravo-capilarity case. Again, looking at the case of deep water waves we find that 


2 
g+3ee 
y, 20 1, ( 7) (4.64) 
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Remarkably, at this special value of k,, it indicates that the phase and group 
velocities are the same, Vg (kj) = V,! This means that the speed corresponding 
to V,, defined in Eq. (4.63) will hold some significance which we shall see shortly. 
Incidentally, for water in the Earth’s gravitational field the corresponding value of 
this special speed is approximately V,,, = 23.2 cm/s. Generally speaking, then, one 
can refer to the surface response depending upon whether the phase speed exceeds 
or is under V,,: waves with wavenumber k in which V, (k) < V,, are known to belong 
to the so-called gravity branch, while waves whose phase velocities Vp(k) > Vin are 
associated with the so-called capillary branch, see Fig. 4.15. 


4.2.4 Surface Gravity Waves Induced by a Steady Flow 
Over a Corrugated Bed 


We finalize our discussion on surface gravity waves by considering one example 
of a steady potential flow, in a geometry identical to the one dealt with in this 
entire section as depicted in Fig. 4.10. In the example we choose to abandon the 
assumption of a flat bottom and consider, instead, the resulting surface wave pattern 
generated by a steady stream flowing over a corrugated bed. Before proceeding we 
remind ourselves that the velocity potential for a pure undisturbed stream moving 
rightward in the x direction with constant speed Up is @9 = Uopx+fo(t), where fo(t) is 
a suitable function. It is known that fo(t) cannot affect the velocity, but we introduce 
it here, because for the full nonlinear Bernoulli’s equation to hold, fo(t) has to 
assume particular form. Since we will be interested in the linearized case, this is 
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Fig. 4.15 Phase velocities for the mixed gravo-capillary wave problem 


mentioned only to calm the mathematically worried. One expects that the presence 
of a bottom structure ought to influence the steady stream flow. We therefore write 
the total velocity potential as a sum of the steady stream flow plus @’ representing 
the contribution due to the obstacles, i.e., @ = ¢9 + @(x,z). The corrugated bed is 
represented with a spatially varying bottom topography z,, z,(x) = —Lp + he Cp (x), 
where L, > 0 is constant. For simplicity we assume €,(x) = coskox where ko 
corresponds to some intrinsic wavelength of the corrugation pattern Ag = 27/ko. 
The quantity hg is a reference height that we write as hg = €L,. We once again 
denote the surface of the fluid z, = (x,t) and assume that 7 is small compared 
to Lp. 

The full nonlinear equations of motion governing the problem are Eqs. (4.35) 
and (4.42) for the surface boundary conditions at z= 1), the Laplace equation V7@ = 
0 for the interior of the fluid z, < z < 1), and the bottom no-normal flow condition 
equation (4.45) evaluated at z = z,. We are interested in steady state solutions for 
small values of 7,0’ and € so that approximate solutions may be developed by 
linearizing the equations governing the flow. Thus after substituting @ = ¢9 + @’ in 
the Bernoulli equation and linearizing, we find for a steady state (0, = 0) 


0=—Up ($) gn. (4.65) 
z=0 


Note that this was written for a point on the surface. Similarly, the kinematic 
condition at the upper surface becomes after linearization 


204 4 Linear and Nonlinear Incompressible Waves 


on oo’ 
Uo { —)a=(—S ; 4.66 
(3) - (3). 66 
The bottom no normal flow condition at z = z, = —Lp +heC,(x) is, after lineariza- 
tion, 
oo’ . 
(= fu V(z- z»)| a(S + hekaUosinkyx = 0. (4.67) 
2=Lb Zz z=—Lp 


Note incidentally that what we have implied here is that the disturbance velocity 
scale is of the order of hgkg Uo and for this to be significantly smaller than the steady 
stream flow Uo, we must have that heky < 1, i-e., that the corrugation wavelength 
cannot be too small, explicitly Ao >> €L,. Inspection of the governing equations 
suggests the solution ansatz we should adopt. The solution of the two-dimensional 
Laplace equation for the interior of the fluid may be expressed easily after observing 
the form of the function indicated by the bottom condition equation (4.67). Trying 
the ansatz in the Laplace equation, which is periodic in the x direction ky > 0 
given by 


$' = b(ko,z) sinkox, 
has the following general solution for @ (k,z): 
- —koz koz 
(ko, z) =A,e °% +B,e™, 


where Ay and B,. are constants. The boundary conditions imply the following 
solution for the velocity potential disturbance 


o'= {he Uo sinh [hole + 1s)| +A, cosh [hole + Ls)| } sinkox, (4.68) 


satisfying the no normal flow condition at z = zp, . The extra term containing the 
arbitrary constant A, must be retained since it both solves the Laplace equation 
and satisfies the bottom boundary condition equation (4.67). It remains for us to 
determine Aw? and for this we must turn to the upper boundary condition. Given 
that the x functional form of @’ is proportional to sinkox, inspection of Eqs. (4.65) 
and (4.66) guides us into proposing the ansatz form for the solution of 1 to be 


1 (x) = Tf coskox, (4.69) 
where 7} is a second unknown amplitude. Inserting Eqs. (4.68) and (4.69) into 


Eqs. (4.65) and (4.66), then removing the common functional forms, produces the 
following two equations for two unknowns A ko and 7: 
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he Upko [sinh koLy +A, coshkoLy] — gi = 0, 


—i +he[coshkoLy +A, sinhkoLy] = 0. 
The solution yields an expression for 7): 


hesech koL. 
i= oes. (4.70) 
1—- 5 tanhkgLp 
kU? 


It is interesting to note that there is a qualitative change in the features of the 
resulting solution depending upon the speed of the flow. Crests of the surface 
features appear immediately over troughs of the bottom bed whenever 


8 tanh koLp > U; , 
ko 


while surface troughs coincide with troughs of the bottom bed otherwise. Recalling 
from our previous discussion that the phase velocity of deep water gravity waves 
for disturbances of wavenumber ko is given by Vp = \/g/ko, we readily notice 
that the qualitative change in the solution we just developed occurs whenever the 
stream flow exceeds the natural gravity wave phase velocity Vp. Finally, and most 
notably, we see that our analysis breaks down for specific values of the corrugation 
wavenumber corresponding to ky = ky = g/ Us for the deep water limit. 


4.3 Shallow Water Equations 


Shallow water theory should be obviously valid when the fluid layer horizontal 
extension is much larger than its depth (the water is shallow). Its consequences 
perhaps do not necessarily belong to this chapter, even though waves in shallow 
water are certainly a physical possibility. The reason we have decided to place it 
here is twofold. First, the setup is similar to the problems we have been dealing with 
in this chapter, so the nomenclature and concepts are similar. Second, as it turns 
out, shallow water’s nonlinear behavior has a formal similarity to one-dimensional 
gas dynamics, which will be explained in Chap.6 and there we will also treat 
shallow water problems that are analogous to one-dimensional compressible gas 
phenomena. Both shallow water equations and one-dimensional gas dynamics are 
nonlinear, however, they allow the application of the method of characteristics to 
seek analytical solutions. This concept and the method are important in both the the- 
ory of PDEs and in FD. We have already used some basic concepts and techniques of 
the method in Sect. 4.1.4, where they were employed in understanding the breaking 
of nonlinear waves in incompressible fluids. As mentioned there, the issue will be 
discussed at considerable length in Chap. 6 and several problems will be devoted to 
it. In the discussion of surface water waves at the end of Sect. 4.2.2 we found that 
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z=n(2,t) 


Fig. 4.16 Schematic drawing of a shallow water system 


the phase velocity of surface water waves becomes independent of the horizontal 
wavenumber of the disturbance k, when the layer depth scale (we shall call it L,) 
is much smaller than the horizontal disturbance scale L, ~ 27/k. The situation of 
interest is depicted in Fig. 4.16. Let h(x,y,t) represent the vertical thickness of the 
layer and let ho indicate the static layer thickness of the fluid when there is no bottom 
topography so that L,and h, are the same. The shallow water limit for surface water 
waves is the statement that the phase velocity Vp + cy = \/gLp = \/gho provided 
kL, ~ L,/L, <1. The symbol c, is henceforth reserved to indicate the surface grav- 
ity wave speed in shallow water. Recalling our discussion in Sect. 4.2.2, water wave 
disturbances are in the linear regime if fluid velocities are much smaller than c,. 

The aim is to reformulate the equations of motion, in this shallow water limit, in 
order to develop a simpler set of reduced equations that are valid even if the fluid 
disturbances have velocities that are large and comparable to the surface gravity 
wave speed c,. The procedure we employ is a classic scaling analysis. This tactic 
seeks to derive equations for phenomena characterized by very specific length and 
timescales. The spatio-temporal scalings used are always motivated by observations 
of one form or the other. Like in our discussion of boundary layers in Chap. 3, 
scaling analyses yield useful simplifications when there exist small parameters of 
the system. We detail the procedure next. 


4.3.1 Derivation via Scaling Analysis 


As explained above, a basic consideration in the scaling analysis of a shallow water 
problem exploits the fact that there exists a small parameter, which here is the aspect 
ratio L, /L, < 1. This implies that the corresponding timescales of interest are much 
longer than the vertical free fall time. Furthermore the central feature of shallow 
water is that dynamic motions are hydrostatic—an admittedly curious statement 
which will be explained shortly. Both of these features become self-evident during 
the course of the following analysis. 
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To begin, consider again the example of linearized surface gravity disturbances 
whose horizontal wavelength is measured by L,. For shallow water gravity wave- 
speed cy, the corresponding timescale T, typifying the wave’s period is given by 
T ~ Lx/cy © Ly/./gL,z. Recall that this means that the fluid locally bobs up and 
down on this timescale 7. If vertical free fall time over the extent L, is denoted 
by Ti ~ /L-/g, the implication is that the above two timescales ought to be very 
different in shallow water as indicated by the ratio Ty/T = L,/Ly < 1. The next 
observation we make is that of the state of the fluid in equilibrium. When there is no 
flow, i.e., u = 0, the steady state is described by the equation for vertical hydrostatic 
equilibrium 


La 
Tins 


For a constant density fluid the steady configuration for a situation where the top 
boundary faces vacuum at z = 0 is expressed by P = —pgz. It is important to note 
that the scale of P in the interior, e.g., down to a level of z ~ —L, is given by 
pgl. © pcz. 

The approach taken is to analyze the equations of motion without making the 
irrotational flow assumption a priori. We then apply the aforementioned scaling 
observations to the equations themselves and then simplify them by dropping terms 
in the equations that are small compared to the others. The equations are in two- 
dimensions (x,z) and come out as 


Ou Ou Ou 1o0P 


ott os (4.71) 
ow ow ow 10P 
ra i. Mae a de g (4.72) 
ou ow 
3, + 9; =o (4.73) 


We assume that all of the horizontal spatial dependencies can be estimated by the 
scale L, and similarly by L, for vertical scales. The above-mentioned disparities 
characteristic of shallow water obviously have to hold. The shallowness of the 
fluid layer is measured by the parameter ¢€ = L,/L,. The shallow water limit thus 
translates into the condition e < 1. 

Let us start with the incompressibility equation (4.73). Assume that the typical 
horizontal and vertical velocity scales are U, and U;, respectively. We do not yet 
know individually what these scales should be but they will be borne out of the 
analysis shortly. What we do establish here, instead, is what must be the relative 
scaling between these two velocities. If one of the terms in the incompressibility 
equation is of lower order than the other, a trivial state is obtained. Thus, the two 
terms comprising it have to be of the same order of magnitude. The magnitude of 
each term appearing is, respectively, du/dx = O (U,/L,) and dw/dz = @ (U;/L;). 
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If these two terms are to be of the same order of magnitude, then U,/U, ~ Lz/Lx. 
Thus in the shallow water limit U,/U; = @ (e). Armed with this relative scaling for 
w~ U, ~ €U,, we are now prepared to simplify the vertical momentum equation. 
We have said at the outset that we are interested in deriving equations describing 
dynamics of disturbances whose velocities start approaching that of the natural 
gravity wave phase velocity. So we examine the consequences of setting U, to be 
~ Cg. As it was already estimated, the timescales of interest are T ~ Ly / Cg. Soa 
scaling analysis of the inertial terms on the left-hand side of (4.71) can now be 
performed. The scalings for each of the terms appearing are 0,w ~ U,/T ~ ae /L.. 
ud.w ~ (U,)U,/L, ~ ec>/L, , and wd.w ~ U2/L, ~ eC hs Thus all three terms 
are of the same order of magnitude and, consequently, we have that the inertial 
terms on the left-hand side of the equation collectively have the scaling Dw/Dt ~ 
U,/T = Ecy /L,. The pressure term on the right-hand side of Eq. (4.71) is scaled 
according to (1/p)d0P/dz~ c /L,. It follows that the inertial terms on the left-hand 
side of the vertical momentum equation are smaller than the hydrostatic terms by a 
factor of ¢*. Remarkably, it means that vertical hydrostatics is a dynamic feature in 
shallow water. This is the meaning of the dynamic hydrostatic equilibrium, referred 
to before. Thus 


— 
ae 


Let the surface layer of the fluid dynamically vary and be given by the function 
1) (x,t). The solution of the vertical momentum equation is really the solution of the 
hydrostatic equation—but now it is time-dependent: 


P(x,z,t) = pg [n a= z (4.74) 


The physical meaning of this relation is that the pressure in the fluid always adjusts 
so as to induce local vertical hydrostatic equilibrium, as the surface position of the 
fluid layer (1)) varies with time. 

With Eq. (4.74) in hand, we can analyze the horizontal momentum equation. We 
do so by directly inserting the solution for the pressure into Eq. (4.71) to find 


Du _ ou. ou Ou 0(g7) 
“a oe Ox 


Now observe that the right-hand side of this expression is independent of the vertical 
coordinate. Thus if we assume that the horizontal velocity is independent of z as 
well, then the above statement reduces to the important equation 


du ou A(gn) 
bus = SE. (4.75) 
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The assumed vertical independence of u has a reasonable way to justify it. Note that 
the horizontal momentum balance equation without this assumption really says that 
the Lagrangian rate of change of the horizontal velocity is independent of z. Thus, 
if u starts off as independent of z it will remain so for all times after. In any case, 
the assumption of d,u = 0 has to be assessed on the basis of whether or not it leads 
to a contradiction and/or a physically unreasonable prediction. So far a problem of 
the sort is absent. Now, because the horizontal velocity u is independent of z, we see 
from inspection of the incompressibility equation (4.73) that the vertical velocity 
must bear a linear vertical coordinate dependence, i.e., 


dw Ou Ou 

dz Ox’ Me =e ok Woe 
where Wo(x,t) is an, as yet, unknown function independent of z. In order to write 
the equations with some more generality, we suppose that the bottom of our fluid 
layer has some time independent topography located at a horizontally dependent 
depth z = —Lp(x). As we discussed in Sect. 4.2.2, the imposition of no-normal flow 


condition at some level z = —L,(x) means 
OL 
w+u— =0, on z= —L,(x). 
Ox 


Substituting it in the PDE for w, written just above the last equation we have 


Ou OLp 
ip ore = 0, 


not forgetting our assumption that wu is independent of z. Solving for Wo(x,t) is 
trivial and this, in turn, yields the explicit solution for the vertical velocity 


i 
w(x,z,t) = (y+) ut (4.76) 


Finally, an equation describing the evolution of the surface is needed—but we 
already know that this is developed using the kinematic condition for the upper 
moving boundary S, i.e., the surface defined by the relationship S(x,z,t) = z— 
1) (x,t) = 0, thus 


dS 0 0 0 OL 
a =0, => Teg pee hey 


z=N (x,t) 


Provided (as we have assumed here) that the bottom is not time-dependent, we can 
rewrite the above expression into a more revealing form (defining the total layer 
depth h = n + Lp). The equation for the evolution of 7) turns then effectively into an 
equation for the layer-width 
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= +u=—+h— =0. (4.77) 
x 


The shallow water momentum equation (4.75) expressed in terms of h is 


du, du __A(gh) , A(gL») 
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The set of Eqs. (4.77)-(4.78) are known as the shallow water equations for 
one horizontal dimension with bottom topography embodied in a “forcing” term 
O(gL»)/Ox representing how the bottom boundary is shaped. The procedure we 
have implemented can be generalized to include a second horizontal dimension y 
on equal footing. In that case, there will also be an equation for the evolution of the 
other horizontal velocity v (see Problem 4.12). 

Before proceeding to analyze the shallow water set of equations, we call to atten- 
tion that the equation for the layer thickness (4.77) is, in fact, the one-dimensional 
continuity equation in disguise. Inspection quickly shows that Eq. (4.77) may 
immediately be rewritten as 


oh ‘ O(hu) 
ot Ox 


= 0, 


which has the form of a continuity equation. Thus, the layer depth h can be 
equivocated with an effective compressible density. This interpretation is quite 
accurate upon reflection of the fact that because the fluid of the shallow water 
itself is of constant density, vertical variations of the thickness means that the total 
vertically integrated mass of the layer can be a function of horizontal position and 
time. In this way, the thickness may be more intuitively interpreted as a surface 
density. The similarity between the treatment of the solutions of this system and one- 
dimensional compressible gas dynamics by the method of characteristics is related 
to this observation. 

Before continuing we pause to reflect upon what we have achieved here. We have 
taken a system of equations describing layer dynamics and effectively reduced the 
dimension of the system. Equations described by the coordinates (x,z,t) have been 
turned into equations in terms of (x,t), instead. The shallow water equations are 
an asymptotic reduction of the original equations of motion achieved using scaling 
arguments. The derivation of such reduced equations is common in FD treatments 
for several reasons, the most important of them being that the physical intuition 
that can be gleaned from such simpler models can be invaluable in interpreting and 
understanding the results of more complicated systems—both in experiments and in 
numerical computations. 
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Thus far, we have considered in this chapter problems in which the flow is 
characterized by constant density. Density changes occurred only at discontinuities 
separating fluid regions of constant density. But in reality density variations are 
present continuously throughout a fluid medium and, when significant, they should 
be taken into account. A general treatment of density variations must include 
a formal mathematical treatment of sound waves and shocks, and this is the 
subject of Chap. 6. There are however phenomena in which a fluid supports density 
fluctuations, while the flow remains largely incompressible. In this section, we 
explore and motivate the setup of the Boussinesq fluid, i.e., a model fluid whose flow 
fields are incompressible and whose density variations are dynamically significant 
to the fluid only when coupled to external forces. The model bears the name of J. 
V. Boussinesq, a mathematician and physicist, who lived close to the turn of the 
nineteenth and twentieth centuries. Sometimes the name of A. Oberbeck is also 
attached to Boussinesq’s whenever this approximation or model is mentioned. 

Such a fluid model might seem arbitrary, but it is motivated by vast amount of 
experimental and observational results. There exists a wide collection of fluid flows 
involving density fluctuations that affect the fluid flow and, yet, do not generate 
dynamically significant acoustic disturbances. The latter notion obviously refers to 
sound and we must wait until Chap. 6 for its proper definition and elucidation. It 
is however useful to develop a model framework in which the dynamical influence 
of density variations can be included, without generating acoustic phenomena— 
the model Boussinesq fluid fits the bill. Examples of fluid phenomena amenable to 
this kind of model include buoyant convection, internal gravity waves, dynamics of 
nematic fluids, atmospheric dynamics affected by moisture, and so on. 


4.4.1 The Boussinesq Approximation and Corresponding 
Equations 


One of the earliest lessons from classical thermodynamics is that any thermody- 
namic quantity may be written as a function of other two (or more, if the fluid 
is not homogeneous in its chemical composition) other thermodynamic quantities. 
We have dealt in detail with the thermodynamics of fluids in the first chapter of this 
book, in Sect. 1.5. Equations of state were among the topics discussed there and we 
wish to quote here the result for an ideal (perfect) gas. Its equation of state, i.e., 
Eq. (1.60) valid for a homogeneous composition, giving rise to a mean molecular 
weight 1, expressed in atomic weight units, was written in the form P = ZpT/p, 
where & is the gas constant. Of course, we are free to express also p as a function of 
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P and T in this and other, as well, equations of state. We might choose to express the 
density as a function of pressure and specific entropy instead, symbolically written 


p=p(P,T) or p=p(?,s). 


At the core of the Boussinesq approximation is the following, empirically motivated, 
rationale: considering a fluid element of a particular length scale L, embedded 
in a much larger global system, we posit that all dynamics on the global length 
scale occurs on a timescale that is long, as compared to the sound crossing time 
of the fluid element (L/c;). Since acoustic waves play the role of establishing 
mechanical equilibrium in a fluid, it follows that the pressure inside the fluid element 
equilibrates very quickly, indeed approximately instantaneously, to the pressure 
found in the environment, precisely due to the short sound propagation timescales 
within the element. We may say that the situation is quasi-static. In other words, 
the equilibration takes the form of a fluid element’s interior pressure matching its 
external pressure and, for all practical purposes, we assume this to be the case 
unless we are forced into abandoning this position for a good reason, as explained 
in the following sentences. There is a limit to this view since, mathematically 
speaking, there may exist fluid elements whose length scales are large enough, so 
that their sound crossing timescales are similar to the dynamical times, typifying 
the global system. It is at this scale that such a model picture breaks down and 
full compressibility should be taken into account. Henceforth, we assume that such 
conditions are never met for the present system of interest. In this way, however, it is 
important to be mindful of the scales characterizing the system of interest and to be 
aware of when the fundamental assumptions behind a model begins to breakdown. 

We saw in Sect. 1.5.2, and it is actually a linearization procedure, or Taylor 
expansion in two variables, retaining only first order terms, that variations of the 
density may be written in the following form 


pera (8) o-n(B) 


or expressed in a similar form to Eq. (1.61), in which the free variables are T, P, 
instead of s, P, as here: 


p(P,s) = po [1 —Bs(s— so) + Be(P— Po)], 


1 3 = ~ (2) 
P= (3 obs = po Os a 


Since in this approximation |Bp(P—Po)| is dwarfed by the magnitude of 
|B;(s — so)|, we may approximate this form of the equation of state as 


p'=—Bspos', = p = po|!—B.s'(x,y,0)]. (4.79) 
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The symbol B, is known as the coefficient of thermal/entropic expansion at constant 
pressure. The curious sign convention is historical as the coefficient used to be 
referenced and related to what was called the “coefficient of volumetric expansion 
at constant pressure” which, of course, is the inverse of an increase in density. In 
general, this can be a complicated function of the fluid’s local pressure and entropy, 
P, and s,, but for our purposes here we shall approximate it a by constant. We 
recall that s’ = s — so and we further note that so is some base entropy profile/state, 
which might have a time independent spatial structure to it. This is different from 
what we suppose for the background mean density po assumed to have a uniform 
character to it. Variations to this idea, where the mean density Pp may show spatial 
dependence, yet the dynamics is treated in a quasi-incompressible way, are referred 
to and implemented as the anelastic approximation. In that case instead of V-u = 0 
the equation relating the three components of velocity is V - (pu) = 0. Incidentally, 
S.Chandresekhar treated in his book referenced in the Bibliographical Notes this 
description differently but the mathematical end result is the same. 

As we noted in Sect. 1.5.2, despite |BpP’| < |Bss"|, relative variations of the 
density due to entropy fluctuations under terrestrial conditions can still be quite 
small, on order of 1073 or smaller. In the absence of any other external force, this 
weakness of the density variations implies that the flow is nearly incompressible 
for all practical purposes. However, when the density field couples to body forces 
like gravity, magnetic, or electric force fields, whose magnitudes are large enough, 
variations in density become the means by which these forces can affect the fluid 
and, as such, should be retained in the dynamical analysis. Buoyancy, resulting from 
variations in density (p’), is a fundamental phenomenon and traditionally it is mainly 
used in meteorology, because to describe how density fluctuations due to coupling to 
gravity affect fluid motions a Ja Archimedes is perhaps the most common example 
of an effect of this kind. The perspective this implies, and that which forms the 
basis of the Boussinesq approximation, is that density variations in the fluid are 
mostly zero, the flow is therefore largely incompressible, and that the only influence 
density variations have upon the fluid’s momentum budget is when they couple to 
the fluid via some external force. One important consequence: treating the velocity 
field as incompressible effectively filters out sound waves from the analysis. The 
Oberbeck—Boussinesq approximation can be more formally stated as: 


The dynamics of a fluid may be treated as incompressible except when there is dynamical 
coupling to other external forces. In those cases, density variations of fluid particles are 
considered to occur at constant pressure. On the spot variations in density accordingly 
respond to variations in other thermodynamic quantities, e.g., entropy/temperature, salinity 
content, etc. but not to pressure variations. 


The motivation for the generality implied by the last sentence above comes from 
noting that the buoyancy is both a function of the fluid particle’s temperature 
(dependent on entropy content) and other thermodynamically measured quantities 
like the amount of salt carried by a fluid element. This is obviously applicable to the 
oceans, while for atmospheres we may think of it as various “pollutants.” Since salt 
diffuses, any local changes in the salt content of a fluid element will correspondingly 
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effect its density. If we assign the symbol C to indicate here salt concentration, then 
variations in the density (at constant pressure) would be expressed as 


p — B,po(s 59) + B.po(C C,); Bo = Po (56) B= Po & PC 


where we have extended the definition B, to be dependent on the density variations 
at both constant pressure and salt concentration. 8, is similarly understood to be 
the expansion coefficient with respect to salt concentration at constant pressure 
and entropy. This extension procedure can be generalized to include two or more 
variables that effect the thermodynamic state of a fluid element. We emphasize 
that the Boussinesq approximation is still, in the end, an approximation. There 
have been several attempts at grounding it in other more mathematically rigorous 
arguments but its “proof” still remains outstanding. However, the empirical basis 
for its continual use is based upon decades of usage and verification via careful 
testing and observation, both experimental and numerical. 

We give now an example of applying the Boussinessq approximation to a general 
inviscid plane-parallel atmosphere, acted upon by a body force, per unit mass, b. The 
equations for such a configuration are 


ae 2 -5 SP +, (4.80) 
a = 5 +b, (4.81) 
oe . -5 2 +0, (4.82) 
we 7 (4.83) 


in which b = (b,,b,,b.) indicates the aforementioned general applied body force, 
per unit mass. The density is related to other quantities via the equation of state 


p = po(1—Bs’ +B.C'+---), f=s-g, C=C. (4.84) 


For instance, if all that were relevant to the dynamics were variations in the entropy, 
then we supplement Eqs. (4.80)—(4.84) with an equation for the entropy s = s9 +s’, 
1.€., 

Ds os’ 

Di = FS +u-V(so+s') = Qs, (4.85) 


where Q, is a source/sink rate of entropy, per unit mass into/out of the system and 
can be expressed as Q, = Q/pcyT, where Q is the familiar heat source/sink rate per 
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unit volume and with cy being the specific heat per unit mass at constant volume. 
The reader may find a short summary of this thermodynamical relation and more in 
Sect. 1.5.2. 

In some studies, like in Rayleigh—Bénard convection, the evolution of the 
temperature is followed instead of (4.85). For all practical purposes involving 
incompressible flows, it makes no mathematical difference if one follows the 
evolution of the temperature or the entropy. We could have just as easily written 
the Boussinesq approximation in terms of the evolution of a mean background 
temperature and associated temperature fluctuations. The results found in either 
case are functionally equivalent. The temperature and entropy forms are being used 
interchangeably. We note that publications using the Boussinesq approximation 
written by scientists working in the old Soviet bloc, for instance, in the treatment of 
Landau & Lifschitz’s book, cited in the Bibliographical Notes, the thermodynamical 
influence upon flow dynamics in terms of entropy fluctuations is preferred. Treat- 
ments in terms of temperature variations was preferred by scientists in the West. 
Additionally, in the parlance of meteorology, entropy is often referred to as potential 
temperature and is often assigned the symbol @ or @. It is traditional in such studies 
to speak of temperature fluctuations when they really represent entropy fluctuations. 


4.4.2 3-D Waves in Plane-Parallel Atmosphere 


The general Boussinesq formalism of the previous section will now be applied 
to a more specific case of a plane-parallel atmosphere. Consider such a system, 
composed of a constant density fluid in a vertical gravitational field, that is, by = 
by = 0 and b, = —g. In addition, this atmosphere is actually a horizontal slab 
between z = 0 and z = Xp. It is otherwise infinite in extent in both horizontal 
directions x and y. We suppose that the bottom of the atmosphere is bounded by a 
rigid plate. We perturb now Eqs. (4.80)-(4.85), using the Boussinesq approximation 
in which density fluctuations are due solely to fluctuations in the entropy. We 
consider perturbations, denoted, as usual, by prime about steady states marked with 
the subscript “0.” In the steady state we have p’ = 0, s’ = 0,u= v =w = 0, meaning 
that the basic state is in vertical hydrostatic equilibrium 


oe —Po8- 


Assuming that the fluid is exposed to an open vacuum at z = hg = const., the solution 
for the pressure field Po is already familiar to us and is given by 


Po = Pog (ho — z) for 0<z<hpo. 


We further assume in our setup the unperturbed entropy state so(z) is a function of 
the vertical coordinate. For tractability we take the simple dependence 


216 4 Linear and Nonlinear Incompressible Waves 


50(Z) = Sp) + Bz, (4.86) 


with s,, a constant base value and where f is also a constant, measuring the rate of 
change of the atmosphere’s mean entropy with height. For our purposes, we restrict 
attention to cases where B > 0, i.e., basic state entropy profiles that increase with 
height. The opposite case B < 0 is deferred to Chap. 7 to discuss this situation. 

Adding now the small perturbations to the dependent variables like P = Po + 
P’ into Eqs. (4.80)-(4.85) and linearizing, results in the following set of equations, 
the first of which includes the perturbed pressure terms in the vertical momentum 
equation 


10P _—_—s 1 OPo =61 OP’ | p' OP = —_ 1loP op 
paz 9 py dz pods peas & ~ py dz pp’ 
(4.87) 
oul 1 oP’ 
ov! 1 oP’ 
ow! 1 oP’ F 
“OE pa Oe + gBss’, (4.90) 
du’ av’ aw! 
OP ay ae (4.91) 
os’ fie. 
5, + Bw! = 0. (4.92) 


Equations (4.84) with C = 0, i.e.,variation of p only because of entropy variation 
and (4.85) with, in addition, no entropy sources or sinks assumed in the system, that 
is, Q, = 0, were all exploited in obtaining the above linearized set. 

We may now combine these equations into a single one for the vertical vorticity. 
Remembering that the vertical component of vorticity is € = @-Z, we may first form 
the vertical component of the vorticity perturbation ¢' = 0,v' — dyu' and derive an 
equation for it by operating on Eq. (4.89) by 0/dx and subtracting from it the result 
of operating on Eq. (4.88) by 0/dy leaving simply 


ac’ 
—=0. 4.93 
ot oe 
The last equality simply means that the vertical vorticity perturbation ¢' is time 
independent. Similarly, we can form the horizontal divergence of the first two 
Eqs. (4.88)-(4.89) and make use of Eq. (4.91) once again to find 
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/ 
hs (4.94) 


where we use the usual notation for a Laplacian, but mean here the horizontal 
Laplacian only, ie., V7 = 02 + a hoping that this will not lead to confusion. 
Operating on Eq. (4.90) with V* and subtracting from it the result of operating upon 
the intermediate Eq. (4.94) with 0 /dz leaves 


2 
& (7 + v") w' = gB,V7s'. 


Lastly, we operate on the above with d/dt and replace the term on the right-hand 
side above with the corresponding relation found in Eq. (4.92), to find the final 
equation for w’ 


2 ve | 
i (3 + vw) + gB,BV-w =0. (4.95) 
We are interested in the wavelike solutions of this system. For illustration, 
consider the atmosphere to be bounded by an impenetrable lid at z = ho. The 
physical meaning of this assumption will be explained at the end of the calculation. 
This adds to the no normal flow boundary condition at z = 0 the same condition at 
z=ho, ie., w= 0 at z= 0 & ho. Choosing a natural Fourier form ansatz for the 
solution 


w' (x,y,z, t) = W(z) exp(ikyx + ikyy — iwt) +c.c., 


we deduce the following ordinary differential equation for W(z), which will be 
solved as two point boundary ODE problem 


on 
ae. ea0, pea K2( SPB _1), (4.96) 
Iz, oo? 


where K* = k2 + ie General solutions for W are linear combinations of sinuz and 
cos lz. We select the former as it satisfies the boundary condition at z = 0. By 
writing 

w= Asin Uz, 


the second boundary condition at z = ho enforces 


> 8BsBhgK? 
n2m2 + ho? : 


W(ho) = Asinwho = 0, = Lho nt, 


It follows that 
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1/2 
thoK (=f) (4.97) 


nn? +iK? 


On, = 


This dispersion relation is actually a solution of an eigenvalue problem and holds 
for the angular frequencies @, with n = 1,2,.... It depicts the properties of internal 
gravity waves. These waves are transverse on account of the incompressibility 
condition, that is, V-u’ = 0, because from it necessarily follows k- a’ = 0. They 
are disturbances akin to surface gravity waves discussed in the previous sections 
except that they propagate in the interior of the fluid as opposed to be disturbances 
that are restricted to the top of the fluid. They come about because of the weak 
compressibility effects introduced via the Boussinesq approximation and reflect, 
ultimately, the stratification in the atmosphere. The no vertical flow condition at the 
top of the model atmospheric layer, which we chose in our illustrative example, 
has filtered out the surface gravity waves we developed at length in Sect. 4.2.2. If 
one relaxes this condition and, instead, imposes a zero total pressure condition on 
the top of the moving boundary, then one may see how surface waves are retained 
(Problem 4.16). In any event, in the next chapter we show how these internal gravity 
wave structures persist in fluid problems involving rotation. In that case, these modes 
will be generalized and referred to as inertia-gravity waves. 


4.4.3 Energy Propagation in Internal Gravity Waves 


In Sect. 4.1.3, we introduced the mathematical definition of the group velocity and 
offered a loose motivation for why it is interpreted as indicating the direction and 
speed of energy propagation associated with the wave disturbance. In this section, 
this identification is made explicit using the example of internal gravity waves. One 
begins by constructing an energy quantity out of the linearized disturbance equations 
by 


1. Multiplying Eqs. (4.88)-(4.90), respectively, by u’, v’,w’, 
2. Multiplying Eq. (4.92) by gB,s'/B, 
3. Adding the four resulting equations together. 


This yields the following relation for the energy, per unit volume, of the perturba- 
tions, here waves: 


) él ui 4y?2 + yw? Pog B gl 
—+V-(u'P’)=0 é = 7 
+ (u ) ’ Po 2 + B 5 , 


(4.98) 


where, in deriving the above expression, explicit use was made of flow incom- 
pressibility, Eq. (4.91). The energy of the disturbances is composed of the kinetic 
energy portion (~ w?/2) and a part that represents a potential energy in the form of 
buoyancy since B2s’? corresponds to p”/ fie The goal is to identify the direction 
of the wave energy flow, or of the flux. To find the energy flow we use some 
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fundamental concepts regarding it: if a pressure, say P’, is acting on a surface 
whose very small area is 6S with normal unit vector fi, i.c., 6S = 6S, then we 
can calculate the work done across that surface as being 6SAxP’, where Ax is a 
length along the normal vector fi of the surface on which the pressure acts. If that 
surface is being worked upon by a velocity field u’, then the rate of working being 
done across the surface is P’u’- 6S. From this simple construction we can understand 
the meaning of the expression P’u’ appearing in Eq. (4.98). 

The group velocity in multiple dimensions must be a vector, which is mathemat- 
ically defined by the expression 


(4.99) 


In the following discussion, we demonstrate how the group velocity indicates the 
propagation direction of the mechanical power associated with P’u’. To illustrate 
how this comes about we re-examine Eq. (4.95) for the case of three-dimensional 
simple plane wave solutions, without any boundary conditions on z, i.e., we assume 
that 


w' ~ Wexp (ikxr+ ikyy + ikzz— ico) + C.€., 


in which k,, along with k, and ky, are real constants. The shorthand form k = k,X + 
ky¥ + k,z allows the three-dimensional wave ansatz to be written more compactly as 


w = wwexp(ik-x— ior) ice: (4.100) 


Note that in this case, and unlike the boundary value problem we described earlier, 
w = const. As we discussed earlier in this chapter, basic vector calculus informs 
us that k is the normal to the surface described by k- x — wt = const. These 
surfaces, as parametrized by ¢ are ones of constant phase/argument of the wave 
solution. Inserting the explicit three-dimensional wave ansatz into Eq. (4.95) yields 
the dispersion relation 


S 
I 
LU 


2\ 1/2 
(ees) (4.101) 


Ak + Ke 


where, as before, K* = k2 + K. Before proceeding we first note that because 
of (4.91) it follows that k-u’ = 0. Given the wave ansatz we have assumed, it 
indicates that the phase velocity and thus the wave propagation is in the direction 
of k and it is orthogonal to the velocity field fluctuations, reminding us again that 
these (and all) incompressible wave motions are transverse, similar in this aspect to 
freely propagating electromagnetic waves in a vacuum. 

Consider now the average energy content of a simple monochromatic wave with 
wavevector given by k = (kx, ky,k,). Everything that follows from the forthcoming 
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discussion generalizes to a general wave disturbance composed of many superim- 
posed waves. We shall use here the angular brackets to denote both spatial and 
temporal averages. To a given k there correspond three lengths L,,, which here 
are exactly the wavelength in each of the three directions: L, = 27/k,, Ly =2n / ky, 
and L, = 21/k,. T is, as usual, one temporal cycle of the wave T = 27/@. For 
any given perturbation f(x, y,z,t), which behaves like a wave in three dimensions, 
similar to (4.100), the average is understood to be 


1 Ly ply pl, pT 
a : t) dx dy dz dt. 4.102 
f) a [ [ [ resxzn ix dy dz (4.102) 


Inserting now such a wave ansatz for all the components of the velocity plus 
the pressure and entropy perturbations into the governing linearized equations of 
motion (4.88)-(4.92) reveals the following relation between the hatted quantities 


—wit = —k,P/po, —ov = —kyP/po, 
ow = —k-P/po —igB,s,  —a@3 = iBw. (4.103) 


We use these to now assess various averages. If we choose to express all quantities 
in terms of P, then we find, for instance, that 


(P'u’) _ ((Pe**'" +c.0) (ae**!@" + c.c) ) 


_ ( (Pete +00) (- k.P Ave scc)) 
@po 


_ 2h, 


Pi?. (4.104) 
aa | 


In going from the first to the second line in the above derivation, we have made 
use of the first equality in Eq. (4.103). A similar procedure may be performed to 
determine (P’v’) and (Pw’) (see Problem 4.15). In the same vein we may calculate 
the average of the energy content (&”) = (&i,) + (E%o,) where 


pot 
(Skin) = (Po (u? +74 w?) ) , 
K*(K* +k2) |p? 


\ » &Bs 2 W\ iPr 
(Su) = (es? = a oe (4.105) 


A part of Problem 4.15 is the proof that (&;,,) = (Ehot) indicating that on average the 
amount of energy in the kinetic portion of the wave is equal to the amount present 
in the potential-like part of the energy budget, conforming to physical intuition 


(harmonic oscillator). After some further manipulation it follows that 
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(Pru) = (Plu &-+ (Pv) 9-4 (Pw') 4 = (6") ve (6") sr9 (6") spe (8) Ve, 
(4.106) 
establishing the relationship we sought to show. 

One of the more remarkable outcomes of this is the following fact: in this case 
the group velocity points in a direction orthogonal to the phase velocity! As we 
noted earlier, the direction of propagation of the wavefronts is the same as k. The 
phase velocity is V» = @/|k| and is therefore expressed vectorially by 


Given the form of the dispersion relation found in Eq. (4.101), some algebraic 
manipulation makes it easy to show that 


do & ak, do k oky 00 ko 


Zz Zz Z 


te RP «ee Re OR 


with the obvious notation k = |k|. Thus 


R ok 2 @k2 leqo) 
Vp: Ve = Vex eo + Vea Ee Vp k =0, 
remembering that K = , /(k2 + ke). Imagine now for the moment a source of gravity 


waves in an atmosphere. Then if the wavefront moves with an oblique angle upward 
then the disturbance delivers mechanical energy in a direction 2/2 degrees rotated 
downward. There are many experiments in the laboratory as well as observations 
of mesoscale disturbances in the atmosphere that exhibit this very phenomenon. 
The curiosity is that common intuition associates energy propagation in the same 
direction as the phase fronts, like electromagnetic waves in vacuum or air, but we 
have shown here that the situation in fluids may be subtler. 


4.5 Solitons in Shallow Water 


As the story has famously been retold for almost two centuries, J. S. Russell 
accounted for the discovery (perhaps, rather, the first scientifically documented 
observation of the sort) of a “wave of translation” in his 1844 publication entitled 
“Report on waves.” Today the object he observed is more commonly referred to as 
a soliton. The story is summarized in the following quote from de Jager’s On the 
origin of the Korteweg-de Vries equation, 2011: 

It was in the year of 1834 that the Scottish naval architect followed on horseback a towboat, 


pulled by a pair of horses along the Union Canal, connecting Edinburgh and Glasgow. 
However the boat was suddenly stopped in its speed - presumably by some obstacle - but 


222 4 Linear and Nonlinear Incompressible Waves 


not the mass of water, which it had put in motion. Our engineer perceived a very peculiar 
phenomenon: a nice round and smooth wave - a well defined heap of water - loosened itself 
from the stern and moved off in forward direction without changing its form with a speed 
of about eight miles an hour and about thirty feet long and one or two feet in height. He 
followed the wave on his horse and after a chase of one or two miles he lost the heap of 
water in the windings of the channel. 


It is said that Russell remarked on the question how the localized wave structure 
maintained its coherence and experienced no dispersive effects during its propaga- 
tion. Russell went on to design experiments to study and reproduce the long-time 
coherence of such water wave structures. After repeated examinations of their 
propagation speeds and stability, Russell went on to challenge the mathematical 
community “to give an a priori demonstration a posteriori” of the long-term 
robustness of these phenomena. The ensuing history of this challenge piqued the 
interest of many respected fluid dynamicists who contributed to a mathematical 
theory of solitons including, but not limited to, Boussinesq [18], Lord Rayleigh 
[19], and Korteweg and de Vries [20]. 
In dimensional form the Korteweg-de Vries (KdV) equation is 


14 1 
an ee Sy — nest Bye o2 = (4.107) 


where 7) denotes the vertical position of the fluid surface. We should state here, for 
the record, that the soliton-like solutions of this equation become increasingly valid 
both when the disturbance scale is much smaller than the depth of the fluid L., 1.e., 
O(nh<@G(L (L “)s and when the horizontal scale L, of the disturbance is much laeoer 
than the depth, that is, @ (L (L ) < @(L,) . The exact relative measure of these various 
disparities will be explained further below. We emphasize here two points: 


1. Even though the KdV equation lacks in its generality, for instance because 
it only describes the motion of unidirectionally propagating disturbances, 
it compensates by being rigorously derivable through standard perturbation 
series procedures. It is for this reason that we take the time in Sect.4.5.1 to 
carefully develop the calculation as it showcases many of the techniques that get 
employed again in the development of nonlinear solutions of unstable systems 
in Chap. 8. 

2. It would appear that the solitary wave structure described by Russell falls within 
the shallow water limit since L, < L, and that, consequently, it should be treated 
using the equations of shallow water described in Sect. 4.3. Actually, the correct 
description of the soliton requires the retention of linear dispersive terms which 
are absent in the model shallow water equations. 
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4.5.1 An Asymptotic Derivation of the KdV Equation 


In order to make progress towards an asymptotic development of any nonlinear 
system, one is guided by the following strategy: First, certain scalings measuring 
various fluid quantities of the system have to be set down, preferably informed 
by observations. Second, nondimensional quantities have to be identified and it 
has to be found which of these quantities can be made small, again based on 
empirical implications. Finally, size disparities have to be exploited in a perturbation 
series expansion of the equations of motion. When these relations are a priori 
chosen correctly, the perturbation series can be safely truncated at some low order 
expansion through the invocation of a kind of consistency criterion rooted in an 
existence condition for some higher order solution of the series expansion as it 
will become evident in the procedure below. In this way, the equation we seek will 
naturally “fall-out” of the analysis as an existence condition of one sort or another. 
The aforementioned relationships between the various nondimensional quantities 
that appear are usually guided either by some physical insight or bounds imposed by 
the parameters of the problem. In practice, however, establishing the relationships 
between these nondimensional quantities usually requires repeated trial and error 
attempts until the right proportions are achieved. The unspoken motto in asymptotic 
analysis is simply “when it works you know it works.” Practice and experience 
figure prominently in this process and there are no substitutes. The derivation of the 
KdV equation is not only typical of this rule, but its presentation also serves to show 
that when the right relative choices of amplitudes and length scale disparities are 
made, a beautiful self-encapsulating simplification can be distilled from otherwise 
more complicated sets of equations. 

The detailed asymptotic procedure begins in this case with the fundamental 
equations of the physical system developed in Sect. 4.2, which are the Laplace 
equation describing two-dimensional irrotational flow in the interior of the fluid- 
equation (4.43), the Bernoulli equation which relates dynamical quantities on the 
surface, and the kinematic condition describing the moving upper boundary- Eqs. 
(4.46)-(4.47). As before, the setting is described by a solid horizontal boundary at 
the position z = —L, < 0 with the undisturbed surface of the fluid at z = 0. We 
recall that both of the equations mentioned above are expressions evaluated at the 
position of the moving surface. This means that the velocity potential function @ is 
evaluated at z= (x,t) which depends upon the function @ as well. As mentioned 
at the start of this section, we assume that the depth of the fluid is shallow compared 
to the horizontal length scales of the system. To formalize this we suppose then that 
disturbances are characterized by a horizontal length scale L, and that the vertical 
scales are controlled by the scale L,. Most importantly, we must say something 
about the velocity scales characterizing disturbances. We are guided by the one scale 
known for this system: as we indicated at the end of Sect. 4.2.2 the one and only 
natural speed in the shallow limit, given by «/ gL.. Because the velocity potential 
is given in units of speed times length scale, we suppose that it is characterized by 
OL, /L, where 6 here is a new nondimensional parameter, measuring the relative 
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amplitude of the horizontal velocity disturbance as compared to /sl, . The value 
of 6 is not yet determined, but will be ascertained below. Again from the linear 
theory of Sect. 4.2.2, we found that in the shallow limit the wave-speed Jel, is 
accompanied by a timescale equal to L,/ Jel, , resulting from the frequency for 
a disturbance of length scale L,. This timescale is a natural one for the basic wave 
structure but we will later argue that there shall also be a need for a second, so-called, 
long timescale for the system. Finally, we also assume that the height fluctuations 7 
are scaled by the vertical scale L, multiplied by another unknown nondimensional 
small parameter, €, which shall be assessed in comparison with the other quantities 
shortly. In summary, then, we make the following scaling replacements: 


th by T => Oy Nas © 
/ al, ot L, oT’ 

0 lo 

LX — — = 

x L, = oy oe 

0 lo 

HLZ = aap eee 

: ot Laz’ 
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in which X,Z,T,H(X,T) and ®(X,Z,T) are the corresponding nondimensionalized 
expressions of the variables of the system. Note that T denotes here a time variable 
and not an oscillation period or other physical variables it has been used for so far in 
the book. We have also explicitly depicted how all differential operators transform 


under these scalings. Note that in these variables the bottom boundary is at Z = —1. 
Inserting these into the governing equations (4.43), (4.46), and (4.47) we find 
L\2o oo@ 
= | += =0; —-1<Y< eH, (4.108 
(i) 5253 Sacer 
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6+ |= => =~ H=0; t Y=eH, 4.109 
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edH L,(d®\(dH\ a® 7 
sar tee: (ge) (Sx) = oe at Z = eH, (4.110) 


together with the boundary condition d®/dZ = 0 at Z = —1. 

Because this system is shallow in the sense we have been using the phrase, thus 
L,/L, <1. We want the height deviations to also be small compared to the mean 
state, therefore we expect that € < 1. The key to the expansion scheme developed 
hereafter is to judiciously choose how L,/L, and € relate to each other. We propose 
here, essentially as a guess, that the relationship between them is 
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L2 
Bp” 
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or L,/L, ~ e'/?, With this in hand we can, with hindsight, note that in any 
perturbation expansion of the Bernoulli equation (4.109) we should like some sort 
of basic balance, in lowest order of the expansion parameter €, between the time 
derivative term and the height variable H and the meaning of this will be explained 
a bit further below. Thus we want the coefficient in front of H in Eq. (4.109) to be 
also of @ (1), from this it follows that 


L 
=n 1, => Svetnel/?, 
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Returning to the story of Russell’s discovery of the propagating solitary wave in the 
rushing channel flow, we suppose that we are best served to transform the equations 
into a reference frame moving in tandem with the overall fluid structure. Because 
the surface water waves can move in either direction in X, we choose to follow 
a wave that moves in the positive direction, keeping in mind that we could have 
just as easily chosen to follow a wave moving in the negative direction. With the 
adopted scalings it would mean, therefore, that a natural variable to invoke would 
be a quantity moving with this wave which we define as the nondimensional € given 
simply by 


€=X-T. 


Once in this moving frame we suppose that an additional long, or slow, timescale is 
needed. This is called a multiple timescale analysis and we shall delve deeper into 
this strategy and its implementation in Chap. 8. We propose this to be characterized 
by a timescale T ~ €T, ie., it is 1/€ times slower than the timescale T. 

We may now express our solution ansatz as 


@ = ®(X —T,Z,T) => ® = O(€,Z,T), 
H=HX-Ty) = H=H#(E,2), 
where the new long time variable tT = eT. Before carrying on any further, it is 
critical to note that all derivative operators appearing in Eqs. (4.108)—(4.110) must 


correspondingly be rewritten to reflect the last choice of the length scale and 
multiple timescales. We thus have to replace 0 /dX and 0/QT in our equations by 


Finally, we insert the entirety of the above scalings relationships and solution 
assumptions into Eqs. (4.108)-(4.110) and after sorting out the details we find 
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again together with O®/dZ =O at Z= —1. 

As presented, Eqs. (4.111)-(4.113) are now ready to be solved through pertur- 
bation series expansions in powers of €. At this point we have to adopt a strategy 
to address solutions of this mathematical system. First, we propose the expansion 
scheme 


e| as eS +e( Sz) (5) = = at Z=€H, (4.113) 


® = ©) (E,Z,t) +e, (E,Z,t) +e*@)(E,Z,t) + HOT, (4.114) 
H =H)(E,t)+eH,(€,t)+HOT. (4.115) 


Secondly, we observe that the Bernoulli and kinematic equations (4.112)-(4.113) 
are valid at the position Z = ¢H. This means that the velocity potential and its 
corresponding partial derivatives must also be evaluated at Z = eH. In order to 
evaluate these quantities at Z = €H we should go through these two preliminary 
stages: first develop the series solution for @ in the fluid interior, i.e., for —1 << Z< 
€H by solving Eq. (4.111) order by order in € followed by a second stage of taking 
the resulting solution for ®, valid in the interior, and correspondingly evaluating it 
and its derivatives at Z = €H. In effect this amounts to a secondary expansion of the 
solution found in Eq. (4.114), once determined after solving Eq. (4.111) out to some 
order in €. In practice the latter will necessitate solving the equation out to either 
first or second order in powers of €. We unambiguously depict this procedure below. 

Guided by this strategy, our tactic now is to solve Eq. (4.111) order by order as 
proposed, subject to the boundary condition that 0®/dZ = 0 at Z = —1. Inserting 
the expansion found in Eq. (4.114) into Eq. (4.111) and sorting out terms in powers 
of € we find that to lowest order 


0° Do ~, 
OZ? 


which means that the lowest order solution of the velocity potential is ®) = 
@o(&,T), i.e., an as yet undetermined function of € and tT with no Z-dependence. 
It will be this function that will be a solution to the KdV equation mentioned at 
the beginning of this section. This solution ®p automatically satisfies the no normal 
flow condition at Z = —1. The next order equation is 
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Solutions to this equation subject to the boundary condition at Z = —1 is 
1 50°D) 
®(6,2,7) =—5(Z+1) 0&2 + $1(€,7), (4.116) 


where @¢ is a similarly undetermined function of € and t only. Knowledge of the 
exact form of this function will not be necessary, but this will become self-evident 
a little later on. At the next order of Eq. (4.111) we find 


PD, 0 
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and this too similarly has solution given by 
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where @) is a similar function to 1. 

Now we may move onto the second part of the calculation strategy: inspection of 
Eqs. (4.112)-(4.113) shows that we must evaluate the quantities O@/dtT, O®/0E, 
and 0®/dZ at the position Z = €H = €Hy + €7H; +---. In practice this means 
evaluating these functions around Z = 0 in a Taylor series expansion in powers of 
€H (see Problem 4.17): 
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Now we may proceed towards completing the derivation of the equation governing 
the dynamics. At lowest order of the kinematic equation (4.113) we find simply 
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but this is an already satisfied condition so we may now move on to @ (1) terms of 
the Bernoulli equation (4.112) 


o® OD 
ae | iia (4.121) 
ag 
which is basically a diagnostic relationship between the horizontal derivative of the 


velocity potential and the lowest order height deviation. At @ (€) in the expansion 
of Eq. (4.113) we find 
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But, on account of the relationship between Hp and ®p determined in Eq. (4.121), 
the above equation is automatically satisfied. @ (€) terms of Eq. (4.112) and @ (e?) 
terms of Eq. (4.113) are, after some rearranging, 
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The above would appear to imply that we have an underdetermined system: two 
equations for three unknown variables ®p,H), and 1. As we alluded to earlier in 
this discussion, the right-hand sides of both Eqs. (4.123)-(4.124) actually represent 
a condition for consistency of the developed solutions, often referred to as a 
solvability condition. This notion will be further discussed and detailed in Chap. 8, 
where also a good relevant reference [6] will be given in the Bibliographical Notes 
of that chapter. Here it suffices to see how this consistency condition is enforced 
by operating by 0/d& on Eq. (4.123) and adding the resulting equation directly 
to Eq. (4.124). The procedure formally eliminates both of the unknown functions 
H, and @ from the two equations leaving finally the nondimensional Korteweg-de 
Vries equation: 
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0, (4.125) 


where we have made use of the relationship Hp = 0®p/06€ in writing the above 
equation. We note here that the consistency condition embodied in Eq. (4.125) must 
be satisfied if a unique solution for H; and ¢, is to exist. This is the same idea we 
referred to at the beginning of this discussion. 
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Finally, restoring the dimensional variables into Eq. (4.125) and utilizing the fact 
that 


L 
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recovers the dimensional version of the KdV equation (4.107). 


4.5.2 Linear Theory Reanalyzed and Some Exact Solutions 


A test of the robustness of a reduced theoretical model like the KdV equation (4.107) 
is to see whether or not it captures the correct aspects of the linear theory, derived 
for the original set of equations as examined in Sect. 4.2.2. In that case we found 
the general dispersion relation, which included left and right propagating waves, 
in Eq. (4.55). Focusing on the waves propagating rightwards, that is, selecting 
the negative root of that expression and examining only waves having long 
horizontal scale, that is, assuming kL, = kL < 1, we may expand the dispersion 
relation (4.56) as 


1 
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Indeed, if we linearize Eq. (4.107), that is, drop the nonlinear, in 7, term and insert 
in it a normal mode solution of the form 7 = f} exp(ikx — it) +c.c., we find that 
the KdV equation demands that for this substitution to be a solution 


—@ + /gLk— 5 Valk =0, 


which is consistent with the expansion, as expected. 

The crowning achievement of the reduced equation is that it has a nonlinear 
solution that is analytically tractable. The so-called solitary wave solution is an 
isolated soliton: a structure which is locally concentrated so that the disturbance 
amplitude decays to zero, as the horizontal extents get very large. Moreover, the 
theory also predicts the relations between the wave height, 7, and the speed 
with which it propagates. Let us use again the definition of c,(= \/gL) that was 
encountered in Sect. 4.3 and turn our attention to a nonlinear traveling wave solution 
of Eq. (4.107). We check the consequences of this solution to have the form 


n(x,t) =n (x— V0), (4.126) 


where V is the constant rightward traveling wave speed, yet to be determined. 
We shall now recycle former variables and define a new Galilean transformation 
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€ =x-—Vt, paying attention that € is now dimensional, and substitute the 
ansatz (4.126) into Eq. (4.107) to get 
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We are looking for localized solutions, that is disturbances whose structure is such 
thatn On/dE and d*n/dE* —> Oas E — too. Equating the expression contained 
within the square brackets of the second equality to zero—this is the condition 
for the demanded localization as explained above—followed by multiplying it by 
0n/06€ results in 
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where h = 2L(V/c, — 1). Using similar reasoning as before, that all functions and 
their derivatives should decay to zero as € — -teo , the expression contained within 


the brackets of the last line in the above equation should also be equal to zero. Thus 
the task is reduced now to the determination of the solution to 
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Formally speaking, one may take the square root of both sides and integrate the 
equation using the method of quadratures. In general, such procedures lead to 
elliptic equations. Here the integration steps leading to Eq. (4.128) have the general 
form of 


3 2 
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where A and B are constants. These constants must be real if the solutions of this 
equation are to be bounded. When these conditions on A,B are met, the type of 
periodic nonlinear structures to emerge are called cnoidal waves. These can be 
expressed in terms of Jacobi elliptic functions. However in the case that the domain 
is infinite, as it is here, the solution form is simple. We guess once more an ansatz 
having the functional form 


n(§) =hsech (v6), 


where sech(x) = 1/cosh(x) and where y is an unknown constant. Substituting 
this ansatz into Eq. (4.128) and equating to zero like powers of the sech function 
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that appear after the algebra has been sorted out leads to the identification that 
¥ = 3h/4L} and that 


3h \ 12 ; h 
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This solution consists of a single soliton. his here a parameter of the problem and it 
is apparent how the soliton propagation speed V is clearly a function of it, i.e., V(h). 
Sometimes problems like this are referred to as nonlinear eigenvalue problems since 
there are perhaps one or more parameters of the system that are free and certain other 
quantities appearing in the problem will depend upon them. Problems involving, 
the so-called integrable PDEs supporting nonlinear wave solutions are a rich area 
of activity, as there are many problems in a variety of other contexts that exploit 
solution techniques as this—many involve problems of pattern formation theory— 
which we will address further in Chap. 8. 

It is important to be aware of the differences between the form of the KdV 
equation (4.107) and one of its many solutions expressed in Eq. (4.129), and that 
of the equation form and solutions of the Burgers equation (4.30). Moving into a 
reference frame defined by c, and doing away with the dispersive term in the KdV 
equation recovers the essential form of Burgers’s equation. So what is interesting 
is the following: if one had initiated a solution of the Burgers equation with an 
initial soliton form as detailed in Eq. (4.129) with t = 0, then after some time 
t=t, =min—1/f’ > 0, parts of the wave disturbance would begin to overtake itself 
and the solution would, technically speaking, wave-break. With the inclusion of the 
dispersive term, the tendency to wave-break is resisted. In a sense, what is happening 
is that as wave steepening occurs, the amplitude contained in high wavenumbers 
steadily grows. According to the dispersion relation, high wavenumber disturbances 
propagate forward with faster speeds that there corresponding longer wavelength 
brethren. Thus, the steepening tendency that would lead to wave breaking is 
effectively neutralized by the dispersive stretching of the front due to the energy 
pumped into high wavenumber components of the structure. We shall round out the 
discussion here with a reference to an interesting phenomenon on more complicated 
solutions of Eq. (4.107) involving two interacting solitons. Observing the form of 
the propagation speed V, we can see that the larger the amplitude of the individual 
soliton the faster it will propagate. Thus, we imagine a situation in which two 
solitons are initiated somewhat further apart but that the first one, centered at say 
x = 0, is initiated with a height h; which is larger than the amplitude hz of the 
second soliton, initiated somewhere at x > 0. Interpreting the solution indicates that 
the left soliton (number 1) has a speed V; which is faster than the right one’s speed 
(number 2) V2. After a certain amount of time the first soliton will overtake the 
second one. The remarkable feature of their interaction is that they pass through 
each other unaltered (see Fig. 4.17)! 

Of course, it does not mean they have not interacted: proof of their mutual 
influence can be evinced in observing the arrival times (say at some measuring 
station x = Xo) of the two solitons long after they have interacted: the larger 
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Fig. 4.17 Multiple soliton pulses. The larger amplitude pulse, starting from behind, overtakes the 
smaller pulse—passing through it and emerging with both structures unaltered 


amplitude wave will arrive a bit sooner than expected while the smaller amplitude 
wave will arrive a bit later than expected. The waves will travel at their prescribed 
speeds V;,2 when they are far from each other but during their interaction phase 
the larger amplitude wave speeds up a little while the lower amplitude wave 
correspondingly slows down a bit. Still, this does not conform to the usual intuition 
built upon interaction by superposition of waves. The feature of no interaction is 
typical for the above mentioned integrable nonlinear PDEs. 


Problems 


4.1. 
Consider two monochromatic waves having close wave numbers k and k + 6k, 
respectively. Suppose that the medium has a general dispersion relation given by 
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@(k). Prove the assertion that these two nearly similar wavelength waves have 
differing phase velocities if the dispersive condition equation (4.1) is satisfied. 


4.2. 
Consider a second order wave equation in an infinite one-dimensional medium: 


oe o? 
oY = ye = 0, 
or ax? 
where V > 0 is a constant. Show that if the initial conditions of this problem are 
w(x,0) = f(x) and ary(x)| = g(x) = dh/dx for some functions f, g, and h, then 
= 


the solution of this system for t > Ois 


w(x,t)=F(x+Vt)+G(x-Vt), FE s(f+ ah), G= s(f- ah). 


4.3. 
Develop the full solution to the Schrédinger equation (4.9) with initial condition 
given in Eq. (4.24). 


1. Show that 


A ¥9)) 
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with Vy = 2Bko. 

2. Show that [™,, | w(x, f)|?dx is a constant. 

3. Working directly with Eq. (4.9) prove that this previous result is consistent. That 
is, show without explicitly solving Eq. (4.9) that 


a ad 2 
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for initial conditions that decay to zero as x — +e. 

4. Taylor expand the solution for values of t << 1/(BA) and show that the result 
recovers the approximate form motivated in Sect. 4.1.3. 

5. Sketch the solution form of | w(x, t)|° for a few increasing values of time. Is 
the qualitative discussion developed in Sect.4.1.3 consistent with the exact 
solution? How do they differ and what is the meaning of the difference? 


4.4. 
Argue that the function 
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is a reasonable continuous facsimile of a Heaviside function in the limit where 
A gets arbitrarily small. What would be, therefore, the corresponding Dirac delta 
function facsimile? 


4.5. 
Argue that a one-dimensional linear wave equation, like Eq. (4.33), with a prescribed 
continuous and differentiable function V(x), can never show wave-breaking. 


4.6. 

How does the trajectory of a surface buoy on a fluid supporting capillary-gravity 
surface waves compare to when there are no surface tension effects? For the sketches 
assume that the surface wave is rightward and that the functional form for the surface 
position is given by 1 = Acosk(x— Vpt) where V> is the appropriate phase velocity 
for surface capillary-gravity waves. 

4.7. 


Argue that in the limit of KL, >> | that the group velocity of gravo-capillary waves 
is given by 


nL ie with a 
a Ok V 4k +e)!’ fe “ep 


Find the point on the k axis, k,, at which V, of these waves change its derivative 
with respect to k and evaluate V,,, = V(k»,). What are the corresponding expressions 
when kLyp < 1? 


4.8. 

Examine the properties of the flow over a corrugated bed developed in Sect. 4.2.4. 
In particular calculate the mass flow flux, that is, the rate of fluid mass flowing across 
a unit surface perpendicular to the background mean flow. 


4.9. 
Recalculate the corrugated bed problem examined in Sect. 4.2.4 with the inclusion 
of surface tension. 


4.10. 

Develop the quasi-steady solution of the corrugated bed problem examined in 
Sect. 4.2.4 for a situation where the bottom bed surface oscillates with angular 
frequency Wo and is represented by the function z, = —L + he sin(@of) cos(kox). 
How do the surface crests orient with the bottom troughs as a function of @)? 
(Hint: proceed by writing in sin(@ot) in exponential form and then separately solve 
boundary value problem for each of the responses proportional to e+®’, Note that 
there will appear statio-temporal phase lags in the response of the surface—so be 
sure to look out for that.) 


Problems 235 


4.11. 

Recalculate the corrugated bed problem examined in Sect.4.2.4 in two spatial 
dimensions. Assume, as before, that the mean flow is in the X direction but that the 
bottom topography has the functional form z, = —L+ he cos(kox) cos(/oy). Develop 
the properties of the steady surface pattern that emerges. 


4.12. 

Repeat the derivation of the shallow water equations performed in Sect. 4.3.1 
assuming the presence of a second horizontal dimension y with a horizontal length 
scale L,. Denoting v as the corresponding velocity in that direction and by assuming 
that L, is on the same order of magnitude as L, show that for a thin shallow layer 
the corresponding equations are 


Oh oh Oh du ov 
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where the bottom topography is steady and two-dimensional, Ly = Ly (x,y). Further- 
more argue that / can be interpreted as a surface density and that Eq. (4.130) is its 
corresponding continuity equation. 


4.13. 

Imagine we lived in a physical setting in which the downward pointing acceleration 
due to gravity was proportional to height, i.e., g = Fz where QQ is a constant 
coefficient in units of inverse time. Assuming a constant density incompressible 
fluid whose horizontal dimension is much larger than the vertical, follow the 
arguments of Sect.4.3.1 and develop the analogous equations of shallow water. 
Assume that the bottom of the atmosphere is at z = 0 (i.e., no bottom topography). 
Therefore derive 
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where / is the layer width. Demonstrate that these equations, when written in 
characteristic form, indicate that the evolution of disturbances of this system is 
described by the solutions of a pair of uncoupled Burgers’s equations, i.e., 


0 re) 
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4.14. 
Derive the equations of shallow water in the same setting as in Problem 4.13 but 
with the difference that the bottom of the fluid layer is at a value of z= Z > 0. 


4.15. 
With reference to the group velocity calculation outlined in Sect. 4.4.3 prove the 
various intermediate steps leading to the final outcome: 


1. Show that 
2k 2K* 
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2. Show that the assertion (&%{;,,) = (Got 


for (&”) found in (4.105) is correct. 
3. Show finally that the following statement is true, 


) is true and then prove that the expression 


(P'u’) = Vz (6"). 


4.16. 

Repeat the calculation of Sect. 4.4.2 but, instead of a no-vertical flow condition at 
the boundary z = Ao, implement the condition that the total pressure is zero on the 
moving boundary z= ho +n, with |n| < ho. Assume w’ | 0 |W(z)ee thir + 6 6, 
solutions. 


1. Show that the boundary condition amounts to the requirement 
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on z= ho. 
2. Show that the corresponding characteristic equation relating @ to other proper- 
ties of the system is 
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L @ 
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where is as given in Eq. (4.96). 
3. For the above relationship establish the conditions between k, 1, g, and vertical 
overtone number n for which 
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What is the corresponding dispersion relation for @ in those respective cases? 
4. Under which conditions does one see surface gravity waves most prominently? 


Bibliographical Notes 237 


4.17. 

Given the series solution ® out to order €*, as expressed in Eq. (4.114), and using 
the functions given in (4.116) and Eq. (4.117), derive the expressions found in 
Eqs. (4.118)-(4.120). 


4.18. 

Assuming the single soliton solution of the KdV equation found in (4.129) is valid, 
based on de Jager’s account of Russell’s original soliton observation, estimate the 
average depth of the Union Canal along the stretch in which Russell chased his 
soliton. Is h/L, sufficiently small? 
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Chapter 5 
Rotating Flows 


There is a sumptuous variety about the New England 

weather that compels the stranger’s admiration - and regret. 
The weather is always doing something there; always attending 
strictly to business; always getting up new designs and trying 
them on the people to see how will they go 


Mark Twain (1835-1910), in a speech to the American Geographical Society 


The most significant rotating flows are found in nature. The atmospheres and oceans 
of the Earth are fluids residing on a rotating planet and, as it turns out, this has 
profound influence on these geophysical flows. In the recent decade or two, clever 
techniques have revealed that planetary system abound in the Galaxy, orbiting many 
stars. We should also not forget the planets of our own Solar system and their 
satellites. As a rule, valid almost always, these objects rotate around their axes, 
which may also change their orientations, albeit on a much slower timescale than 
that of the rotation of the object. This rotation is dynamically important to the 
fluids on the planet surfaces. Because terrestrial planets have solid surfaces with 
complicated topographies and the interaction between liquid oceans and seas with 
gaseous atmospheres is not simple, the problem of unravelling and understanding 
the surface fluids motion is formidable. This is even true for the nearby objects of 
our planetary system that we can observe relatively well. Extra-solar system planets 
are, at this time, not resolved well enough to directly study the fluid layers that may 
blanket their surfaces. One crude estimate based on everyday experience, especially 
apparent to anyone who has traveled by air or sea, seems to be valid: the fluid masses 
(air, water) on Earth are, on average, locked to the planet’s rotation. Winds and ocean 
currents appear to happen with respect to that. 

Rotating fluids, like vigorously mixed tea cups or rotating buckets of water, are 
also important to be understood. To this end, we have to study such systems in 
controlled experiments in the laboratory. As is well known from studies of classical 
mechanics, when the equation of motion of a particle is written in a uniformly 
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rotating frame of reference, two additional terms appear: a Coriolis term and a 
centrifugal term. Reminding ourselves of analytical dynamics, these two terms, 
when concerning a particle of mass m, appear as forces. While the centrifugal force 
in a frame rotating with the constant vector angular velocity, Q, is directed outward, 
—2m x Q x (Q xx), the basis for expressing the Coriolis force is subtler; it depends 
on the velocity, U,., of the particle in the rotating frame and is —2mQ x Uj). These 
forces are often referred to as being fictitious. In this sense, the effects they predict 
arise due to the introduction of a rotating coordinate system that is not entirely 
natural to the dynamics of a particle it is meant to describe. It is not hard to 
see why this moniker is used. Suppose we have a situation in which the particle 
moves without any force acting on it. Then in the nonrotating, laboratory frame, the 
particle obviously moves in a straight line. However when viewed from a coordinate 
reference frame rotating with a constant rotation, the particle appears to execute a 
complicated curved trajectory governed by the influence of these “forces.” We say 
that the rotating frame introduces curvature terms. In this case, these terms cause 
apparent forces introduced to the observer in the rotating frame and are entirely 
artifacts of the coordinate transformation itself. The curved trajectory is really just 
the way a rotating coordinate frame represents the trajectory of a particle moving 
in a straight line in the laboratory frame. As we shall see, in the fluid dynamical 
equations, the centrifugal term can be usually absorbed in the pressure gradient term. 
The Coriolis term, however, remains and has far-reaching importance in rotating 
fluids. In a number of systems examined in this chapter we shall introduce some 
nontrivial mathematical techniques, which include asymptotic methods. It is our 
intention to use various topics from the general area of rotating fluids as a tutorial 
platform to demonstrate how these tools get used. 

It is worth mentioning here the ubiquity of disks, or disk-like structures, as 
astrophysical objects. From the galactic plane in spiral galaxies, through accretion 
disks in central galactic supermassive black holes to the leftover disks after star 
formation, in which planets may form, and finally the relatively small accretion 
disks in various close binary systems, disks are found in many cosmic objects, over 
a very large scale range. Their existence is obviously the manifestation of one of the 
fundamental laws of nature, namely, angular momentum conservation in gas flow 
in the gravitational field of relatively compact object. We shall discuss a particular 
example of a thin accretion disk in Sect. 5.6. 


5.1 Fundamentals 


In this section we shall be concerned with the effects of rotation on relatively simple 
fluid configurations. The main dynamical feature that comes into play is the effect 
resulting from the influence of the Coriolis force, which we shall abbreviate as just 
the Coriolis effect. We repeat that the rotating fluid equations are expressed in a 
rotating frame of reference, as defined relative to an inertial frame that is often 
called the laboratory frame. We shall examine this effect and its manifestation in 
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a small number of examples. We start by explicitly showing how the equations 
of motion appear when one views the dynamics in a globally uniformly rotating 
reference frame and go on to introduce three new nondimensional numbers: the 
Rossby number, the Burger number, and the Ekman number. V.W. Ekman (1874— 
1954) was an oceanographer and C-G.A. Rossby (1898-1957) a meteorologist. 
Their research contributions were paramount to our understanding of the oceans 
and the atmosphere. 


5.1.1 Fluid Equations of Motion in a Uniformly Rotating 
Reference Frame 


The previous discussion of particle dynamics in a rotating system sets the stage for 
the corresponding equations of motion for fluid flow. If the system is undergoing a 
solid body rotation around some arbitrary direction fi, the angular velocity is a vector 
Q pointing in that direction. The momentum balance equation (1.53) rewritten in a 
frame determined by the above rotation is 


p Ea +2pQ xu=pb—VP+pQ x (Q <r) +nVPut nV (Vu), 
(5.1) 


where the velocity is in the rotating frame and, for the sake of upcoming notational 
convenience, r is here the radius vector equal to x = xX + y¥ + zz. Note that the 
bulk viscosity has been neglected for simplicity. The physical meaning of this has 
already been explained in Chap. 1. The Coriolis force per unit volume is explicitly 
written into the left-hand side of the above equation: 202 x u. The equation of 
continuity (1.52) and the second law of thermodynamics (1.76) remain unchanged. 
Can you rationalize why the dissipation function Y is not altered in Eq. (1.76)? 
In the following we explicitly state the equations of motion in various coordinate 
systems. Two such coordinate systems are depicted, for reference, in Fig. 5.1. 


5.1.1.1 Cylindrical Coordinates 


The equations of motion in cylindrical coordinates (r, @, z) are written assuming that 
the global rotation is oriented along the Z axis, i.e., Q = Qyz: 


Ou, us lop, .o2., 2 20u, uu, 
Or +u- Vu, a 22)Uy p ay t b, t Q) r+v (v u,, — 2 a9 = “) 3 (5.2) 
Ou u,u 1 op 20u, u 
9 | : I 1 eee = 1 | 2 = Fee 
ra u-Vu, 4 . 2Q)Uu, aoe be v(v Ug+ Ade +) ; (5.3) 
Oe tig Ok +b. +vVu., (5.4) 
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Fig. 5.1 A schematic depiction of the two main curvilinear coordinate systems: (a) cylindrical 
coordinates and (b) spherical coordinates 


where explicitly 
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The equation of mass conservation is 


dp ldru, 10u, du, 
oF anv r g z) — : 
oe p+e(+ pie 1 : a 
and the thermodynamic equation is 
Os : ; 
pT - +u-Vs ] = (heat sources — sinks) /unit volume. (5.6) 


It should be understood that all quantities are measured with respect to the rotating 
frame, including the azimuthal coordinate @. In the limit where Q, — 0, the system 
reduces to the usual set of equations as viewed in the laboratory frame. Note that 
us /r and Ug, /r found, respectively, in Eqs. (5.2) and (5.3) are the previously 
mentioned curvature terms. When the dynamics of interest is constrained to within 
a thin gap, i.e., a small radial extent, then the curvature terms are neglected because 
their influence is minor, especially when compared to the influence of the Coriolis 
effect, 1.e., the terms —20Q)u, and 2Q,u,. This approximation will be discussed in 
the next section and is particularly valid if the rotation is strong. 

In circumstances where the flow is treated strictly as two-dimensional, it is often 
more revealing to describe the dynamics in terms of the vorticity, not unlike the 
formulations in Sect. 2.2.1. In particular, if the flow is incompressible and the 
dynamics is independent of the z direction and that there are no external forces 
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present and the vertical velocity is zero w = 0, then the equation for the flow is 
a simplification of equation (2.8), in which only the vertical component of the 
vorticity is tracked (@, = €), ie., 


DE 


pp a2 IV x (TYS)| t+vv76, (5.7) 


where T (temperature) and s (specific entropy) are also assumed to be independent 
of z. In this chapter we shall use the Lagrangian time derivative also in two- 
dimensional cases: 


DO 7] 10d 


Dt ae ae roo. aoe 


Thus the material time derivative has special form in cylindrical coordinates. This is 
true for other curvilinear coordinate systems as well, so the reader is asked to be able 
to distinguish between different coordinate systems and the number of dimensions, 
before he or she writes out explicitly the terms of D/Dt. Notice also that in Eq. (5.7) 
the Coriolis term 2Q, is explicitly absent. It drops out of the expression because of 
incompressibility, 


1O(ru,)  10u, 
rar og (5.9) 


Specifically, when the left-hand side of Eq. (2.8) has the term 2Q x u, operating 
with V x on it gives 


V x (2Q xu) =z 


ra) 
—_ rea) (5.10) 
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where the condition is that the incompressible flow is strictly two-dimensional. In 
cylindrical coordinates we have a stream function y(r, @) giving 


low _ oy 


rog’ MO Or’ 


(5.11) 


iF 


which automatically satisfies Eq. (5.9), when substituted there, verifying incom- 
pressibility. Thus we can write 


A A 
_ 19 (rU,) 1S (SH) 1 o’y (5.12) 
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which reveals the vorticity-stream function formulation for this two-dimensional 
problem in polar coordinates (r, @). 

How can the centrifugal terms affect the dynamics in a two-dimensional flow 
if they are explicitly absent from the vorticity evolution equation (5.7)? The 
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answer follows from the observation that the centrifugal terms are connected to 
the pressure gradients in the flow. Since the flow is assumed to be two-dimensional 
and incompressible, one can administer the horizontal divergence of the horizontal 
momentum equations (5.2—5.3) and make use of two-dimensional incompressibility. 
This procedure results in the following diagnostic equation relating the flow fields 
to the Laplacian of the pressure field: 


V-(u- Vu) +2Q,¢ = a P (5.13) 


From the perspective of linear theory, the nonlinear term, the first on the left-hand 
side of the above equation, may be overlooked, and we can plainly the role of 
the centrifugal terms, appearing in a Poisson equation for the pressure. Thus, the 
centrifugal terms mitigate the shape of the resulting pressure field even if the flow 
is unsteady. We address this also in our discussion of the Taylor—-Proudman theorem 
below. 


5.1.1.2 Small Cartesian Segment 


Our interest here is in the dynamics with respect to a small section of the fluid, 
rotating with it. Imagine a rectangular box-like segment centered at r,. As defined 
above we envision that this segment rotates around the cylindrical z = 0 axis with 
rotation rate Q,. By writing r * r, +x and rp © y where x, y, and z are small 
compared to r,, the equations of motion in cylindrical geometry, i.e., Eqs. (5.2—-5.4) 
may be approximated by dropping all curvature terms. Identifying u, +> u, u, +> Vv 
and u, +> w we see that the equations simplify into 


—20,v = -35 +b.+ (ones +VV7u, (5.14) 
Xx 
D 1aP 
= +20,u= 5 +b, + 22y4vVv, (5.15) 
D 1aP 
ee oye (5.16) 


with the mass continuity and thermodynamic equations 


Dp du Ov Ow) | Ds _ : ; 
pr tP & rs a) =0, pT > = (entropy sources — sinks) /unit volume, 
(5.17) 


in which D/Dt and V? take on their usual forms appropriate for Cartesian coordinate 
geometry, i.e., 


99,98 yl a 
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Thus, the equation as expressed in the small segment is naturally in Cartesian 
coordinates. It is common to come across the expression axi-symmetric in reference 
to this Cartesian segment approximation of the equations of motion in a rotating 
system. It is meant to describe motions in which variations with respect to y are 
zero, which indicates the absence of variations with respect to @ in the equations 
of motion in cylindrical geometry. The utility of these equations is apparent: in 
many respects they are simpler than the full equations of motion in cylindrical 
geometry. Yet, they preserve enough of the physics associated with Coriolis effects 
to make them a useful platform for developing intuition on rotating systems. As we 
described in the discussion of cylindrical geometry, when the flow is incompressible 
and two-dimensional, i.c., V-u = 0, no z-dependencies, and with w = 0, we find 
further simplification by adopting the vorticity-stream function representation of the 
equations of motion. In this two-dimensional formulation, ¢ is the sole component 
of vorticity, the 2 one. D/Dt and V? are the usual Cartesian operators given above, 
but with w = 0 and 0/dz+ 0. Thus 


Ov Ou | v2 oy oy 


C= = “ e222" == (5.18) 


which is familiar from before, e.g., Sect. 2.5.2. 


5.1.1.3 Spherical Coordinates 


The equations of motion in spherical coordinates are presented here, for com- 
pleteness. However for the sake of brevity, we choose the inviscid limit; see the 
Bibliographical Notes for a reference which includes all the terms. The coordinates 
are: r as the spherical radius coordinate, @ as the azimuthal angle, and 0 as 
the polar coordinate. Since, as was explained in the beginning of this chapter, 
planet atmospheric/oceanic applications are the main ones, we define the polar 
angle to be measured from the equatorial plane so that —a/2 < 0 < a/2. In 
meteorological/planetary studies, the azimuthal and polar angles are often referred 
to as the latitude and longitude, respectively. The uniform rotation vector is aligned 
with the polar axis and has magnitude given by (2). If we identify u, ,u,, and u, to be 
the azimuthal, polar, and radial velocities, respectively, then we have the following 
inviscid FD equations in a spherical coordinate rotating frame: 


Du u,Uy — UU, tand 1 1 oP 
eae ee : 9 het) 
Dr 2Q, (ug sin 0 — u, cos @) Breonb ag +by (5.19) 
Du : u,u +u? tan@ 110P . 
Dp 2ote Sin 8 “a = ae te Q°rcos @ sin 8, (5.20) 
Du, “+4, 1 aP 
=e Ee ee = ~~ +b, +Q2rcos’ 0. (5.21) 
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The Lagrangian time derivative in polar coordinates is 


DY 29 9 Dllge Os ee Oc. 0 


= | . 22. 
Dt of Fee 00 r 00. "oar Cee 
The equation of continuity and the thermodynamic equation are 

op te 1 d(pu,) 2p 1 O(pu, cos @) 7 1 O(r’pu,) =0, (5.23) 

ot rcos@ dg rcos@ 00 ror 

eS oY 
=V-(pu) 
Ds 3 , 

pT > = (entropy sources — sinks) /unit volume. (5.24) 


Note that, in comparison with our previous discussion in cylindrical coordinates, 
the form of the Coriolis effect in spherical coordinates is more complicated, as it 
gets expressed in all three coordinate directions 


2Q, 2x Uu = 20, ( cos 6 +sino#) x (u, +1, 6 +u,2) 
ee” 
=i 
= —2Q, (u, sin@ —u, cos 0) @ +2Q,u, sin @ 6 + —2Q,u, cos OF, 
(5.25) 


where @, 6,# are the unit vectors in the azimuthal, polar, and radial directions. 
Additionally, we have explicitly retained the centripetal acceleration terms in 
writing out the momentum balance equations above. In analyses which treat the 
density as a constant, the centripetal terms get absorbed into an effective pressure 
expression P + (p / 2)Q?° cos” @. Consequently the centripetal terms are usually 
absent in other formulations of these equations in a rotating reference frame because 
itis usually understood in those contexts that they have been implicitly absorbed into 
the pressure. 


5.1.2 Rossby, Burger, and Ekman Numbers 


Rotating fluid systems are characterized by several nondimensional numbers indi- 
cating the relative importance of rotation, as captured in the Coriolis force, as 
compared to other physical effects. Incidentally, this force is named after G.- 
G. Coriolis a scientist who was first to publish in 1835 the full mathematical 
formulation of the effect, even though the qualitative knowledge about it was 
known before that. Here we present the most significant dimensionless quantities 
for rotating astrophysical and geophysical flows, the Rossby, Ekman, and Burger 
numbers. 
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Rossby Number This number, denoted by Ro, is the single most important quantity 
characterizing the dynamics in large scale rotating flows and thus in astrophysical 
and geophysical systems. It is defined as 


Ro = —— (5.26) 


where Q is the global rotation rate, be it Q, or Q,sin@, where @, is a latitude 
of interest; U is a typical velocity scale and L is a horizontal length scale. For 
example, if the rotation axis of vortex is aligned with the effective global rotation 
of the system, for example, in a storm over the ocean on the earth, L/U is a rough 
measure of the turnaround timescale of the vortex while Q~! is of the order of the 
frame rotation timescale. The Rossby number is actually a measure of the ratio of 
timescales: that of flows in the rotating frame, Taow = U/L to the rotation timescale 
Trot = Q7!. In this way 


Row Hew, (5.27) 


Trot 


meaning that a small Ro flow is strongly affected by rotation, or the Coriolis effect. 
This generally means that such flows are primarily geostrostrophic, an important 
concept we will explain and use below in this chapter. Present assessments are that 
at mid to high latitudes of planetary atmospheres we have for Mars and the Earth 
Ro ~ 0.1 while for Jupiter, Saturn, Neptune, and Uranus it is ~ 0.1-0.01. 


Burger Number Denoted by Bu and defined as 


vVgH 


Bu = 
D> ge? 


(5.28) 


and is particularly important and relevant to geophysical fluid dynamics (GFD). 
An example is the following: a shallow fluid layer of height H in an external 
gravitational field g pointed downward in the same direction of the projected global 
rotation at a given latitude, taken here to be Qz. In our previous discussion of 
shallow water, surface gravity waves propagate roughly at a speed = \/ gH _ , where 
His a typical depth. If one is interested in dynamics occurring on a length scale L, 
then one may view Bu as measuring the ratio of the rotation timescale, Tot = Qo}, 
to the horizontal propagation timescale of a surface gravity wave across length L, 
Tow = L/V 8H , 


Bay 2 (5.29) 


This is a loose definition and, in usual problems of interest, specific versions of 
Bu will appear depending upon the buoyancy of the medium. This usually means 


replacing the value of g with an effective value of g.,,, where g,,, is associated with 


eff” eff 
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buoyant oscillations. For example, this effective gravity can be a consequence of 
a vertical layer separated by two fluids of differing densities (p.,). In that case, the 
effective gravitational acceleration would be g.,, = 2g(p_—p,)/(p_ +p,,.)- In other 
cases involving the vertical gradient of entropy, the expression g appearing in the 
definition of Bu gets replaced by N7H, where N is the Brunt—Vaisala frequency, 
defined by 


Wee (5.30) 


where s, is the horizontal mean of vertically varying entropy profile. H is identified 
as the vertical pressure scale-height given (roughly) by e /g, in which e is the 
square of the typical sound speed. In that case Bu = NH fl 2QL. A more detailed 
discussion of the Brunt—Vaisala frequency will be found in Chap. 7. 


Ekman Number This number, denoted by E, concerns the relative importance of 
Coriolis effects and viscosity. It is defined as 


Vv 


E= =>: 
2QH? 


(5.31) 


Keeping in line with our previous examples, consider now a fluid of vertical 
scale H and kinematic viscosity v. As before, the global rotation vector is still 
considered aligned in the vertical direction. We have already encountered the 
timescale associated with viscous diffusion to be tj, ~ H? /v. Thus E is defined 
as the ratio of rotation time, Tor, and the viscous timescale, for a length scale H, or 


By Ot, (5.32) 


Wis 


It is important to realize a subtle distinction compared to the previous examples: 
just because the Ekman number E may be a small does not necessarily mean that 
viscosity is unimportant. It just means that it is unimportant on the length scale H 
that was chosen. In turn, it means that there always exists an appropriately chosen 
length scale in which E ~ 1. In this way, it is similar to the Reynolds number. In 
the example of the Ekman layer that will be examined below, we shall see that 
the interesting dynamics will emerge on appropriately chosen length scales so that 
Eel. 

Finally, we notice that the Reynolds number is simply related to these quantities 
according to 


Re = —. 
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A number of steady flow configurations that have rotation as a major feature 
are examined here. Starting with a discussion of the important Taylor—Proudman 
theorem and the idea of geostrophy and giving some examples, we move on to 
the Taylor—Couette flow. Next, we examine the simple Ekman layer, in which a 
steady wind interacts with a boundary layer in a rotating frame and show the curious 
behavior of the twisting of the mean wind field as one approaches the boundary. 


5.2.1 Taylor-Proudman Theorem and Geostrophic Flow 


In perhaps the simplest of possible configurations, we consider a fluid resting, in 
a rotating frame, on a flat plane at z = 0, and, neglecting gravity, consider the 
resulting steady flow where both the Rossby and Ekman numbers are so small that 
we assume they are zero. Keeping with the equations appropriate for rotating flows 
in a Cartesian geometry, we assume that 2 = Q,2 and no other external body forces 
are present, b = 0. This flow is not made rotating by any body force and writing the 
appropriate equations we find that 


—20v=—- 5 5 2Qu=-—-—, O0=--—. (5.33) 


Note that inertial nonlinear terms on the left-hand sides of the equations of motions 
are zero because of the Ro = O assumption and this is instrumental for the result. 
Assume that the fluid is of constant density, obviously satisfying the condition 
of incompressibility V-u = 0, which written out in velocity components gives in 
Cartesian coordinates 


Ou ov. ow 
—4+ +4 =9,. 5.34 
ox ody oz oy 
One can take the partial derivative with respect to z of the x-momentum equation 
(the first of (5.33)) and, likewise, take the partial derivative with respect to x of the 
z-momentum equation (the third of (5.33)) and find that 


OV 


ea = 


0, (5.35) 


indicating that v has no vertical variation with respect to z. The result that follows 
from a similar set of operations on the y and z-momentum equations, i.e., the second 
and third of (5.33), is the conclusion that u is also independent of z. Operating 
in similar appropriate way on the horizontal components: y derivative of the first 
equation subtracted from x derivative of the second equation of (5.33) and making 
use of the constancy of p shows that 
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This result used in the incompressibility condition predicts that vertical velocity 
must be a constant since the vertical stretching term is zero, i.e., 


dw 

Oz 
The vertical velocity is, consequently, set to zero, instead of some vertically 
independent function of the horizontal coordinates, because the presence of an 
impenetrable boundary at z = 0 means that w must be zero there and since the above 
equation means that there is no variation of w with respect to z, it follows that w 
must be zero everywhere. 

Thus we have proved here an instance of the Taylor—Proudman theorem. Its 
strong meaning is that any flow under these stated conditions has properties that are 
constant on vertical cylinders, as there is no variation of the horizontal velocities 
with respect to z. This theorem includes the name of the revered G.I. Taylor and 
is perhaps the most significant result in rotating fluids theory. In plain words it 
states that strong rotation of a fluid causes it to behave as an essentially two- 
dimensional system. That is why two-dimensional flows and their properties are 
often treated in FD with the intention to apply the results to strongly rotating fluids. 
The notion of geostrophic balance is relevant to settings beyond the Cartesian one 
we have examined. Geostrophy is the explicit balance between the Coriolis effect 
and pressure gradient. The vectorial equation expressing geostrophy is 


0. (5.37) 


1 
22 xu= =e (5.38) 


and this balance is most pronounced under conditions of strong rotation, commonly 
found in the atmosphere of our rapidly rotating home planet, the Earth. Thus the 
prefix “geo” originating in the Greek word for Earth. To be clear, geostrophic 
balance means that the Coriolis terms are more influential than the curvature terms 
and this becomes increasingly true if the value of Ro characterizing the system 
becomes small. As we have mentioned above a number of solar system planets, 
notably Mars have Ro value similar to Earth, while the value of this number for 
the outer giant planets, notably Jupiter, is even smaller. We stress again that a small 
value of Ro means that the global rotation time of the system is much shorter than 
the typical turnaround times associated with any velocity structure, as measured in 
the rotating reference frame. We revisit this again later in the chapter. 

The Taylor—Proudman theorem, in a coordinate free general formulation, follows 
from the geostrophic balance equation (5.38), the only assumption being constant 
density. Indeed, assuming that the unit vector in the direction of the rotation axis is 
Z, say, and operating with V x on the equation gives 


(2-V)u=0, (5.39) 
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which means that u cannot be dependent on the z direction. We may give an example 
of a very simple geostrophic flow which is y independent, that is, d/dy ++ 0, and 
in which the global pressure varies along x and is balanced by a form dependent on 
the velocity field v. If the pressure gradient, brought about by whatever means, is a 
constant, then the result is a mean constant flow for v: 


1 oP 
v= 22.p ao const. (5.40) 


If, along the x direction the pressure field exhibits, instead, a quadratic profile, i.e., 
P=Py +PoP(x/L)* with p,, and p,, constants, then the result will be a linear shear 
in the velocity field 


y= oy, 
20,72 


(5.41) 


The consequence of geostrophic flow is that pressure contours describe flow stream- 
lines. First, since this flow is two-dimensional and incompressible by Eqs. (5.36) 
and (5.37), it can be described in terms of a stream function y in the usual way. 
Similarly, calculating the horizontal divergence of equation (5.38) results in 


Ov Ou = = 1 2 
20, & : =| = 20,6 =50°P, (5.42) 


where € is the vertical vorticity of the flow. Because we have determined that the 
flow is independent of the vertical coordinate z, the implication is that vorticity is 
traced by the horizontal Laplacian of the pressure field by the correspondence 


P 
=V ; 
2, 


C=-Vy (5.43) 


because p is assumed constant. Thus the isobaric contours are a proxy for the flow’s 
stream function level curves which are streamlines. We have in geostrophic flow 


isobaric contours —> flow streamlines. (5.44) 


This gives an indication as to why the Coriolis effect appears to not directly affect 
the evolution of two-dimensional flows according to the evolution equation for 
the vertical vorticity, as can be found in Eq. (5.7) and a general two-dimensional 
vorticity equation in a cartesian box (derive it!). In truth, its influence appears in the 
manifestation of the flow in concert with pressure contours. It plays a role in the 
diagnostic interpretation of the resulting dynamics by relating the flow streamlines 
to those of equal pressure (Fig. 5.2). 
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Fig. 5.2 Geostrophic flow diagram. Streamlines and isobaric contours are coincident in 
geostrophic flow. Flow streamlines are shown on the assumption 2Q, > 0. Flow directions are 
reversed for 2Q, < 0. Low pressure locations correspond anti-clockwise motion (high pressure <> 
clockwise flow). The lines are meant to continue and ultimately close beyond the figure boundary 


5.2.2 Taylor—Couette Flow 


An important configuration that has experimental relevance and physical interest is 
a flow between two coaxial long cylinder surfaces whose axis coincides with the 
z-axis. Assume that a constant density incompressible fluid fills the gap between 
the cylinders and that the system is in a constant gravitational field of magnitude 
g pointing along —z . To handle the resulting steady flow, we then appeal to 
the equations of motion in cylindrical coordinates as found in Sect. 5.1.1.1. For 
the sake of this illustration we use a nonrotating frame, that is, set 22, = 0, and have 
only the vertical component of the body force b. = —g. We seek solutions in which 
the only non-zero component of velocity is the azimuthal one. Furthermore, we 
assume that the purely azimuthally moving fluid flows over an impenetrable plane 
at z = 0 providing stress-free boundary conditions for the flow u,, which, for this 
calculation, means that u, shows no vertical variation. Other boundary conditions 
include no-slip and impenetrability at the cylinder’s vertical walls. We consider an 
idealized case of essentially infinite cylinders, meaning that in some nondimensional 
units Ztop >> 1. The equations of steady motion are 
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a = _1oP (5.45) 
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poe 8 (5.47) 


The equation of hydrostatic balance (5.47) may be integrated with respect to z to 
reveal 


PUrZ) = —pgz+p(r), (5.48) 


where p(r) is an unknown function of r determined by the solution to Eq. (5.45), 


dp _ 
dr 


= 
~ |b 


p (5.49) 


This problem is very similar to the Rankine vortex examined in Sect. 2.5.5 and 
we can, in principle, recover those results here. Instead we consider steady viscous 
solutions. In particular, the viscous stress divergence expression equation (5.46) can 
be rewritten into a more compact form, allowing for general solutions for wu, to be 
readily stated, 


B 
Uy =Ar+—, (5.50) 


for constants A and B which become determined once specific boundary conditions 
and settings are imposed. The Taylor—Couette (TC) flow is the azimuthal velocity 
profile that arises when one considers the flow contained between rotating coaxial 
cylinders with the additional proviso that the top of the relatively long cylinder 
is capped but the cap does not impose any stress. The upper and lower caps are 
therefore intended to obtain a flow in an idealized infinite cylinder. Unlike the 
Rankine vortex, there is here no free surface to worry about and so the basic state 
solution is much simpler. If the rotating concentric cylinders have inner and outer 
radii given by R, ,, respectively, together with corresponding rotation rates Q, ,, then 
the general solution of the velocity field (5.50) becomes 


is 3 R 
g(t) = aos | ( 2,-2.4 | r+=1(2,-9,)]. (5.51) 
2 


The corresponding radial pressure gradient follows from inserting this solution for 
u, into Eq. (5.49) and integrating the result. 
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We shall not consider here the laboratory TC problem, where the cylinders extend 
to Z = Ztop < °° since a variety of different boundary conditions may be applied at 
the top, giving rise to a host of separate different problems, some of them very 
complex. In any case, the solution presented here serves as basis for considering 
more complicated TC flows arising from special boundary conditions. 


5.2.3 Simple Ekman Layer 


We discuss here a rotating fluid structure referred to as the Ekman layer, but do not 
consider in detail the geophysical case, wherein the Ekman layer in the ocean is 
driven by wind stress. Rather, we focus on an idealized, simpler, case. Consider a 
flow in a rotating Cartesian frame, limited by a fixed, in that frame, bottom planar 
rigid plate at z = 0, so that all dynamics occurs for z > 0. The frame rotation vector 
is in the vertical, 2, direction having a constant rate Q,. The kinematic coefficient of 
viscosity is V, and the fluid has constant density. Suppose that the Rossby number 
is much less than the Ekman number, i.e., Ro < E. We imagine that there is a large 
scale constant velocity field in the ¥ direction, brought about by a global uniform 
pressure gradient in the & direction, similarly to the description in Sect. 5.2.1. We 
are interested in finding the velocities in this configuration. With the presence of 
viscosity, we expect that the horizontal velocity components should have some 
vertical dependence. We shall assume an extreme idealized such case and seek 
solutions for uv and v that vary only in the vertical direction. The equations of motion 
in this case are 


10P au a2v 
~20,¥=— So + V5 2Q,u=V a7. (5.52) 


Because the bottom plate should impose rigid boundary conditions, we have at its 
location u = v = 0 at z = 0, while we assume that the velocity field relaxes to the 
ambient configuration as z + », i.e., u = 0 and v = v,, where 


1 OP ; 
= — — =const. 
0 2Q, Ox 


Vv 
We can think of v, as a kind of geostrophic wind, since the value it achieves is a 
result of geostrophic balance. Since the global pressure gradient along x is constant, 
the equations governing the steady flow may be simplified to 


Cu dv 
Vag 2Q,u=v— (5.53) 


—2Q)(V—Vp) de 


Combining the above two equation into a single one for u reveals 
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2 44 
ve d'u 
=-—___-_. 5.54 
" 4Q? dz eed) 
This equation has four exponential solutions e“*, where k = +(1+i)/H, in which 


H, = \/2Q,/Vv. The two solutions which would induce exponential growth as z — ©» 
are rejected on physical grounds. Thus an acceptable solution for u is 


u = Ae~/o e/Ho 4+ Be~2/Ho e 2/ Hy (5.55) 


with unknown constants A and B. The above form for u is arranged so that u = 0 at 
z= 0, leaving us with 


SA aa 
u(z) = Ae */"0 sin (Z ) ' 


0 


in which A is undetermined. With this form for u in hand, we extract the functional 
form for v from the first of the equations in (5.53) and imposing the boundary 
condition on v see that it relaxes to the geostrophic wind state as z — 9. This results 
in determining the value of A and revealing the final solution form to be 


v(z) =V, f —e~*/4o cos (=) : u(z) = vye 7! Ho sin (<) : (5.56) 


0 


Even before visualizing the solutions we can already see that the exponential drop- 
off on scale H, means that everything of interest is taking place in the region of 
extent H,. Relating this back to the definition of the Ekman number in Eq. (5.31), 
we see that choosing H = @ (H,) means that on the scale H), E = @(1). 

A close inspection of the velocity field solution in Eq. (5.56) shows something 
interesting: while the x component of the velocity field u decays to zero in the 
two limits z + 0,z — ©, it actually takes on significantly non-zero values near 
z=0O (H,). This is qualitatively shown in Fig. 5.3, depicting the so-called Ekman 
spiral, showing the total velocity vector of the wind field as a function of distance 
away from the z= 0 plane. The spiral traces the envelope of the set of vectors for 
all z > 0. Equally remarkable is the existence of z values for which the resultant 
velocity vector is greater than |v,|. In other words, it can be shown with little effort 
that the speed of the horizontal flow 


jul = Vv? +u? 


exceeds |v, | for values of z in the vicinity of H,. Thus, even though the plate removes 
kinetic energy from the flow, there are places above the plate that the redistribution 
of momentum brought about by viscosity induces a speed that is actually faster than 
the ambient geostrophic wind speed characterizing the flow as z + ©. 


258 5 Rotating Flows 


Fig. 5.3. Local visualization of Ekman flow. Three successive layers are shown, representing 
the distance from the rigid bottom boundary at z = 0. The spiral of the flow is shown by the 
dashed line tracing out the tip of the velocity vector as one moves upward. In this depiction, the 
mean geostrophic wind points in the y direction and is shown being asymptotically approached 
for z >> H,. The value of the velocity vector is greatest for z H, exceeding the speed of the 
geostrophic wind. The greater magnitude of the speed for z near H, is exaggerated in the drawing 


5.3. Linear Dynamics of Spin-Down 


We examine here, in some detail, the Ekman spin-down problem and explicitly 
calculate the spin-down rate of a rotating column of fluid when interacting with solid 
surfaces through the fluid viscosity. This particular example makes use of matched 
asymptotic expansions and thus time is taken to carefully develop this formulation 
of the problem. The previous section dealing with simple Ekman flow demonstrates 
what happens when rotation and viscosity are both present, showing clearly that a 
flow profile shows a rotation of its velocity vector as a function of distance from 
a bounding surface. The present problem is no longer simple: we consider the fate 
of a rotating incompressible fluid between two rigid plates. In this discussion it is 
assumed that gravity plays no role in the ensuing dynamics. We envision a constant 
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density fluid sandwiched between two horizontal impenetrable plates, parallel to 
the x — y plane, separated from one another by a vertical distance L. Let the plates 
and the fluid between them rotate in unison with rotation vector QQ = Q,z. At some 
instant of time, we imagine that the plates stop their rotation abruptly. The question 
is: What happens to the rotating flow and on what timescale? 

The flow immediately near a plate will match the motion of the plate effectively 
instantaneously showing a tendency to develop a vertical structure of the kind 
illustrated in the previous section. Now we have two plates and thus the flow 
just below the upper plate will show a mirror symmetric behavior. It is clear that 
the flow in the interior, between the two plates, will eventually come to rest. Our 
task is to decide, basing the answer on a calculation, what will be the timescale 
of the spin-down. Before delving into the calculation, notice that there are clearly 
two timescales in the problem: one associated with rotation and estimated by 
Trot © (2Q,)7! and the other due to viscosity. It is natural to estimate that the 
viscous timescale for the bulk of the fluid should be dictated by the fluid’s length 
scale, L, say, and this means that the corresponding timescale is Tyise ~ i /v. Asa 
simple example, for a rotating cylindrical vessel of water, whose typical dimension 
is L ~~ 10cm, one would estimate t,;,;, to be slightly under an hour, given the value 
of water’s viscosity v + 0.01 cm? /s. However, experience shows that, in fact, it 
takes less than a minute for the water to come to a complete stop, after the vessel 
had abruptly stopped. One might argue that this timescale should depend upon the 
side walls of the vessel, but the timescales become insensitive to the presence of the 
walls once the horizontal dimensions of the vessel get sufficiently large, e.g., already 
for an aspect ratio of less than about a half the timescales become independent of 
the walls. It turns out that the spin-down timescale for this problem is the geometric 
mean of the rotation time and the viscous time, i.e., ~ \/Tyise Trot © L/\/QyV. 

The aim in this section is to develop a relatively straightforward matched 
asymptotic expansion procedure, in which this peculiar timescale uniquely emerges 
as the correct one on which spin-down occurs. We begin this by turning this problem 
around to solve for the dynamics of the reverse problem, i.e., that of the spin- 
up. We will examine the response of the interior flow, which had been initially 
at rest for t < 0, to a change in the rotation rate of the bounding plates, having 
gone abruptly from no rotation to (2,z in the lab frame at time t = 0. We then 
decide to look at the problem in a frame rotating exactly as the above rotation, 
with respect to the lab, which we imagined starting abruptly at t = 0. The above 
will be the rotating reference frame for this problem. In this reference frame, the 
fluid’s state after the rotation of the plates had started is that of a spinning column 
rotating on its axis, having constant rotation angular velocity Q = —Q,z. We 
consider the velocity within the two boundary layer zones near the plate boundaries 
and, separately, in the bulk interior of the fluid, and ultimately link the two 
descriptions together. We chose to use Cartesian coordinates and adopt equations 
(5.14—5.16) together with the assumption of incompressibility. We start by formu- 
lating this problem in terms of small perturbations about a steady state, as viewed 
in the rotating frame, getting the following linearized equations of motion: 
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2 aay) a Ay (B PEA), 
ov +20,u' = ; = cy (= as 4 zs) . (5.58) 
ow = ; = ay (= a a | a) (5.59) 
together with the assumption of incompressible flow 
oe e ~ x on = (5.60) 


The matched asymptotic expansion procedure that we specifically detail here for 
this problem proceeds through the following four steps: 


1. 


By assuming appropriate scalings for all the variables in the relevant equations 
here (5.57-5.60) make the equations nondimensional, so that they may be 
analyzed more transparently. At this point a small parameter should emerge, 
and in this case it is reasonable that it will be some positive power of the Ekman 
number. This is the crucial step in any asymptotic study, because the adjectives 
large and small have meaning only for nondimensional physical quantities. In 
addition, it is at this stage that one asserts initial guesses as to how quantities 
relate to one another. It is often true that if an incorrect scaling is assumed, it 
may result in a failure to determine bounded solutions, or any possible balancing 
of physically essential terms, in any of the following three subsequent stages. 
Solve the resulting nondimensional equations of motion in the bulk of the 
rotating system, relatively far from the plate boundaries, as a perturbation series 
expansion. This will be called the outer or exterior solution as this is common 
nomenclature in boundary layer theory—we are out of the boundary layer. We 
have introduced this terminology previously, in the simplest case of boundary 
layer emergence in Sect. 3.5.1. 

Solve the resulting nondimensional equations in the boundary layer zones 
near the two bounding plates at z = 0 and z = 1, respectively. The governing 
equations in the boundary layer should usually be expressed in stretched 
coordinates. In this case, the stretching will occur in the vertical coordinate. It is 
common, as we have seen in Sect. 3.5.1, to refer to such reexpressed equations 
as the inner equations, and to their solution as the inner solution. 

Perform a matching procedure between the two inner solutions, i.e., those valid 
in the two boundary layers, onto the outer solution, which is valid in the bulk 
interior. Once the correct matching is made, the resulting equation can then be 
solved to recover the behavior we asserted to be the case at the beginning of this 
discussion. 
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5.3.1 Scalings and Nondimensionalization 


The aim of this section is to rewrite Eqs. (5.57—5.60) in a way that will facilitate a 
perturbation series analysis. As we have done in previous examples, we must make 
certain assumptions about the relative scalings of various quantities. We will state 
them here and then formulate the equations of motion accordingly. Assume that the 
vertical and horizontal scales of the system are characterized by a length scale L and 
choose L to actually be the separation of the vertical boundaries. We also know from 
our previous experience with the simpler Ekman layer, worked out in the previous 
section, that there exists a boundary layer of scale H, ~ \/V/2Q,. The ratio of 
the boundary layer scale to L is easily deduced, using the above boundary layer 
scale definition: H, ~ \/v/2Q, = Ly/v/2Q,L? = Le'/?, In other words, the ratio 
H,,/L is approximately the square-root of the Ekman number E. If the viscosity is 
sufficiently unimportant, then the Ekman number should indeed be small. We decide 
that E will be the small parameter of this system, as E< 1. 

Similarly to our analysis of the simple Ekman flow, we expect the dynamics 
within the bulk interior of the system to be in geostrophic balance. Suppose therefore 
that both horizontal velocities are scaled by a speed #. Then, if geostrophic balance 
is to be the dominant feature in this flow, then in order for 2Q)2 x ul! ~ (1/p)VP’, 
where p is a constant density, the pressures ought to have the approximate scaling of 
~ 2Q,iiLp. We rely upon observation to guide us in choosing the correct timescale 
characterizing spin-down. Coriolis effects have a timescale that is Tot ~ 1/(2Q,), 
while the corresponding viscous timescale, as determined based upon the system’s 
large scale dimension L, is Tyisc ~ LV? /v. That much we have already proposed at 
the outset. As everyday experience with a well-stirred cup of liquid suggests, the 
fluid spin-down is faster than the viscous timescale but longer than the rotation 
timescale. We posit here, mainly as a guess, but hinted by the simple Ekman flow 
of the previous section (and later verified owing to the self-consistency of the 
final answer) that the relevant timescale is the geometric mean of the viscous and 
rotation times. This special timescale, tz, happens to be, as we saw ~ 1/(2Q,) E!/2, 
which means to say that the timescale of interest is a factor 1/,/E longer than the 
Coriolis/rotation timescale of the system Tot. Thinking of one’s experience with a 
rotating cup of fluid, and barring large amplitude vertical perturbations, if the cup 
is steadily rotating, then the vertical velocities of the rotating fluid ought to be very 
small compared to the corresponding horizontal circular velocities. Thus, we guess 
that the vertical velocities are smaller than the horizontal ones by a factor of E!/2 as 
well. In other words, we shall adopt the scaling that w/ ~ E!/27, In the following we 
reexpress all dependent and independent variables of this system in terms of these 
proposed relative scalings. Thus we write 


xreLx, yely, zolz — tre1/(2Q,E/”)2, 


Uoi, Vow, woel?aw, Pr>20QaLpl, (5.61) 
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with the understanding from here on that x,y,z,u,v,w,I1,t are nondimensional 
quantities related to the dimensional counterparts according to (5.61). Note now 
that we have deliberately chosen to retain the same characters (x,y,z,t) for the 
nondimensional space and time variables, primarily for aesthetic reasons, which 
also economizes the notation. The linearized equations of motion (5.57—5.60) now 
appear rewritten in terms of the nondimensional variables as 


Ou oll o2u 02u—s 2 
BV dt. Ox Be (Ss "Oye =) , Oe 

Ov or a2yv a*v. sv 

1/2 _ a 4 
pr tus So +e ( gat oe os) (5.63) 
ow Ol 3p aw aw a>w 
oe oe (e Say) az}? oe 
and 

DY ON gfe 6 (5.65) 


These Eqs. (5.62—5.65) are the ones that will be analyzed in the upcoming three 
sections. When the analysis is complete and solutions have been found, the results 
will be recast in terms of their original dimensional quantities as defined in (5.61). 
As we have assumed before, the bounding plates are vertically separated by the 
actual distance L, thus the vertical boundaries are located at z = 0,1, in this 
nondimensional form. On the bounding plates we require rigid boundary conditions, 
i.e., the condition u=v=w=0. 


5.3.2. The Behavior in the Bulk-Interior: The Exterior Solution 


We examine now the system in the interior part. Expecting it to be primarily 
characterized by geostrophic balance, but with some additional features which will 
become evident below, we assume a two term series expansion for all of the fluid 
quantities, except for the vertical velocity, for which we retain only one term. 
Thus we adopt the following perturbation series expansion in powers of the Ekman 
number 


W(x,y, 250) =u, (%,y,2,0) + B!/7u, (x,y,z,t) + HOT: 

¥(x,y,2,8) = ¥, (8,920) + EI/?y, (x, y,z,t) + HOT; 

w(x,y,Z,t) = w, (x,y,z,t) +HOT; 

IT (x,y,z,t) = 7, (x,y,z,t) +E!/00, (x,y,z,t) + HOT. (5.66) 
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We insert the series expansion given in Eq. (5.66) into the governing equa- 
tions (5.62—5.65) and sort through the resulting set of equations, order by order, 


in powers of E!/2. Thus at lowest order we have the set 
Ol, om, oll du, ov 
= : =-— : 0= a 1+—1=0. 5.67 
Oe "1 oy Oz Ox oy Oey 


The third of the equations above shows that the lowest order pressure is independent 
of the vertical coordinate, i.e., IT, = IT, (x,y,t). The first two equations are just 
a restatement of geostrophic balance, while the last equation is a consistency 
condition for geostrophic flow, i.e., geostrophic balance and leading order horizontal 
incompressibility appear together. The independence of IT, on z leads to the 
conclusion, based on the last set of equations, that the horizontal velocities are also 
z-independent: u, = u,(x,y,t), v, =Vv,(%,y,t). 
Moving now to the next order equations we find 


Ou, _ oll, OV, ol, 

ae ee ee a8) 
_ oll, Ou, Ov, Ow, _ 

O= Oz” ox oy Oz = on 


Similar to before, we see from the first of the equations in (5.69) that the next order 
pressure perturbation is also independent of height. We could go on to develop a 
solution to this order, but we will instead be satisfied with the following. Operating 
on the second of the equations in (5.68) by 0 /dx and subtracting from it the result 
of operating on the first of the equations in (5.68) by 0/dy results in 


7) (F o) _ OU, OV, _ ow (5.70) 
ot\ ox ody ox oy dz 

In reaching the last of the equalities in the above equation, we have made use 
of (5.69). Note that Eq. (5.70) is actually an evolution equation for the lowest order 
vertical vorticity ¢, = dv,dx — du, /dy. It is equal to the vertical stretching of the 
flow. In order to get a closed equation, we must develop an expression for the vertical 
stretching term Ow, /dz in terms of the lowest order vertical vorticity ¢,. This will 
be determined in the boundary layer zone in the upcoming subsection. 

However, before proceeding let us pause and note the physical information 
contained in the approximate evolution equation for the lowest order vorticity found 
in Eq. (5.70). As opposed to the circumstances examined in classical geostrophic 
flow and the Taylor—Proudman theorem, we explicitly see here how the perturbation 
vertical vorticity term can be altered by vertical stretching embodied in the source 
term Ow, /dz. It is possible to show that the vertical velocity at the top of the column 
is positive and at the bottom it is negative. This gives dw, /dz > 0 which, in turn, 
results in the local vorticity increase according to Eq. (5.70). Imagining for the 
moment that we are following a spinning cylinder, since the fluid is incompressible, 
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a vertical stretch means that the corresponding radius of the cylinder has to shrink. 
This is in accord with Helmholtz’s vortex theorems, see Sect. 2.5.1. The physical 
picture now becomes clear: as the column stretches its interior flow rate spins up in 
order to conserve the column’s total angular momentum. Thus the spin response to 
stretch described here is a generic feature of many nearly two-dimensional flows. 
We will re-encounter this stretching dynamics when we examine geophysical flows. 
Problem 5.7 details an example setting showcasing the effect of vertical stretching 
upon the vorticity of a column in a rotating shallow water model with bottom 


topography. 


5.3.3 Boundary Layers: One-Term Interior Solutions 
Near z=0,1 


The flows within the two boundary layers are similar to the flow discussed in the 
simple Ekman layer detailed in Sect. 5.2.3. All fluid quantities excluding pressure 
vary strongly as one approaches the bounding plate. However when moving away 
from the boundaries, the fluid quantities have to gradually match onto the outer 
geostrophic flow. In the case here, the effective geostrophic wind will be the leading 
order vorticity ¢, in the exterior region of the flow as developed in Sect. 5.3.2. 

We now move on to develop the boundary layer solution near the plate at z = 0. 
Later, by symmetry arguments, we will use the solution in this zone to obtain the 
solution appropriate for the boundary at z= 1. As discussed before, we expect the 
boundary layer zone to be a factor E!/2 smaller than the vertical scale of the system. 
It is on this scale that all physical quantities will vary vertically. Thus we rescale the 
equations of motion by introducing a new, inner stretched vertical coordinate Z 


z= p!/27. a d 


1 
a7 = nie oz" (5.71) 


The goal now is to explicitly show how the vertical derivatives transform in terms 
of this new, stretched scaling. Equations (5.62—5.65), now modified are given by 


Ou om a*u O2u 02 
1/2 = ie an 
et Oe ae (Gn = ee 
OV on dev ay *v 
1/2 = a ae 
ae op ( - =) (5.73) 
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and 


du dv. ow 
s-+5-+55 =0. 5.75 
ox ody OZ Ce) 
In this case we propose the following one-term series expansions. In order to 
distinguish the resulting perturbation series terms from the ones appropriate for the 
exterior solution, we write all the dependent variables in capital letters, except for 
the pressure which we mark by an overlying tilde: 


u(x, y, Z,f) = U, (x,y,Z, t) +HOT, V(Xx,y,Z,t) = V, (x,y,Z,t) + HOT, 
w(x,y,2,t) = W,(x,y,Z,.)+HOT, T(x, y,z,¢) =, (x, y,Z,t) + HOT. 
(5.76) 


Substituting these expansions in Eqs. (5.72—5.75), we can generate a corresponding 
set of equations to solve, once again, order by order in powers of E!/?. The lowest 
order terms of (5.74) and (5.75) are, respectively, 


att, 
OZ : om Ox oy 


aU, av, , OW, _ 

i) ae 0. (5.77) 
The first equation above confirms the suggestion made at the outset of this section 
that the pressure shows no vertical variation in the boundary layer zone as weil. 
Therefore, it stands to reason that in order for the lowest order pressure perturbations 
in both regions to match onto each other it must be that IT, = IT, (x,y,t), in other 
words, the lowest order perturbation function in both the boundary layer and in the 
exterior zone are the same function. We make explicit use of that in writing out the 
leading order terms of Eqs. (5.72) and (5.73), namely, 


aM, | aU aU 

t= De > 572 = -[v, 7~vy (x,9,2)] = 7 (5.78) 
am, | av. a2v 

ae a5 * Wz” —# lu, = u,(x,9,)] = 7 (5.79) 


where we have made use of the relationships between IT,,u,, and v, found in 
Eq. (5.67). Solutions to the above two equations can be found using similar 
mathematical operations as in the simple Ekman problem in the previous section. 
The results are 
U, =u, - e “(u, cosZ+V, sinZ), Vi=v- ey, cosZ + u, sinZ). 
(5.80) 


The functions in (5.80) both solve Eqs. (5.78—5.79) and have been constructed with 
the property of matching onto the leading order exterior solutions u, and v, when the 
inner variable Z = z/\/E becomes very large, i.e., for Z — 09, U, > u, andV, + v,. 


1 
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Our aim now is to construct the solution to the vertical velocity perturbation. To 
do this, it proves itself useful to assess the horizontal divergence of the flow and 
make explicit use of the second relation in (5.77): 


OW, _ au, OV,\ fov, Ou\ 7. ; Ou, Ov, = 
az (= ar a e “sinZ-+ be Oy (1-e “ cosZ) 
—-—_--- =-—_~_-_——” 
=¢, (x,y,1) =0 
— ae nT, (5.81) 


It is possible to construct an explicit solution for the vertical velocity assuming that 
it is zero at z = 0 by integrating the above expression. The result is 


w, = W, (x,y,Z,t) = st [(1—e “cosZ) +e“ sinZ] , (5.82) 


showing that as Z > | the vertical velocity limits to 


W (Z>1)= (5) 6 (x,y,2). (5.83) 


The boundary layer solution near the top boundary is symmetrical to the one 
developed here near z = 0. We recycle the symbol Z but this time use it to stretch the 
vertical coordinate at z = 1, according to (1 —z) = E!/27. It therefore follows that 
the leading order boundary layer solution for the horizontal velocities near z = | is 


U, =4, -e “(u, cosZ+V, sinZ), Vi=V, -e “(v, cosZ + U, sinZ) 
(5.84) 


which is the same functional form as the solution near the z = 0 boundary. The 
leading order vertical velocity in the zone z ¥ 1 is 


1 
w, = W,(%9,Z0) = 56 lc —e%cosZ) +e% sinZ| (5.85) 


where the minus sign appearing in front of ¢, reflects the symmetry and the 
recycled use of Z, mentioned above. Similarly to the other boundary, as one moves 
sufficiently far from the boundary, the vertical velocity takes on the form 


1 
W, (x,y,Z,t) = — 56, (9,2). (5.86) 


Since we are interested in the vertical velocity and how it affects the exterior 
solution, let us restore the expressions in terms of the original non-stretched vertical 
coordinate, i.e., rewrite the above expressions transforming from Z to z. Thus, the 
vertical velocity near z = 0 is the leading order expression 
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1 _7/Rl/2 Zz —z/mi/2_. 2 
W (120) = 50) [(1-e 2/B cos pe sin | (5.87) 


while near the z = | boundary the leading order vertical velocity has the form 


1 _(1_-)/R1/2 1-z _(q_>)/pl/2... 1-z 
es — e 7 (l-2)/E (1-2)/E ns 
w (yt) = 56, (1 e cos aa) + sin ap |: 


(5.88) 
These last two equations will be used again shortly. 


5.3.4 Matching and Remarks 


We now aim to complete the solution by matching the results of the three regions. 
This will make use of the equation governing the evolution of the bulk interior, 
Eq. (5.70), and the functional forms of the vertical velocity coming out of each of 
the respective boundary layers (5.87) and (5.88). In this particular application of 
the spin-down problem, matching will be straightforward because of the following 
steps. We can vertically integrate equation (5.70) along the extent of the vertical 
scale of the interior flow, but not delimit the integration explicitly on the boundaries. 
We represent this by 


eg, pl! dw, 
7 Gide = f 3, Ba [w, Gey, 1—€,0) —w, (9,842) , (5.89) 


where € > 0 represents a smidgen sized distance outside the boundary layer zones. 
This region is often times referred to as the overlap region and we will show below 
how to access it in terms of the small parameter E. The subtle idea of the overlap 
region is that it should be larger than the boundary layer zone but reasonably small 
compared to the global scale of the system and that it maintains its existence as the 
main small parameter of the system goes to zero. Assume that the overlap regions 
are characterized by the small parameter E through the power law ¢ = E%, where a, 
a positive constant, is as yet unknown. In this particular example, we input the value 
of the overlap region into the boundary layer solution for the leading order vertical 
velocity solution near z = 0, Eq. (5.87), 


1 ae a— 
w (Et) = 56, [U-e M coset?) 4 e® singe?) , (5.90) 


and similarly for the leading order vertical velocity solution near z = 1, Eq. (5.88) 


1 a a—1/2 
w, (x,y, 1—-e,t) = 5b Ie ok  cosnt"?) +6 1/ sing 1/7) 


(5.91) 
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We seek to have smooth matching of the solutions in the overlap region in the 
limit where E < 1. Looking at the mathematical form of the above expressions, we 
want the exponential terms to decay precipitously as E — 0 and we see that this is 
achieved provided o satisfies the constraint ~ < 1/2. Thus, the overlap region exists 
and the solutions have uniform asymptotic agreement, provided this constraint on 
a is met. We now explicitly substitute (5.90) and (5.91) into (5.89) and find that so 
long as E< 1 and a@ < 1/2 we have the simple result 


0c _ 1/2-0 ,-E%1/2 
Gi =-6+0(z a ). (5.92) 


Now it has emerged why a < 1/2, for otherwise the error terms would grow 
exponentially as E — 0. Dropping the error terms and restoring all dimensions to 
the quantities appearing, we get to leading order 


/ 20 / / 
“ _ 20 oF t!= / oY pr t= Ov’ Ou . (5.93) 


Recall that we were originally interested in the problem of spin-down but that, 
instead, we moved into the rotating frame. A column that is still in the laboratory 
frame has a vorticity equal to —2Q, in the rotating frame. Correspondingly, a 
spinning column with vorticity 2Q, in the laboratory frame has zero vorticity in 
the rotating frame. Thus the solution to the vorticity equation (5.93) is 


Lb | L 
— 2Q,H,  /2Q,Vv" 


describing the vorticity in the rotating frame. As t + © we have that ¢’ + —2Q, 
which, in the laboratory frame, means no spin of the column. Most importantly 
we get fairly rigorously, if asymptotic methods of applied mathematics may be 
described in this way, that the relevant spin-down time is, in fact, Tq = T © 
L/V2Qv. Finally we remark that now we see more clearly what we have alluded 
to in the beginning of the chapter. We mentioned that, for the instance of a rotating 
planet, the flow of air on a spinning planet effectively locks onto the motion of the 
ground below it. It is primarily through the mechanism of spin-up that this happens. 
The link that brings this idea to that of the scale of a planetary atmosphere like the 
Earth’s is the viscosity coefficient. However, the actual observed spin-up timescale 
T, for the Earth atmosphere is much shorter than what would be calculated using 
the values of simple molecular viscosity for a gas like air. What in fact occurs is 
that the effective viscosity coefficient is much higher due to turbulence, discussed 
in Chap. 9. 


¢’=-2Q, (1 - etl") - oe (5.94) 
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In this section, we introduce the effects of stratification upon linearized disturbances 
including the development of inertia-gravity waves and Rossby waves. Using 
scaling arguments we motivate the development of a simpler set of equations, 
known as the quasi-geostrophic (QG) equations, describing the dynamical motion 
in the atmospheres of moderately fast rotating planets. The steps leading to the QG 
equations have strong parallels to the procedure involved in the Ekman spin-down 
problem in Sect. 5.3. We also examine how the QG model reveals an interesting 
feature called thermal wind. Inertial and Rossby waves are ubiquitous features of all 
rotating fluid environments. The Rossby wave plays a prominent role in the evolution 
of large-scale flows in a variety of settings, including those of planetary atmospheres 
and accretion disks. Inertial waves are also very important as they play several roles 
in the communication of vortex disturbances in atmospheres. They are most often 
considered in terms of inertia-gravity waves. We offer here a rudimentary analysis 
of these phenomena and refer the reader to the variety of texts on the topic listed at 
the end of the section, in the Bibliographical Notes, for further reading. 


5.4.1 Introduction to Inertia-Gravity Waves 


Consider a plane-parallel, inviscid Boussinesq fluid atmosphere with a constant 
vertical gravitational field, much like what was considered in Sect. 4.4.2. Consider 
this plane-parallel atmosphere to be part of a globally rotating system, so that the 
equations of motion relative to a small rotating Cartesian box, found in Sect. 5.1.1.2, 
are appropriate. Let the steady state of the atmosphere be one of rest with the steady 
profiles for the pressure and entropy found in Eqs. (4.4.2) and (4.86), respectively. 
Perturbations of this mean state, now with the inclusion of the Coriolis effect, lead 
to a modification of the equation set into (4.88—4.92), namely, 


ou ee Ov fo ee Ow 1 OP j 
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(5.95) 
and 


~ + Bow! = 0, (5.96) 


where we recall that B, is known as the coefficient of thermal/entropic expansion 
at constant pressure, see Sect. 4.4.1. Our aim is to derive a single equation for any 
one of the variables shown. Similarly to previous practice, we identify ¢’ with the 
vertical vorticity and recall that it is equal to 0, v' — 0,u’. Operating with V x in two 
dimensions on the two horizontal momentum equations results in 
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Notice the reappearance of the physical result we found in the Ekman spin-down 
problem, examined in Sect. 5.3: the perturbation vertical vorticity increases when 
the local fluid is vertically stretched. The next step necessitates taking the divergence 
of the three momentum equations (5.95) and making use of the incompressibility 
condition, revealing the relationship between 6’ P’ and s’: 


/ 
—20,6' =—pr!V?P! + Boo. (5.98) 
Note immediately how the vertical vorticity has the same diagnostic form as in 
geostrophic balance when the Boussinesq term, the last one in Eq. (5.98), is absent. 
What is left then is just an expression of geostrophic balance. It says that the 
essential quality of geostrophic balance is true for perturbations as well. In fact, we 
will see that the inclusion of the entropy perturbations will motivate the definition of 
the potential vorticity, a quantity we have already seen in Chap. 2 and will encounter 
again in the next section, in which its geophysical form will be given and shown 
to be a special case of our broader definition in Sect. 2.3.3. Next, we form an 
evolution equation for 0,w’, by taking the two-dimensional, horizontal divergence 
of the two horizontal momentum equations and, once again, making use of the 
incompressibility condition. The result is similar to Eq. (4.94), except that now there 
is an additional term, which we repeat here for the sake of clarity: 


aa I 
— F555 726" = ake (5.99) 


Here and throughout this problem we use two-dimensional (horizontal) operators 
involving V. In particular the Laplacian operator is 

2 

ay”? 


2 


oe? 
ae" 
where we avoid the often used subscript H, for horizontal, hoping that this will not 
cause confusion. 

Following the same procedure as detailed in Sect. 4.4.2, we find the following 
equation for the vertical perturbation velocity 


2 02w! 


2 
3 ogy + SBBV w' =0, (5.100) 


av ‘+40 

= Vw 

or 
where B is related to vertical change of average entropy as in Sect. 4.4.2. Equa- 
tion (5.100) is the linear partial differential equation governing linearized inertia- 
gravity waves. We can examine the frequency response in exactly the same way 
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as we did in Sect. 4.4.2, by assuming that the atmosphere is capped at two heights 
z=0,h,. Therefore, assuming solutions of the form « A(t, k,, k,) sin (uz) exp(ik, + 
ik, — iot) +c.c., in which u = n7/h, we find the following dispersion relation 


Basho? +n? n74Q° 


2 
@ 
n2n + hi K? 


, where K?=k+k. (5.101) 


The limit of Q, — 0, i.e., no rotation, reproduces the internal gravity wave result 
from the previous chapter (see below). When internal variations of entropy are 
suppressed, i.e.,  — 0, then the result is the dispersion relation for inertial waves 


: > wer? 
ao” =4Q°———. 5.102 
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We clearly see that in the absence of Coriolis effects, this whole family of inertial 
waves (5.102) vanishes. Otherwise, the frequency spectrum is located just under the 
maximum value of 2Q,, that is, 


ow (k,,k,,n) <4Q2. 
In the case where stable gravity waves are supported, ic., B > 0, the total 
disturbance energy is identical to that derived for the case where there are no 
Coriolis effects. In other words, the total energy is the same as found in Eq. (4.98). 
This means that all of the physical properties we discussed, regarding the energy 
propagation of disturbances, carry over to the case when Coriolis effects are 
included. Most prominently, the propagation of perturbation energy is always in 
a direction perpendicular to the phase velocity. An interesting variation of this 
situation, in which there is a global background shear of the ¥ directed velocity 
along x, is detailed in Problems 5.4 and 5.5. 


5.4.2 Introduction to Rossby Waves 


Rossby waves are important because they play a leading role in the stabilization and 
destabilization of global velocity fields. In short, Rossby waves are wavelike distur- 
bances in environments where there exists large-scale variation of the vorticity or 
potential vorticity. In planetary examples, often it is simply the latitude dependence 
of the effective frame rotation that causes vorticity variation, more on this in the next 
section. Treated as linear, Rossby waves are most easily analyzed for flows which 
are steady in time in the absence of perturbations. We detail below some example 
circumstances in which one might expect Rossby waves to arise 
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1. A localized shear or jet layer. 

2. A classical shallow water system in which the bottom topography exhibits 
variation. These are called topographic waves. If one were to imagine Taylor 
columns, then the vorticity contained in a given column would have shown 
variation in its vorticity per surface area if the column were to travel over a 
bottom surface having varying height. See Problem 5.7 for an examination of 
this from the vantage point of the shallow water equations. 

3. Planetary atmosphere in which the planetary rotation, as projected with respect 
to the ground at some latitude, shows variation as one moves in latitude, i.e., the 
latitude projected planetary vorticity 2Q, sing is not constant with latitude as 
seen in Sect. 5.1.1.3. 


The connection between variations of projected planetary rotation and the con- 
servation of potential vorticity in the flow will be formulated mathematically for 
a small section of a rotating planet’s atmosphere and will be discussed in terms 
of QG in Sect. 5.5. Let us begin by considering two-dimensional equations in 
a Cartesian geometry, i.e., the equations of motion found in Sect. 5.1.1.2 where 
there is no variation in the direction coincident with the background rotation z. 
Let the global rotation show some weak variation in the y direction and let it be 
represented by Q) = Q,, + (1/2)B,y, where Bp is a constant. Assume that the fluid is 
incompressible. Introduction of perturbations and linearization gives in this setting 


LA ee CA, AY 
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(5.103) 
Now, one can operate with Vx in two dimensions, on the first two equations 
considering them as two components of a vector. This will give a difference between 
the appropriate horizontal derivatives. A similar operation has been performed 
earlier in this chapter. We express now the result in terms of the perturbation stream 
function y’ by making use of u’ = —d,y’ and v' = 0.’ to show that 


a fav au a a (Py, 2y' ay! 
a (S-- 5) +28 =0, = ay ( a2 T ae ) + B, — =0. 


vertical vorticity perturbation 


(5.104) 


Assumption of normal mode solutions of the form o« exp(ik, +ik, —i@t) shows here 
that w is given by 


_ Bok, 
+2 


o(k) = (5.105) 


To better understand the meaning of this dispersion relation, we recast this 
linear result in a form of an appropriate Lagrangian derivative. Notice that the 
linearization of 


5.5 A Geophysical Example: Quasi-Geostrophy 273 


D fav au = P) i) a) ov’ ow 
pi (Ge ~ a5 t2) = (5; aera ») (5 dy +204 +2849); 
(5.106) 


reduces to the same perturbation equation (5.104). This observation allows us to 
interpret the result more clearly: the Rossby wave is one in which the total vorticity 
Cot iS conserved throughout the course of the fluid response. The total or absolute 
vorticity is made of two parts: a relative vorticity and the background vorticity, 2Q). 
Thus 


/ if 
Gia = a — a 2Q,), (5.107) 
SS 


relative vorticity 


and this language is used frequently in the context of GFD studies. In this sense, 
a given fluid parcel preserves the total vorticity ¢,,, it was endowed with at some 
initial time. If a given patch of, say, constant vorticity AG moves into the positive 
y direction, and if B > 0, then total vorticity contained within the patch will be 
preserved throughout the course of the motion. Since A€ +2Q, =AO+2Q,,+ yy, 


it follows that the value of A€ has to decrease. We note that the expression 


Pov =0 (5.108) 
Dt 
is not approximate but is, in fact, exactly true for two-dimensional nonlinear 
disturbances with a spatially varying background rotation rate Q, (see Problem 5.6). 
Thus the approximate Lagrangian preservation of the total vorticity in the linear case 
is consistent with its corresponding nonlinear conversation. 


5.5 A Geophysical Example: Quasi-Geostrophy 


Atmospheric flow is of great interest not just to meteorology and weather prediction, 
but also to the flows encountered in other planetary atmospheres and in accretion 
disks. Precise modeling of an atmosphere includes some complex algebra and 
geometry and a significant number of contributing physical effects, making it a 
daunting task. Despite the challenges it presents, a hundred years of theoretical and 
observational work exists to guide one’s understanding. As such, we urge readers 
who are interested in this subject to consult the several relevant and excellent texts 
listed in the Bibliographical Notes of this chapter. We shall concentrate only upon a 
very narrow aspect of this vast topic, namely, that of the derivation of a theoretical 
model, namely, QG, that is both tractable and qualitatively accurate. The QG model 
captures many known large-scale atmospheric phenomena and is of theoretical 
interest because the equations can be analyzed with reasonable mathematical 
rigor. We devote this section to developing one of many formal derivations of the 
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Fig. 5.4 A small synoptic scale section of a planetary atmosphere 


QG equations. The presentation will follow a systematic derivation in terms of 
appropriate scaling analysis including detailed description of the assumptions made. 


5.5.1 Physical Assumptions 


Planetary atmospheres are considered to be thin fluid layers lying atop a rotating 
approximately spherical surface, possibly solid or liquid or a combination of both. 
The dynamics occurring in this spherical shell of fluid has the character of a familiar 
atmospheric flow because the Rossby number Ro is small, indicating that planetary 
rotation is the dominant agent dictating the dynamics of the atmosphere (through 
geostrophic flow). Let us therefore specify a number of quantities as viewed in the 
local rotating frame of a Cartesian section of an atmosphere at latitude 6,, followed 
by a list of assumptions and, finally, present the equations from which we shall 
derive the QG approximation. Let U be the horizontal velocity scale which occurs on 
horizontal length scales of L. Let H denote the vertical scale, e.g., the pressure scale- 
height of the atmosphere, as measured from the ground which is at radius + R from 
the planet’s center. Assuming that the atmospheric gas, to a good approximation, 
obeys a perfect gas equation of state, it follows from (1.60) that H ~ (#/w)(T/g) 
where T is the temperature. Additional assumptions, referring also to Fig. 5.4, are: 


1. The planet rotates along its polar axis with an angular velocity Q,. At some 
given latitude @,, the projected rotation rate is Q,, = Q, sin 8). 

2. The planet’s body is approximated by a sphere, so that the magnitude of the 
inwardly pointing radial component of the planet’s gravity vector is given by g, 
which is constant. 
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3. The planetary atmosphere is a fast rotator. Thus the Rossby number, which here 
will be defined in terms of the projected rotation rate at latitude @,, i.e., Ro = 
U/2Q4)L < 1 so long as one stays clear of the equator. 

4. Spatio-temporal variations of density are dynamically significant only when 
coupled to gravity. The fluid response is otherwise incompressible, that is, the 
Boussinesq approximation is applicable. 

5. The following scalings are relevant 


= 0(Ro). 


m1 


L 
R 


6. Small latitudinal variations (@ — 8, < 1) of the projected rotation rate are 
written as 


Q, sind & Q,, + (@ — 8,) cos 6,- 


For the remainder of the derivation we use nondimensional equations of motion. 
Thus we write 


L 
r—R, = Hz, 0-0 = py O-Q= 


where the nondimensional coordinates’ directions are: 


(i) x is eastward, 1.e., in the azimuthal or zonal direction, 
(ii) y is north-poleward, i.e., in the meridional or polar direction, 
(iii) zis upward, i.e., in the vertical direction or altitude. 


A typical timescale, being the turnaround time of the planetary vortex (~ L/U), 
will be used to scale time t++ t(U/L) = t/Q,Ro~!. The azimuthal and polar 
velocities will be scaled by U and the vertical, that is, radial from the vantage 
point external to the spherical planet, velocity by HU/L ~ @ (Ro U). The reason 
for this latter choice will become apparent below, upon examination of the equation 
of continuity. However, it is important to keep in mind that because of the thinness 
of the atmosphere, it is reasonable that the vertical velocities on the planet should 
be small, or else the smallness of the aspect ratio would not be retained. Thus we 
have the scalings 


H 
u, +> Un, u, ++ UV, Uu, > 7M (5.109) 


in which u,v,w are the nondimensionalized velocity variables in the east-west, 
north-south, and vertical directions, respectively. Because of the Boussinessq 
assumption, when the density appears not coupled to gravity, the latter will be 
written as P,, and when coupled to gravity, we write it as a sum of a stably stratified 
mean component f(z) plus a dynamically varying component so that 
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not coupled to gravity when coupled to gravity 


where p and p’ are nondimensional. Finally, we assess the pressure which should 
be scaled by p,,gH, since the atmosphere is hydrostatic in the vertical direction (see 
below). Similarly to density, we write the pressure to be expressed as a sum of a 
stratified, time independent, mean state P(z) and a dynamically varying piece IT. 
Thus 


P+ pg |Plz) +H (x,9,20)]. 


Incorporating these assumptions and partial expansions into the momentum equa- 
tions in (5.19-5.21) together with the continuity equation (5.23), followed by 
working out the algebraic details (see Problem 5.8), shows that the equations 
asymptotically simplify to the following set 
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where now B = cot6,. Using the definition of the Burger number, we have Bu? = 
gH / 4Q2 L?. The mean vertical variation of the pressure is based on hydrostatic 
equilibrium, 


< =-p+O(Ro’). (5.113) 


The Lagrangian time derivative operator takes on the familiar form 


D fa) O fa) fa) 
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The incompressibility condition simplifies to 


ou ov. ow 


while, because of the incompressibility assumption, the continuity equation simpli- 
fies to the material derivative of the density profile 
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Inspection of the pressure gradient terms shows that they are scaled by Bu” /Ro. For 
typical planetary conditions Bu is a number of @ (1). For instance, on the Earth if 
we assume a synoptic scale, the exact meaning of this term being “of main weather 
features,” of L ~ 1000 km, a vertical scale-height H of approximately 8.5 km, T 
is assumed to be 300 Kelvin at mid-latitudes and the mean molecular weight [ is 
~ 28, representing a nitrogen and oxygen molecules’ mixture. Thus Bu = 2 — 3, 
depending upon where on the Earth one is. Although there is some considerable 
variation from planet to planet, the typical value of Bu is generally @ (1) and we 
shall, henceforth, treat it as a free parameter of the system. 

Our aim is to apply an expansion approach to recover the familiar geostrophic 
balance we have seen several times in the discussion in this chapter. With Bu 
considered to be @ (1), inspection of equations (5.110)—(5.112) shows that a leading 
order geostrophic/hydrostatic balance is possible only if TT and p’ are @(Ro). 
In such a case Eq. (5.116) shows that in order for the terms to sensibly balance, 
the vertical velocity should be even smaller than we have originally supposed, 
i.e., w = O(Ro) too. We pause here to note that it means that vertical velocity 
variations are weak, being an @ (Ro’) smaller than the horizontal velocity scales 
U, consistent with the observations of the Earth’s atmosphere and of other planets. 
Analysis of (5.112) for @ (1) values of Bu?, together with Ro < 1, indicates that 
hydrostasis is a consistent assumption. This would appear to be an odd statement, 
but we have encountered this already once before, in our derivation of the shallow 
water equations in Chap. 4. It means to say that while the system exhibits dynamics 
and local density fluctuations appear, the vertical pressure gradient always adjusts 
so as to achieve hydrostatic balance with whatever density and thus buoyancy force 
it “sees” at any instant. The adjustment occurs on a timescale that is very short 
compared to the ones assumed for the dynamics, ~ L/U. By construction, the 
dynamics timescales of interest are much longer than the vertical sound crossing 
time. For example, the turnaround time for a large tropical storm is on the order 
of several days while the vertical sound travel time over the extent of a vertical 
scale-height is on the order of 5—10 min. 


5.5.2 Expansion Procedure and Derivation 


Proceeding now mathematically, following the above conclusions, we solve 
Eqs. (5.110-5.112) and Eqs. (5.115-5.116) as a perturbation series expansion 
as follows: 
u = Uy + Rou, + HOT, v=v, +Rov, +HOT, w= Row, + HOT, 
p' = Rop! +HOT, TT = Roll, + Ro’ I, + HOT. (5.117) 
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At lowest order Eqs. (5.110)—(5.112) become 


TI I I 
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where the first two equations are the expression of geostrophic flow, while the last 
one is hydrostatic equilibrium. The density equation becomes 
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where we note the absence of the vertical advection term, acting on the dynamical 
part of p’ as it is weaker by a factor of ~ Ro, in comparison with the other terms. 
However the vertical advection of the mean state remains. The incompressibility 
condition gives 


Ou, . OV 
—2+—*=0, 5.120 
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which is automatically satisfied owing to the geostrophically balanced state, recov- 
ered in Eq. (5.118). 


At the next order we begin with Eq. (5.115) finding 


{21 (5.121) 


This means that these solutions exhibit weak vertical stretching. Therefore, we 
expect to see some facet of this in the evolution of the vorticity and, indeed, it will 
be evident a little further below. The situation encountered here is analogous to that 
in the Ekman spin-up/down calculation earlier. Equations (5.110) and (5.111) at this 
order are 
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Operating on Eq. (5.123) by 0/dx and subtracting from it the result of operating 
on (5.122) by 0/dy, followed by making explicit use of Eq. (5.120) results in 
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(5.124) 


7 


where we have made use of Eqs. (5.119) and (5.121). 
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Observe now what we previously alluded to: the rate of change of the vertical 
vorticity is proportional to the vertical stretching of the flow. Because of the 
ordering, the vertical stretching, though weak, is given as the material derivative 
of the density perturbation. It means that a spinning column instantly responds to 
the state of the density within the column. The vertical stretching is given by the 
vertical gradient of the corresponding pressure expression found in the equation. In 
this way, the dynamics describes the material invariance of some total quantity. To 
see this, we replace the expressions for u,, P,, and v, in terms of IT,, as found in 
Eq. (5.118), and find 
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(5.125) 
The above is intended to define 2, which is comprised of the usual fluid vorticity 
(02 + d2)T], associated with the basic geostrophic flow, plus the background 
latitudinally varying vorticity (2Q, = 2Q,) + By) as viewed in the rotating frame 
at latitude @,. Most importantly 2 is conserved by moving fluid particles. 


5.5.3 Conservation of Potential Vorticity and Some Remarks 


We restore all units to our variables and write the result in the conservative form 
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in which the effective stream function y is just the dynamical pressure perturbation 
(P’ © Py 229 W) in disguise—we shall refer to this further below. The definition of 
q must await a formula, which will come shortly, i.e., Eq. (5.128). 

It is a somewhat unfortunate fact that there are two parallel conventions for the 
definition of the stream function in the FD literature. Throughout this book we have 
used the more traditional definition, e.g., that as defined in (2.101) and (2.102). 
However, in meteorology the convention is to have the stream function defined as 
the negative of the definition used in this book, as a comparison of (2.101) and 
Eq. (5.126) readily shows. Similarly, the corresponding velocity fields also have 
the signs in their definitions switched as well: see Eqs. (2.102) and (5.126). The 
overall results are, of course, unaffected by this but this can be a source of confusion 
for the beginning student. Additionally, we shall give here a definition of a very 
important concept in GFD, named here potential vorticity and denoted by 2, which 
is unfortunately different from the usual FD definition, given in Chap. 2 of a quantity 
having the same name, given before. We chose this symbol to prevent confusion, 
because an ordinary Q has already been used in this book to denote several other 
quantities. We point out that in any given flow, there is a family of quantities that 
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satisfy a conservation equivalent to that of Chap. 2; any of these may be called a 
potential vorticity. In Sect. 2.3.3 we have proven the Ertel theorem 


D (2) vF| ~0, (5.127) 
Dt |\p 


that is valid for any material invariant function F(x, 1). It was presented there as the 
potential vorticity conservation, and that concept, denoted by Q there, was defined 
in a more general way than here. Therefore it will be henceforth called Qgen: 


@ 
Qgen = (2) VF, 


where F, as said before, is any material invariant function. Clearly, 2 as defined here 
is a particular case of Qgen and seems well suited for GFD. 2 = g + 2Q, is given as 
a sum of the relative potential vorticity g plus the vorticity of the background state 
(2Q,), which is also a function of position, respectively: 
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and 2Q, = 2Q46y (1 + cot @, 4 ; 


(5.128) 
where the stratification frequency N?, also known as the Brunt—Vaisala frequency, | 
is here used to express the gradient of the vertical background density field, 


Vag, (5.129) 


Note that earlier in our definition of the Burger number, we spoke of N* in terms 
of the vertical entropy gradient. It is common practice to have the Brunt—Vaisala 
frequency defined in different ways depending upon the context of the problem 
examined. In all instances, they represent the dynamical response of buoyancy 
oscillations. The vertical velocity is diagnostically determined from the equation 
of mass continuity and, as we saw in the derivation, is written in nondimensional 
form as found in Eq. (5.119). In dimensional form it is given by 


—\ -1 F 
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It is now time to define two additional geophysical concepts and the concomitant 
notation. We begin with the f-plane, which comes from the traditional practice to 
use f instead of 2Q,. So the f-plane is one in which 2Q, is a constant. When 6, is 
near the midlatitudes and linear variations in f are retained, the setting is referred to 


‘Some researches call that quantity N, instead of N?. 
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as the B-plane. The elegant feature of the asymptotic result in Eq. (5.126) is that we 
have identified a quantity that is exactly conserved by moving fluid particles. With 
this in hand, many conservation properties follow. This formulation also allows for 
an analysis that is both tractable and very revealing. We urge readers to examine the 
texts on GFD to explore the vast power of this simplified set of equations. We have 
provided here a mathematical foundation for them. 

It is common to find the expression balanced flow in the GFD literature and this 
indicates flow fields which are in geostrophic balance, as they are here in this QG 
approximation. Much work focuses on assessing the relative influence of so-called 
ageostrophic effects, which include, as their name indicates, velocity components 
that are not geostrophic. For example, internal inertia-gravity waves are, by design, 
filtered out of the QG equations. The horizontal velocity fields associated with 
inertia-gravity wave motions are markedly not in geostrophic balance and, as such, 
are regarded ageostrophic. The question of when should inertia-gravity waves be 
necessarily retained in the analysis is not an easy one to answer, if one is seeking a 
general rule. However, consider that QG dynamics occurs on timescales that are 
usually 5-10 times longer than the local rotation times and that inertia-gravity 
waves periods are generally no longer than a rotation time, as can be seen in their 
dispersion relations in Eq. (5.101). So unless the circumstances involve values of Bu 
that are not @ (1), but rather either < 1 or > 1, the timescale disparity of inertial- 
gravity waves and that of planetary vortex motions indicates that the influence of 
the former upon the latter is likely weak. However, if the vortex timescales of 
interest are similar enough to that of inertial-gravity waves, then one can no longer 
assume independence of one class of disturbances from the other and the use of QG 
equations should be considered with caution and only, at best, serve as a guide. For 
example, one possible outcome when a system of this kind is encountered is the 
destruction of a vortex induced by the inertia-gravity waves. The relative process in 
such a case is the elliptical instability, which we do not intend to discuss. 

Despite these caveats the spirit and utility of quasi-geostrophy is apparent. At 
the beginning of the chapter, we introduced the Taylor—Proudman theorem and its 
consequences. Geostrophic flow is one of the most prominent of these, as discussed 
in Sect. 5.2.1 and displayed in Fig. 5.2. Nowhere in that description is there any 
prescription as to how the geostrophic flow evolves. QG is a descriptive prescription 
for situations such as when geostrophic rotating columns are manifest in a planetary 
atmosphere. Under certain simplifying assumptions these geostrophic columns 
may be examined relatively easily, e.g., revealing Hamiltonian structure when 
treated as two-dimensional point vortices like those examined in Sect. 2.5.3 (see 
Problem 5.10). Historically speaking, geophysical (i.e., meteorological, oceano- 
graphic) interest is the main origin of these ideas but because of their fascinating 
mathematical properties, they are the subject of much study in theoretical FD and 
applied mathematics. 
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5.5.4 Planetary Waves 


An atmosphere at rest, as viewed in the rotating frame of the planet, naturally 
provides a good base state to examine the linearized perturbation of the QG 
equations. The resulting motions are often called planetary waves, and they are 
a generalization of the Rossby waves we discussed in Sect. 5.4.2. For the sake 
of illustration, suppose that the layer of interest is embedded between solid walls 
located at z= 0 and z = A so that the perturbation of the vertical velocity is zero 
there. We assume that N2 is constant, equal to N. Thus, we assume linearized 
Fourier perturbations of the form y = y/(z)e**"%) "4 cc, that are periodic 
on horizontal length scales of ZL and introduce them into Eqs. (5.126—5.128) and 
Eq. (5.130), in which we find, after some rearrangements, 


42, 7y' 5 IL 272,32 
( we rz Ky |+B,k.w=0, B= 2.029 FR 008 9 K°=k +k, 
0 
(5.131) 
with the boundary condition that w = 0 at the two surfaces: 

d / 

-0% =0, at z=0,H. (5.132) 
Z 


Inspection of the equation for y’ (5.131) indicates that its solution is composed of 
sines and cosines. The boundary conditions therefore select the following 


nNNZ 
’ 


Hi (5.133) 


y’ =A, cos 


where n is any integer > 0 identifying different vertical overtones. For consistency 
with Eq. (5.131) @ has to satisfy 


402 12x? 
( 2 ge tk?) + Bok, =0, (5.134) 
0 
which yields the dispersion relation 
= —Bok, _ L Bu2- KL 
oe 2, ( 1 7) nn ees R Bu? - K*1? + n?7?(H?/H?) 
"\ Bu2 a2} 12 
(5.135) 


with Eb =g/ N?. The above dispersion relation for planetary waves is the familiar 
one, found in many textbooks. The right-hand side of the second equality shows 
@ rewritten in a way which highlights the scalings of various terms. First and 
foremost, we see that the time scalings are consistent with the assumptions by 
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which we motivated the derivation of the equations of QG: for H, /H, Bu and KL 
all of @ (1) a high frequency, corresponding to slow time can be introduced. This 
frequency scaling goes as @ (ObiR), and since L/R was assumed to be equal to 
@ (Ro), we see that the above high frequency scales as the Rossby number times 
the planet’s rotation rate, locally projected. In addition, since the assumptions of the 
problem were so stated that the dynamics has Bu = @(1), the pressure scale-height 
H should be of the same order of magnitude as the distance between the boundaries 
of the problem, H,. Thus unless one is considering extreme or pathological values 
of the problem, for instance k, =n = 0 or k,L < 1, then the inverse timescale of the 
planetary wave response is bounded from above by Q)Ro. 

The phase pattern of planetary waves always propagates westward, i.e., in the 
negative x direction. On the other hand, the energy associated with the Rossby wave 
propagates eastward if the zonal wavelength k, is sufficiently large 


do _, b-K-K a | Ment 
Ok, = Boga pe p=Se qt 


(5.136) 


with similar considerations for the group velocities in the other directions. 

Distinction is made between the different vertical overtones comprising planetary 
waves. The expression barotropic waves is used to designate n = 0 modes. 
This is used to indicate that the structure of the perturbations is uniform in 
the vertical direction. Indeed, in this case, the vertical velocity is zero and 
the motion is always geostrophic. The exactly two-dimensional motion recov- 
ers then the simple Rossby wave example we discussed in Sect. 5.4.2. For all 
values n > 1, the modes are referred to as baroclinic waves and this indicates 
that the structure of the dynamic pressure field has some vertical dependence. 
There is also a mathematical reason for calling them baroclinic. Recall that 
the general meaning of baroclinicity is defined to mean that isobars do not 
coincide with isopycnic surfaces, that is, when VP x Vp #0. Supposing that 
the stream function, being a proxy for the pressure perturbation, is given by 
y’ = cos(n7z/L) sin(k,x) sin(k,y) cos(@f), then it follows that the dynamic density 
perturbation satisfies p’ «< —nsin(naz/L) sin(k,x) sin(k,y) cos(@r). Examining, for 
instance, the y component of the vector product of the density and pressure gradients 
shows that 


/ J / 2 
o. : os o ~  sin(2k,) sin? (k,y) e0s° (1) £0, ee 


except for isolated points in the domain. This is sufficient for baroclinicity. Low 
order baroclinic modes are important for planetary dynamics as they are the ones 
that traditionally give rise to weather in the midlatitudes. As it turns out, typical 
thermal wind profiles, which are zonal jet flows, i.e., flows of air that move in the 
east-west direction, with vertical shear, are unstable and it is these baroclinic modes 
that carry the instability. This effect is referred to as baroclinic instability. 
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Fig. 5.5 Thermal wind profile in a representative section of a planet at latitude. A generalized 
zonal flow u(y,z) is depicted. The graph below depicts the sense of the mean meridional gradient 
of temperature (density variation <-temperature variation) 


5.5.5 Thermal Wind 


We close this section with a short discussion of thermal wind (Fig. 5.5). It turns out 
that in the QG model, one can generate a configuration supporting the simplest 
vertically sheared flow. Consider now the diagnostic relationships between the 
pressure and the other relevant fluid variables: velocities u,v and the dynamic 
density variable p’ detailed in Eq. (5.126). Taken as a mathematical system on its 
own merit, suppose that the dynamic density field possesses a latitudinal (y-directed) 
gradient. We write this as 


p, = Pw (1 + dy), 


where if we are assuming dynamics on length scales of ~ L, then 6L < 1. 

This meridional density gradient could be due to a weak equator to pole 
temperature gradient. Recall that in the Boussinesq approximation p’ ~ —f,6@’ 
where 9’ is here the temperature perturbation and Br is the familiar coefficient of 
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thermal expansion at constant pressure. Taking the partial derivative with respect to 
the vertical coordinate z we get 


du.  ddw _g_ 1 9p, gd 
- = = J 
Oz dz oy 2.246 Poo dy 2Q i Soe 


Thus the zonal (east-west) mean velocity field possesses a vertical shear. Assuming 
that the ground provides some amount of frictional resistance as described for 
Ekman layers and spin-down in Sect. 5.3, we write the resulting solution for u, 
subject to the condition that u is zero at the ground z = 0, as 


(5.139) 


The zonal flow u, is called the thermal wind. The flow at midlatitudes, known as 
the jet stream on the Earth, is intimately related to the thermal wind relationship. 
Because the equator to pole gradient of the temperature is negative, by the 
relationship p’ «< —@’ we deduce that 6 must be positive. In turn, this means that 
Atw > O and, consequently, the thermal wind increases in the eastward direction 
as one goes up in altitude. Thus the presence of an equator to pole variation in 
temperature competes with the tendency for air to remain still (and rotate with the 
rotating ground below) according to our intuition based on our discussion on the 
Ekman spin-down problem detailed in Sect. 5.3, in this chapter. 

As we alluded to earlier, the appearance of weather arises from an instability 
associated with baroclinic planetary waves. J.G. Charney in 1947 and E. Eady a 
couple of years later published two of the earliest and simplest models of baroclinic 
instability. They analyzed the QG equations in the f-plane setting and showed the 
existence of instability when the basic state contains a thermal wind. The details of 
these models may be found in the Bibliographic notes in reference [7]. Figure 5.6 
displays recent relevant simulations of global winds. The basic onset of the weather 
generating baroclinic instability is captured by the thermal wind model, but it does 
so by dispensing with other physical effects, including the latitudinal variation of the 
planetary rotation which affects the quantification of the resulting length scales from 
growth rates of the instability and the effective drag induced upon the flowing air 
due to Ekman spin-down. Since that time more sophisticated calculations have been 
performed, relaxing many of the assumptions made by Charney and Eady, leading to 
more accurate results conforming to observational data. For further details consult 
the references on geophysical flows found at the Bibliographical Notes at the end 
of the chapter. 
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Fig. 5.6 Visualization of global winds from a GEOS-5 simulation using 10-km resolution. Surface 
winds (0-40 m/s) are shown in white and trace features including Atlantic and Pacific cyclones. 
Upper-level winds (250 hectopascals) are colored by speed (0-175 m/s), with red indicating faster. 
The famous Jet stream is clearly visible (Public Domain. Author:W. Puttnam/ NASA Goddard 
Space Flight Center. Courtesy of NASA -http://eol.jsc.nasa. gov/Info/use.htm1) 


5.6 An Astrophysical Example: Local Structure of Steady 
Thin Accretion Disks 


Accretion disks are ubiquitous astrophysical objects formed by a gas, endowed with 
angular momentum with respect to a compact central object of mass M, onto which 
it is falling, due to the object’s Newtonian gravitational field. Accretion disks around 
white dwarfs” in cataclysmic variables and those around a freshly formed star, e.g., 
of the T-Tauri family, are classical examples. The central object is compact relatively 
to the extension of the fluid being gravitationally attracted to it. We shall limit 
ourselves in this example to non-magnetic accretion disks, that is, to those flows 
for which we may assume that the magnetic field is dynamically unimportant. Such 
disks may be found in close binary stars, when one of the stars overflows its Roche 
lobe, i.e., effectively, starts to lose mass to its more compact companion, in newly 
formed stars, which are still surrounded by the remains of the matter they were 
formed of, or even on much larger scales, when, e.g., a compact galactic nucleus 
attracts the gas of its neighborhood. In many cases of this kind, accretion gives rise 
to spectacular observable effects, as the disk and sometimes the central object emit 
prominent radiation. Indeed the first ideas about the existence of accretion disks 
were put forward in the beginning of the 1970s, in efforts to model the relatively 
recently observed compact galactic X-ray sources (Fig. 5.7). 


Very compact stars, their mass is similar to that of the Sun while their radius is approximately that 
of the Earth. Only neutron stars and black holes are more compact. 
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Fig. 5.7 Artist conception of an accretion disk around a white dwarf in a close binary. This 
particular system is WZ Saggitae, a cataclysmic dwarf nova, consisting of a white dwarf 
accreting from a low mass normal stellar companion (Public domain. Author: P. Marenfeld and 
NOAO/AURA/NSF. Courtesy of NSF) 


The main subject of this book and its scope enforce space limitations preventing 
us from a fuller discussion on the formation of accretion disks and on the radiation 
they emit. This material can be found in a large number of existing books of which 
we shall mention, in the Bibliographical Notes, the best to our taste. Instead, we 
shall focus here on the description of disk models as accretion flows, after they have 
achieved cylindrically symmetric steady state. Thus to obtain the relevant equations 
for an accretion disk, we shall, in what follows, use Eqs. (5.2—5.4) and the continuity 
equation (5.5) in a nonrotating, that is, inertial, frame and with the body force, b, 
assumed to be derived only from the central object’s gravitational potential, that is 


GM, 
VP +2" 


where G is the universal gravitational constant. In addition, we postulate, as is 
usual, that in a flow modeling an accretion disk, these equations have the following 
simplifying properties: 


1. Steady state, that is, 0/dt = 0, 

2. Axial symmetry, that is, 0/d@ = 0, 

3. The flow appears viscous, despite its enormous Reynolds number, as defined 
using microscopic viscosity being enormous. In this statement, we mean that it 
is assumed that some kind of enhanced, probably turbulent, viscosity is present. 
Otherwise the gas will just orbit the central object. 


b=-V®(r,z); with @(r,z) =— (5.140) 
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We thus rewrite Eqs. (5.2—-5.4) and the continuity equation (5.5) in an inertial 

cylindrical frame, and also replace the equation for the @ component of velocity 

using ug = rQ, which defines the angular frequency Q, by an equation for the 

angular momentum per unit mass, rug = r°Q. Q is often referred to, incorrectly, as 

angular velocity but its units, radians/second, reveal that it is angular frequency. 
The resulting set of equations reads 


2\ -3/2 : 
Ps ae 9 air(145) is (5.141) 
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where Qx = GM,,/ r°/? is the Keplerian angular velocity at r,z = 0 induced by the 
central object. We posit the existence of an enhanced effective kinematic viscosity 
coefficient Ver, many orders of magnitude larger than the usual microscopic 
viscosity, which in this astrophysical flow should have a negligible effect. From 
now on we shall assume that Vere arises due to turbulence, and hence the notation 
Veft = Vr. Thus, the above equation set is for appropriately averaged quantities in a 
turbulent flow (see Chap. 9). We also have to write out explicitly the contribution of 
the viscosity to the equations of motion 


Visc __ 20 Ou; ViP Ur O Ou, Ou; 

fs ror (up a) : al dz up ( dz = or )| ns) 
vise _ 0 Ou, ld Ou, Ou; 

re (ve dz ) YF or vp ( dz ' dr )} oe 


which despite their units are not forces but dissipative terms. To bring out the typical 
properties of an accretion disk and in particular the disparity of length scales in the 
horizontal and vertical directions, we shall now nondimensionalize these equations 
by scaling all the physical variables, = say, by their typical values, denoted by an 
upper tilde (=). This is so, except for a number of selected quantities, among them 
the vertical (in z direction) scale-height, which is the typical disk half thickness and 
will be denoted by h, the radial variable * which equals the radius of the accreting 
star, the angular rotation velocity Q which will be scaled by its Keplerian value in 
the radial point 7. This is done in the anticipation that this will be its typical value, 
thus Q = Ox = /GM,./ Pr. Finally, the radial and vertical velocities (u,; and uz) will 
be scaled by the typical sound speed @, and the pressure by (2. Before effecting the 
scalings we note that in an accretion disk the azimuthal flow is highly supersonic, 
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that is, ig = 7Q >> Z,. This result, which can be easily verified for real conditions 
in various astrophysical accretion disks is usually taken to mean that the disk is cold 
and it introduces a small, nondimensional parameter into the problem 
ex <! (5.147) 
= Gi : . 


We express the above postulated disparity of scales by writing h = e7 and proceed 
to nondimensionalize the equations. The result up to second order in € is 
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The units chosen for the viscosity are ¥, = ¢,h, anticipating the parametrization of 
this quantity, as a turbulent viscosity (see below). Notice that we have not included 
an energy equation. The reason for this is that in what follows we shall present only 
two steady accretion disk models, the first of which will be the vertically averaged 
model, based on the idea of N.I. Shakura and R.A. Sunyaev from 1973. The 
reference to the original paper can be found in several books in the Bibliographical 
Notes. The model is actually a lowest order approximation, in which the energy 
balance is straightforward. The second model will be based on an asymptotic 
expansion up to @ (e7) and can be performed only if a relation P(p) is given, e.g., 
a polytrope, and this allows us to circumvent the energy equation. 


5.6.1 The Vertically Averaged Steady Model 


This model actually derives from the lowest order terms of Eqs. (5.148—5.151) and 
the neglect of vertical motions u, = O in view of the thinness of the disk. Thus 
we have 


Aner, (5.152) 


+O O dQ 
1p (r°Q) = ap (ver) ; (5.153) 


290 5 Rotating Flows 


ae (5.154) 
r) 
a (rpu,) = 0. (5.155) 


Several important comments should now be made. First and foremost it follows 
from (5.152) that the vertically averaged model’s angular rotational velocity is 
Keplerian for all r. Thus it may seem that this rotating flow would not allow 
accretion. However, Eq. (5.153) can only hold if u, is of @(€). This means that 
the accretion demanding u, < 0 is an @ (€) effect. To remember that u, is of @ (€) 
we write u, = €u;. Then we substitute it into Eq. (5.155) to find rou, = f\(z), with 
the index | as a reminder that f was an @ (€) quantity. Now integration over z will 
give the total mass accretion rate, provided a factor 27 is inserted before. With 
uy <0, the result is 


20 Giids=iK (5.156) 


where M, is constant, representing the accretion rate, and the meaning of the index | 
should be self-evident. The factor 27 which is necessary here is absorbed in the units 
of M. In the popular, by now, idea of parametrization of the turbulent viscosity, 
employing an unknown constant parameter @ > 0, Shakura and Sunyaev proposed 
to use 


[Tor] © OP, (5.157) 


which approximately equates the absolute value of one component (@,7r) of the 
viscous stress tensor with @P, where P is the pressure, and neglects all other 
components of this tensor. a, the single unknown constant, was supposed to contain 
all our ignorance on the enhanced disk viscosity. In practice, when models of 
disks based on this prescription were constructed and the continuum radiation 
emanating from them was compared to disk observations, & was fitted to a constant, 
usually considerably less than |. The prescription given above for parametrizing the 
viscosity is equivalent to setting v; = O@csh. Can you show this equivalence with 
possible factors of @(1) being absorbed in a redefined new a? We shall refer 
to (5.157) or the equivalent explicit expression for v; as the ShS ansatz. We have 
to include now the lowest order in € term from the energy equation. The Shakura— 
Sunyaev vertically averaged model will follow. We write, in nondimensional units: 


dQ\> oF 
2 eae ee ee 
Vip (2) As (5.158) 


where A is a nondimensional constant, usually of @(1), and F* is the vertical 
radiative flux out of the disk. Defining now the surface density of the disk as 
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SH) / - p(r,2)dz = 2p(HA(n), (5.159) 


where here also the averaged density p(r) is defined with the help of the disk half- 
thickness. It crudely follows from (5.154) to be 


Cs 


h(r) © a7 Pere. (5.160) 


using the nondimensional relation between the sound speed and temperature. 
Integrating equations (5.158) and (5.153) now over z, we get as results, respectively, 


2 
avzr (S*) ~ 2AFe (5.161) 
or 
and 
a ee 302 
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Perpetuating the habit of vertical averaging in disks, which introduces gross 
approximations, we use the appropriate EOS, and get F* ~ 0.57+/(«Z), with 
k = pT~>° as decided. It follows that 


Pat ys a PPP ie. (5.163) 


Using now the Keplerian relation for Q(r) and the ShS ansatz, Eq. (5.161) is brought 
to the form 


T! x (3) Sr, (5.164) 


Note that our units for v, were ¢,h and thus the ShS ansatz brings out the 
parameter a. Integration of (5.162) requires an integration constant which has to 
be determined by the actual position where Q achieves a maximum in a real disk, 
the zero-torque radius, from where Q has to descend to its inner boundary value, 
which is presumably bound to happen for r close enough to r = 1. We assume here 
that this position is at r= 1 and the angular velocity maximum is its Keplerian value 
at r = 1. This inconsistency is assumed to hold up to @ (e) and we are careful not 
to take the results seriously as r becomes very close to 1. A number of algebraic 
manipulations finally give 


jo aa Hl a EN a (5.165) 
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with A and B appropriate nondimensional constants, depending on the constants 
introduced along the derivation. As hinted above, this solution ceases to be valid 
too close to the central object boundary and care has to be taken to treat that region 
in an appropriate way. Currently there is no general fully or even approximately 
analytical prescription for that. In any case, we shall not discuss here the problem of 
the boundary layer between the disk and the accreting object, always assuming that 
we are interested in points far enough away from the central object. Other variables 
can be found using the above derived relations, e.g., the inflow velocity is 


uy © —M,/(r5), (5.167) 


etc. Note that we have used conditions appropriate for Kramers opacity and gas 
pressure dominance. Other cases can be treated in a similar way as well. In any case, 
we have worked in nondimensional units and the transformation to physical units 
may not be completely trivial. In what follows we shall give the relevant dimensional 
formulae. 

For a typical disc in regimes as discussed here,* the dimensional results are 


T 14x 10t0 SOR my 4695 K, (5.168) 
E = 5.20 OR my 4p14/5 gem, (5.169) 
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etc., where Rj is the radius in units of 10!° cm, M 16 the mass accretion rate in units 
of 10!° gs~! (within a reasonable range for cataclysmic variables) and with 


_ R,\ 12)" 
r=(1-(&) | (5.171) 


where R is the cylindrical radial distance, and R, the central object’s radius. 
Note the appearance of the factor m,, which is the mass of the central object, 
expressed in solar masses (m; = M,/Ma). This factor did not appear in our 
previous nondimensional equations, because the mass of the central object entered 
only through the Keplerian angular velocity. Other quantities for the disk can be 
obtained from the above dimensional results, which are written for a mean molecular 
weight of u = 0.615, which is appropriate for a fully ionized gas having cosmic 
abundances. Finally we would like to justify our use of = instead of = in the 
equations. This stems from the vertical averaging procedure which holds well 
only if the disk is extremely thin. Otherwise we would estimate that the crude 
averaging causes inaccuracies up to factor @ (e!/ ?) and this estimate is nothing 
but an educated guess. 


3Recall: ideal gas pressure dominant, Kramers law of opacity. 
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5.6.2 The Asymptotic Polytropic Model with Vertical Structure 


In this section we use the scaled equations (5.148-5.151). Specifically the scaling 
of P and p follow the barotropic relation P(p), which actually will be an explicit 
polytropic one, as will be seen immediately below; thus, P = P(f). To be able to 
solve for the vertical structure one has the option to close the equation set, without 
the need of an energy equation. A natural option is that of a polytrope, that is 
assuming a specific form, which gives a polytrope of index n: 


dP 1\P 1 
Ppp", aS ao (: *) = (: }ov (5.172) 


The asymptotic expansion up to @ (e7) was first done in 1997 by W. KluZniak and 
D. Kita and we shall try to summarize here their work. In what follows, we shall 
make use of cs as the dependent variable, instead of the pressure P. Consequently, 
the pressure gradient terms will be replaced in the following way 


1OP _ 10 10P ace 
ae ee (5.173) 


In addition, for the sake of convenience, we make the replacements u, +> u and 
uz ++ v and finally we opt for the following expression for the dynamic viscosity, 
following from the ShS prescription 


2 P at pe 
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As discussed before, this is equivalent up to @ (1) multiplicative constant to the 
choice of v; = Ocsh for the kinematic viscosity because the multiplicative constant 
may be absorbed in a “new” q@ parameter. The units of the dynamic viscosity 
coefficient are Pz,h. 

Formally, we should now expand all quantities in asymptotic series in € and 
substitute it into the appropriate equations. It has been found in the previous 
subsection that the leading order of u is € and, as we can see from the scaled 
continuity equation (5.155), vis @ (e?) in leading order. It can also be shown that 
the leading orders of Q,c? and p should all be odd for the purpose of balancing 
the various orders of the equations. Thus in the expansions only the following terms 
contribute 


Q(r,z) = Qo(r) + €7Qa(r,z) + 6 (E*), (5.175) 
u(r,z) = eu(r,z) + 6 (€*), (5.176) 
v(r,z) = a ar (5.177) 


cf = co(r,z)+ 6 (e’), (5.178) 
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p(r,z) = po(r,z) + 6 (e?). (5.179) 


Substituting these expansions into Eqs. (5.152—5.155) and separating the different 
orders we notice that @(1) equations can be straightforwardly solved to yield 
solutions well-known in the literature. These are 


W(ry—2" z ie 
Car.) = "OFF, ay) =Oe() =, po(r.2) = (7 
2nr° n+1 
(5.180) 
where h(r) the disk half-thickness will be determined by the solution of the next 
nontrivial order, the second. It is assumed that at z = +A(r), the disk upper and 


lower boundary, the lowest order density pg, and the sound speed c,9 vanish and 
remain zero for any |z| > h(r). Also, the following relations hold: 


Po _ nc 1 OPo _ 2 
Po n+l’ po az ro 


(5.181) 


Note that for the sake of convenience we have not expanded the viscosity coefficient 
in powers of ¢€. It will be taken as composed of zero order quantities only, 
thus, following Eq. (5.174) and using (5.181) we have for the dynamic viscosity 
coefficient 


2 
Th = zor’. (5.182) 


Before turning to the next nontrivial order we fix the polytropic index n = 3/2, a 
reasonable choice giving P « p>! 3, in order to simplify the form of the formulae. 
Equation of @ (€) does not give any additional nontrivial information, while @ (e7) 
gives rise, after a considerable amount of algebra, to solutions for u;(r,z) and 
v2(r,z), as well as A(r). It turns out that h(r)—note that similarly to the viscosity 
coefficient it is not expanded and taken to be equal to its lowest order—depends 
on the constant mass accretion rate. The latter can be easily related to u,p, and 
h by vertically integrating the continuity equation. It turns out that if one does this, 
paying attention to correct orders, it turns out that the mass accretion rate is an @ (€) 
quantity, given by 


h 
M,=—2n |  dz(rpou,) =const. (5.183) 
-h 


The constant M, is an important parameter of the problem and serves as a constraint 
in the evaluation of the solutions, e.g., of h(r). The latter can be derived in an 
asymptotically meaningful and valid way only if r is significantly distant from the 
above-mentioned zero torque radius, which we denote here by ro. We also leave the 
issue of the difficulty encountered in the region between ro and the actual accreting 
object because, as indicated above, the boundary layer problem has not yet been 
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successfully solved in any general way and numerical simulations of various cases 
suggest different results. The understanding is, at best, only qualitative. Thus we 
assume that r is significantly /arger than ro. Similarly we do not have detailed outer 
boundary condition, only the total mass influx constraint. Even though a solution 
can be found under this condition, it is not clear to what extent it is valid close to 
the disk edge. Consequently, we assume that r is also sufficiently smaller than the 
disk edge. 

It can be shown, consult the Bibliographical Notes for references, that there is a 
value of a below which a certain amount of back-flow in the meridional flow pattern 
exists. This means that a stagnation radius exists, beyond which the radial velocity 
near the disk mid-plane is directed outwards. Finally we quote here the result for 
h(r), for the polytropic index n = 3/2: 


1/6 
h(r) = @ay'*r(1— 2) (5.184) 


O18 i os 
A = ——M 
rep 


It is not clear if the back-flows resulting from this analytical procedure do indeed 
exist in thin accretion disks and what may be their observational significance. We 
have decided to sketch the asymptotic procedure, not to achieve an explanation of 
an observation of some particular object. Rather, we wanted to show the power of 
advanced analytical techniques, which however limited they may be are completely 
transparent to the physical assumptions and properties of the model. This cannot 
usually be said about full-fledged numerical simulation. 


where 


5.6.3 Summary 


Astrophysical accretion disks are still not well understood, despite their ubiquity. A 
lot of knowledge has accumulated since the first suggestions of their existence, most 
of it through crude approximations, guided by observations, which went a long way 
towards the elucidation of the formation of disks when matter possessing angular 
momentum is gravitationally attracted by a relatively compact massive object. The 
main difficulty is that the basic processes take place in different directions. This is 
in contrast to stars, which are much better understood, at least in their steady states. 
In accretion discs, which are best described in cylindrical coordinates (r,z, @), the 
angular momentum transfer, indispensable for accretion, proceeds in the r direction, 
radiation emanating from the disk material heated by dissipation is transferred 
through the disk mainly in the z direction, while the main energy source resulting 
from the gravitational pull of the central object is being expressed by usually 
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supersonic rotation in the @ direction with close to Keplerian shear. In addition, 
there exists the issue of the enhanced viscosity, since molecular viscosity cannot 
even come close to enabling accretion, as it is deduced from observed total accretion 
luminosity. It seems that the consensus is that accretion disks are turbulent and hence 
possess turbulent viscosity. The writers of this book have not yet seen convincing 
physical or mathematical description why a linear instability is needed to cause 
turbulence in a supersonically rotating very large Re > 10!° sheared cosmic body. 
More surprisingly, even in more simple and controlled laboratory shear flows, it is 
known that linear theory fails to explain the development of turbulence as can be 
studied in, e.g., references [14, 15, 16] in the Bibliographical Notes. Thus perhaps 
all the controversies regarding the magnetic source of the instability, which were at 
the center stage of the research effort for the past 20 years or so, are not the heart of 
the matter at all. 


Problems 


5.1. 

An interesting model problem which is a variation of the simple Ekman layer is the 
one in which a flat layer of liquid, taken to be a model of an ocean, lies beneath 
a wind field exerting tangential stresses on the liquid layer. Assume the liquid is 
described in Cartesian geometry and the global rotation vector is aligned with the 
vertical direction, i.e., (2 = Q,2%. Suppose that in the deep ocean (as z — —oo) the 
horizontal velocity field is given by u = u, and v = v,. Assume that there is no 
vertical velocity. Consequently, the equations of motion for the interior of the fluid 
are similar to those developed in Sect. 5.2.3 


07u a°v 
—2Q,(v—%y) = Vara: 202, (U— ty) = V>5- (5.185) 
The boundary condition at z = 0 is set by applying given tangential stresses across 
the normal to the surface. Suppose therefore that the tangential stresses induced 
by the wind are T,, = T, and t,, = T, where T, and T, are constants. Matching of 


the stresses across the boundary means imposing the boundary condition 


Ou OV 
aa haere ee ae at z=0. (5.186) 


Show that the solutions for u and v are 


uu = ae [eos(Z—F)—gsin(Z—4)], sy 
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vy = sel [esin(Z—4) +4,c08(Z-2)]. ss) 


Keeping in mind that the Ekman layer depth H is proportional to \/v what is the 
relationship between the deep ocean current and the surface current as v — 0? 
Does this surprise you? (See the book of Cushman-Roison and Beckers, given in 
the Bibliographical Notes, for further reference.) 


5.2. 

Re-examine the previous problem but, instead of the assumptions there, assume the 
following: the liquid below has density p_ and that the air above has density p,. 
Assume also that the stresses that drive the heavier liquid below are derived from an 
airflow above. Suppose that the airflow above has a velocity field u = ul+) and v = 
vt) as z —> co. Suppose the liquid below, similarly, has a current u = ul) and v =0 
as z—+ —co. Solve the flow equations in each separate region, z > 0 and z < 0, Le., 


_ 02v 
Ve 


_ O7u 
= a 


ry 


0 


—20,(v—v 2Q, (u—ul*)) (5.189) 
assuming that the viscosities of the two fluids are equal. Complete the solution by 


matching the stresses and velocities across the surface z = 0: 


oa 
ee Oz 


Ou 


=p.v5 (5.190) 
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and similarly for v. Plot the solutions using appropriate computer software. 


5.3. 

Show that the total perturbation energy for linearized disturbances of an inviscid 
plane-parallel Boussinesq atmosphere in a rotating frame is identical to that when 
the atmosphere is not rotating. In other words, show that the total energy is still given 
by (4.98). Similarly, prove the assertion made that the group velocity propagates in 
a direction perpendicular to the direction of phase propagation. 


5.4. 

Consider an inviscid plane-parallel atmosphere in a rotating frame (2,. Assume that 
the equations governing three-dimensional disturbances are given by those found 
in Sect. 5.1.1.2. Suppose that there exists a global uniform background shear in 
the problem in which the mean velocity along the } direction is given by v, = Ax. 
Examine the axi-symmetric perturbations of this system, i.e., those in which 0, = 0, 
in a periodic domain in z and x. Show that the total perturbation energy &” is given by 


u? +v?(2Q, +A)/2Q, +w? 4, Pose: si? 


El= 
a 2 B 2° 


(5.191) 


and is conserved. 
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5.5. 
Examine the dispersion relation for the previous problem. Assume normal mode 
perturbations of the form ~ exp(k,x+k,z— iat). Show that @ has the form 


2.Q, (2Q, +.A)k? + gaBk? 
fe es lal (5.192) 
aa 


Is the group velocity, indicating the propagation of the total disturbance energy, 
still perpendicular to the direction of the phase velocity V, = wk? Repeat the 
procedure executed in the analysis regarding the direction of energy propagation in 
the simpler Boussinesq atmosphere found in Sect. 4.4.3. Determine that the group 
velocity is indeed given by V, = (0@/0k, )& + (0@/dk,)%. Also, what does it mean 
if A = —2Q,? 


5.6. 
Starting from the equations of motion for an inviscid, incompressible, two- 
dimensional fluid exhibiting variations in x and y only, with a global rotation vector 
Q = (Qy + Byy/2)z where Q,, and 8, are constants, show that the expression 

D Ov ou 


Stat — 0), ith o, =< 
Dt = mr" ax Oy 


+205) + Boy: (5.193) 
where € is the z component of the vorticity, is correct. How is this related to Crocco’s 
theorem? Consider why and how this is another example of a special restricted flow, 
like those we have discussed in Chap. 2. 


5.7. 

We examine here the properties of topographic waves in the context of shallow 
water systems. To begin, it is not difficult to see how a shallow water system 
(Sect. 4.3) generalizes to include Coriolis effects leading to coupled equation set 


(5.194) 
where Q, and g are constants and where h is the layer height of the constant density 
fluid. 


(a) Show that there exists a material invariant of the system which is like potential 
vorticity in which 


D (2Q,+6\ _ _ Ov ou 
>( - ) =o, as (5.195) 
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(b) 


Argue that the implication of this is depicted in Fig. 5.8 wherein if a given 
vortex column drifts in the direction of y where the layer thickness h changes, 
then the vorticity of the column must change in proportion to leave the quantity 
= = (20, +¢)/h unchanged. Vertical variations in h means stretching of the 
vortex column and, consequently, spin-up or spin-down. 

Consider dynamics which is slow in comparison with gravity waves (see also 
next problem). This is done by approximating the velocity fields by dropping 
the inertial terms. Furthermore, approximate the mean height as h = h, + yy + 
h'(x,y,t) where h’ is small in comparison with the mean height A, and where 
Y< 1. With 


~ I(gh) ~ _ I(gh) 
2Q,V & Pe ee aa (5.196) 


show that (5.195) may be approximately rewritten as 


Ot oer aaa oy 


+ 0 h' 
ax* dy* — gh, gh, 


y | ~0, (5.197) 


€ ,O 3) hn ah 40? 4Q? 


Fluid Surface 


22> 2, 


h(y,)<h(y,) 


Bottom Topography 


y=y 


Fig. 5.8 Schematic depicting variations of bottom topography. Vortex column of cylindrical radius 
r, and height A(y, ) with rotation scale Q, is shown. If column drifts rightward into a shallower 
zone, then the column becomes fatter and spins slower 


300 5 Rotating Flows 


where 


1, §& on 1 8 (alt 
VA 20, ae? uw 2Q, ( +Y F (5.198) 


Note that U = —gy/2Q, is a constant drift velocity. 


(c) Introduce linear periodic perturbations of the form h’ = helkx*+iky it into this 
set. Show that the frequency o satisfies 
= 20) VK, 
o=k,U : (5.199) 


k2 +12 +402 /(ghy)’ 


and conclude that this form is mathematically similar to other Rossby wave 
dispersion relationships. 

(d) Rationalize the meaning of these results by considering that as a vortex column 
moves in the y-direction, it becomes vertically stretched. Because the basic 
shallow water fluid is incompressible, as the column vertically stretches it must 
respond by spin-up to conserve the total potential vorticity which is another way 
of saying that the column must retain its total angular momentum. 


5.8. 

Beginning with the assumptions 1-6 laid out in the beginning of Sect. 5.5.1, 
perform a scaling analysis of (5.19-5.21) and (5.23) and show that they lead to 
the intermediate set (5.110—5.112) and (5.115—5.116). 


5.9. In the discussion of planetary waves (Sect. 5.5.4), we assumed there that the 
atmosphere lies between rigid walls located at z = 0,H, which is an unrealistic 
boundary condition for such flows. As before, assume N? is a constant. Suppose 
now that the boundary condition for the top of the atmosphere is such that the total 
pressure is fixed on the moving boundary at z = H. In the linearized limit, this means 
that the Lagrangian pressure perturbation is zero at z = H. This is the same kind 
of boundary condition as used in the problem of surface water waves in Chap. 4. 
Supposing that /(x,y,f) represents perturbations of the initially level surface at 
z =H, argue that the boundary condition enforcing fixed pressure perturbation on 
the moving boundary is given, after linearization, by 


d fay NM 
= _ = oO => => 
P — Po 81 ef ( a + F v’) : at z=H. 


Enforcing no normal flow at z = 0 and assuming the Fourier normal mode form 
elkxxtikyyi@l | show that the planetary wave frequency is 


Bok, 
2 2 2 2 2? 
ke+ ke +k 402, /N? 


(5.200) 
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in which &k, is the solution of 


Hs i 
mbes) =o FS, (5.201) 
: H, ) k.H 


Argue that there are no barotropic modes for these boundary conditions. Graphically 
depict the solution of the condition for k,. Argue that high overtone solutions are 
k(n) =nn/H,, forn > 1. 


5.10. 

An analysis of the equations of quasi-geostrophy (5.128) can be simplified by 
considering a single-layer kind of model. The idea is to examine the behavior 
of atmospheric Taylor—-Proudman columns which are vortex structures that are 
vertically uniform. However, the distinguishing feature of the quasi-geostrophic 
model is that it preserves in its description the physics of vertical stretching (e.g., 
see Problem 5.7). In order to keep this physical effect in a meaningful reduction, the 
second order partial derivative term with respect to z in Eq. (5.128) must somehow 
be retained. 

Assume that the vertical scale of the layer is L, and, furthermore assume 
that QQ,, and N are positive constants and that the analysis is restricted to the 
f-plane. Consequently, the vertical stretching effect is retained in an effective two- 
dimensional reduction by rewriting the stretching term as 


9 4Qn dy 1 1 8Q8 
aeoae” BY R>-wP 


The quantity L, is called the Rossby deformation radius. Thus the single layer 
geostrophic model equation set is 


Dq _ 
Dt 


2 2. 
vy oy ne. ee a oes 


y 
Ox * dy Le’ dy’ x 


0, q= 


1. Show that the discretization of the vertical stretching term is consistent with a 
second order correct finite difference scheme for Oo. 

2. Following the ideas discussed in Sect. 2.5.3, assume that the single layer is 
populated by a collection of N geostrophic point vortices labelled by the index 
j where each point vortex has strength I. Thus 


= 


C= )Tj6(x—xj) 


j=l 
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wherein x; = (x;,9;) is the x and y time dependent position of vortex j. Show 
that the total stream function and corresponding velocity fields are given by 


1 


= 30K Pe! (5.203) 
0 On oak iar 


‘D 


together with 


dy 1S Tig, (a4) O.-y) 
dt MAL, Ly |x — x;| 


dy. 1< iF |x — x;| (x, —x,) 
t= “K —— 5.204 
ROSE 1 ( ( ) 


jzi-D Ly [x — x;| 


where K,(x) is the modified Bessel function or order v. 


. By examining the asymptotic behavior of the modified Bessel function K,, 


argue that geostrophic vortices do not appreciably influence each other if they 
are separated by a distance that is much greater than L,,. 

Show that geostrophic vortices possess Hamiltonian structure. Namely, show 
that the equations of motion for the position of the vortex collection may be 
written as 


1 |x; — x;| dx, 050 dy, OH 
a= TK pone pee 
in wee ( Ls ) ; dt oy, dt Ox, 
i#j 
(5.205) 


and thereby showing explicitly the Hamiltonian structure. 
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11. CJ. Clarke, R.F. Carswell, Astrophysical Fluid Dynamics (Cambridge 
University Press, Cambridge, 2007) 

12. S.N. Shore, Astrophysical Hydrodynamics (Wiley-VCH, New York, 2007) 
Since a typical accretion disk is thin, starting from 1984 there were several 
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(2002) 

16. T. Mullin, Experimental studies of transition to turbulence in a pipe. Ann. Rev. 
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Chapter 6 
Effects of Compressibility 


And I will harden Pharoah’s heart, 
and multiply my signs and my wonders 
in the land of Egypt. 


Exodus 7, 3 


6.1 Introduction 


All fluids in nature are compressible, that is, if enough pressure is applied on a 
macroscopic fluid element, its volume decreases. Gases are usually much more 
easily compressed than other fluids and this is probably the reason that the regime of 
compressible flows is usually known as gas dynamics. We have, however, discussed 
in Chap. 2 the conditions under which the assumption of incompressibility of a 
particular flow is a good approximation and because it simplifies the equations 
considerably, we could consider there a number of important incompressible 
flows. The explicit conditions were summarized in Sect. 2.4.1, even though various 
considerations regarding this issue appear in other places of Chap.2 as well. 
Moreover, it may happen that these explicit conditions for incompressibility are 
not met, even approximately, but it is still useful to assume incompressibility. Such 
is the case when the physical phenomena under study do not rely at all on the fluid 
property of compressibility. 

In this chapter we shall consider, in contrast, flows for which compressibility 
is a crucial ingredient of the flow in question, that is, we shall examine physical 
phenomena which exist because of compressibility. For example, if we wish to study 
the physics of a phenomenon whose typical timescale is T, say, and compression is 
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instrumental in causing this phenomenon, we may describe it by the approximate 
size of the following nondimensional ratio, where p is a typical density of the fluid 
involved 


Ate, (6.1) 


If A. > 1, it is transparently physically understood that the process in question 
is faster than typical compression time and hence it is not reasonable to ignore 
compressibility. As we have already discussed in Chap. 2, compressibility can by no 
means be neglected, without losing the paramount effects of the flow, when the flow 
is supersonic, that is, the Mach number exceeds unity somewhere in the flow. So 
the Mach number is the concise and important diagnostic quantity. Defining A, was 
an attempt to give, perhaps, a more physical formulation. All this is not to say that 
only in supersonic flows compressibility must be taken into account. In any case, in 
compressible flow the sound speed plays an important role. In particular, the value of 
the Mach number is proportional to the speed at which the quality of compressibility 
spreads out in the fluid. As an example, consider the motion of solid body, e.g., a 
wall in a fluid, so that its motion is supersonic. It would compress the fluid on 
the one side, while on the other side it cannot decompress, because the obstacle 
moves supersonically, while the decompression can proceed only at a sound speed. 
In approximations, which allow incompressibility, the sound speed cs is nominally 
infinite, or at least much larger than any velocity scale in the flow. We saw in Chap. 4 
a discussion of gravity waves on incompressible shallow water, defining a velocity 
of linear waves on the surface. As we shall see in Sect. 6.4.5 of this chapter, there 
is a remarkable analogy between these waves and one-dimensional compressible 
gas dynamics. The nondimensional number which applies in the case of shallow 
water gravity waves is the Froude number, mentioned previously in Sect. 1.6. In the 
present context we shall slightly modify the form of the Froude number as follows: 


U 
Fr = —, (6.2) 
V gh 
with U being a typical fluid velocity and h the water depth, where now cg = /gh 
plays the role of sound speed in the above analogy. It is also easy to see that Fr for 
waves on shallow water plays a similar role to the Mach number, M, in the analogous 
compressible gas dynamics, which we shall discuss in detail below. 


6.1.1 A Historical Note 


We start this chapter on a historical note, assuming that the reader of the book is 
generally familiar with basic concepts related to fluid compressibility (e.g., sound 
waves, shocks), but is perhaps less familiar with the development of the ideas related 
to supersonic flows, and especially supersonic flight. These phenomena will be 
explained in more depth later in the course of the chapter. 
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The least violent manifestations of compressibility are small amplitude sound 
waves. Their study goes under the name of acoustics. Luminaries of no less a 
caliber than Pythagoras, Euclid, Aristotle, G. Galilei, R. Boyle, I. Newton, and Lord 
Rayleigh found time to deal with the phenomenon of sound, as its importance was 
self-evident, because it had connection with one of the human senses. The history 
of acoustics contains, almost solely, the phenomenon of sound waves in the air. 
Pythagoras produced sound waves by plucking a single string at constant tension, 
tied at both ends. He changed the length of the string and discovered that by halving 
the length of the string the musical nature of the note changes by an octave, i.e., the 
frequency of the sound just doubles. Pythagoras had, undoubtedly, a musical ear. He 
was fascinated by this phenomenon and it was a factor in his conviction about the 
connection of physics to music, which gave rise to his notion of “harmony of the 
spheres,” an expression which probably inspired its use by Shakespeare and Kepler. 
Both Aristotle and Euclid tried to establish a quantitative understanding of sound 
propagation, but their progress was not significant, save perhaps the finding, not of 
Aristotle, but of his successor Theophrastus, that the speed of sound is independent 
of frequency, in contradiction to what Aristotle had stated. Galileo did a thorough 
study of vibrating strings, summarizing it in a self-contained theoretical framework. 
He also supported the idea that air is needed for the propagation of sound, like 
Aristotle had reasoned. Despite some controversy on this matter, which was largely 
based on faulty experiments, it was Robert Boyle who decided the issue. Theoretical 
physical acoustics began with Newton, who found that the speed of sound in a gas is 
cs ~ s/P/p, and culminated in the monumental work of Lord Rayleigh, published 
in 1877. 

The study of nonlinear phenomena, developing from gas dynamics, started late 
by comparison with the above phenomena. The reason for this was undoubtedly the 
fact that the nonlinear effects appear when the compression is very rapid, that is, 
the flow is supersonic, usually caused by the motion of bodies at supersonic speeds 
in the air, say, or explosions, as a result of rapid combustion, which may occur in 
the gas. Shock waves are typical phenomena in such cases. Their research emerged 
from different disciplines and historically did not evolve along a direct path to the 
present state. From the historical point of view, the modern shock wave physics can 
be divided to the following developments: 


1. The research of the ballistics of the early rifles (muskets) and guns in the 
mid eighth century, by Robins and Hutton, led them to the conclusion that 
the finite rapid disturbances created in these circumstances differ considerably 
from infinitesimal acoustic waves, as formalized by Euler. It was clear that the 
method of characteristics, developed for hyperbolic equations by G. Monge 
(1746-1818), a great mathematician and founder of the famed Ecole Polytech- 
nique, can be used for theoretical understanding of nonlinear waves as well, as 
we have tasted in Chap. 4. 

2. During first serious measurements of the velocity of sound, using a gun, 
it was found that very loud sounds, like the sound of the shot, propagate 
supersonically. The first attempts to develop shock wave theory were made by 
Poisson, Airy, Challis, and finally by the prominent and influential mathemati- 
cian B. Riemann in 1859 and Rankine in 1869. 
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3. The classical period of experimental studies were conducted by Regnault in 
1863, who showed that shock waves need supersonic motion as was later 
confirmed by laboratory studies of explosions by Mach and Sommer. Various 
experimental techniques were developed in the later decades of the nineteenth 
century by Mach, Salcher, and Boys. It is worth mentioning that this was also 
the time in which Reynolds introduced, not at all related to shock study, the 
ubiquitous and important nondimensional number, bearing his name. 

4. Between 1870 and 1890, Rankine and independently Hugoniot discovered their 
invaluable contributions to shock theory. Additional systematic experimental 
and theoretical studies led to the discoveries of de Laval, Meyer, and Prandtl 
and to the development of the wind tunnel. 

5. The thirties of the twentieth century was the period of high speed aviation and 
wind tunnel testing. A number of unique transonic and supersonic wind tunnels 
were set in operation. 

6. During the Second World War and early post-war years the subject naturally 
blossomed. Supersonic rockets as well as the development and use of nuclear 
weapons brought a flurry of research by the scientists of the Manhattan project 
and later by Soviet scientists, headed by the respected Ya.B. Zel’dovich (1914— 
1987), who contributed to almost all problems in the field, as discussed in his 
seminal book with Raizer, see [4] in the Bibliographical Notes, and to other 
fields as well. 

7. The study of hypersonic flight and theoretical calculations of extremely power- 
ful explosions continue to the present day. In addition to classified research, the 
relatively new field of astrophysical gas-dynamics has provided a huge observa- 
tional “laboratory” for the research of nonlinear sound waves, explosions, jets, 
and shock waves in general. 


6.1.2 Overview of This Chapter 


The field of compressible fluid dynamics, that is, fluid phenomena that are driven 
by compressibility, is vast. We cannot present all of it, not even a significant part. 
Our choice of topics is obviously subjective. We have tried to discuss those topics 
that are general and, in our view, important and skip detailed and technical issues. 
We shall discuss first the phenomenon of sound, in the approximation that the 
amplitude of the disturbances, propagating as linear waves, is relatively very small. 
After discussing sound waves and reviewing for the reader some rudiments of linear 
wave motion, we shall skip the large body of geometrical acoustics research, relying 
on the general properties of linear waves from Chap. 4. From the topic of physical 
acoustics, we shall single out for brief discussion only the momentum and energy 
of sound waves and some basics of the physics of the emission and attenuation of 
sound. The latter topic will culminate in a formal general solution of a sound wave 
propagating from a given source. 
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The method of characteristics has been gradually developed by mathematicians, 
starting from Cauchy and Monge, for the purpose of understanding, categorizing, 
and solving linear and quasilinear PDEs. The ideas are by no means trivial, repeating 
them here in a different context than in Chap.2 and delving into them more 
deeply can be beneficial. The mathematical side of the topic, which matured during 
the time of B. Riemann, is outside the scope of this book, but we shall discuss 
some of its applications to the equations of gas dynamics. It is our hope that this 
will contribute to the understanding how sound waves, when they grow beyond 
linearity, may steepen and cause the loss of a continuous solution, in addition to 
developing other interesting continuous phenomena, such as rarefaction waves. In 
physics the discontinuities are called shock waves while in mathematics they are 
called weak solutions. As it turns out, the above-mentioned mathematical analogy 
between compressible gas dynamics equations in one-dimension and a particular 
formulation stemming from the shallow water equations [(4.77)-(4.78)] enables 
one to obtain interesting results related to the behavior of water when, e.g., a 
dam in a channel breaks or a wall is accelerated into it and a hydraulic jump is 
formed. We shall mention the first topic very briefly and expound on the second 
problem a little more, because of its analogy to shock formation in gas dynamics. 
We shall discuss normal shocks at considerable length and introduce the celebrated 
Rankine—Hugoniot relations, named after the scientists mentioned in Sect. 6.1.1, 
but not discuss in any detail oblique shocks, as we feel that they do not introduce 
new essential physical ingredients. We shall devote, however, a detailed problem 
to radiating shocks. Energetic phenomena like a strong explosion and detonation 
waves will be discussed next. This topic, which was developed when the arms race 
was at its peak, serves today as a theoretical basis for cosmic explosions, such as 
supernovae. The problems at the end of this chapter contain several important topics 
and we urge the reader to devote time to their solutions. 


6.2 Sound 


The phenomenon of sound is well known from our everyday experience through 
one of our primary senses, that is of hearing over some frequency range. The word 
acoustics itself originates from the Greek verb for hearing. In this section, we shall 
consider only the physical properties of sound and limit ourselves mainly to the 
acoustic approximation, that is, concentrate on relatively small perturbations in an 
underlying fluid flow, which we shall take usually to be a uniform state of rest, 
for simplicity. The by now familiar notion of linearization, that is, keeping in the 
equations only terms which are of first order in the perturbation, has been introduced 
in the beginning of Chap. 4 and we shall make use of it in acoustics. An additional 
element of the acoustic approximation that we shall use is the neglect of viscosity 
and this, in turn, is correct whenever the Reynolds number is extremely large. In 
this case 
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Acs Aa 
aa (6.3) 


Re ~ 


where @ is the mean free path of microscopic particles and we have approximated 
the thermal velocity by cs, the sound speed (see below), and A, the length scale in 
question, is the sound wavelength. Under standard conditions this is an excellent 
approximation and we shall always remark if a certain phenomenon can be expected 
when viscosity becomes important. In what follows we shall generally consider 
the unperturbed state of fluid as a uniform state of rest, unless explicitly stated 
otherwise. To make this more general, we actually accept a situation in which 
the fluid is in uniform motion and then make a Galilean transformation to that 
frame of reference. This allows us to concentrate on the study of sound per se. 
Our unperturbed fluid is assumed inviscid homentropic and devoid of body forces, 
therefore if it starts from rest (which is an irrotational flow) it will continue to be ina 
state of irrotational flow, V x u = 0 at all times, due to Kelvin’s theorem. This is the 
motivation for most of our study of sound to be done for potential flow, that is, for 
the case that the existence of a scalar velocity potential, @(c,t) satisfying u = Vo 
is guaranteed. In fact, the assumption of a barotropic flow (instead of homentropic) 
will suffice for that, but we prefer the assumption of homentropy for various reasons, 
e.g., the definition of adiabatic sound speed. 


6.2.1 The Acoustic Wave Equation 


We have already set up above the uniform, homentropic, unperturbed state of rest 
of a fluid with density po and pressure Pp say. The wave equation is obtained most 
easily, as hinted above, for an inviscid fluid in a homentropic flow and we shall 
make these approximations at the outset. We consider now a small perturbation, in 
the sense explained above, on the reference undisturbed state. Thus we have, in the 
perturbed state 


P=Po+P, p=potp’, u=0+u, (6.4) 


where prime denotes a perturbation and the smallness of the perturbations may be 
explicitly expressed as 


—<l, —<«l (6.5) 


and in addition we have dropped the prime from u’. Here we immediately note that 
in homentropic conditions we have, up to first order 


P= 2p! (6.6) 
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where c?) = (OPo/dpo)s is the adiabatic sound speed squared, in the unperturbed 
medium, and we shall henceforth drop the 0 from its subscript, for economy of 
notation. Substituting the relations (6.4) into the continuity equation (1.33) and the 
Euler equation (1.37), dropping the derivatives of constant terms and neglecting 
second order terms because of the assumption of linearization, we get 


0 
37P + PoV-u=0, (6.7) 
ou ; 


Note that (u- V)u has been dropped, as it is second order in u. In our following 
discussion it will be easy to understand that the interpretation of the velocity 
perturbation smallness velocity perturbation is its being small with respect to the 
sound speed in the unperturbed medium. Substituting now for p’ from Eq. (6.6) 
into (6.7) gives 


oP’ 
—+pocV-u=0. (6.9) 
ot 
As explained above, we can, within our assumptions, safely use u = Vo. Now, 
inserting this into Eq. (6.8) gives 


V (oo +P) =0, (6.10) 


an equation with a trivial integral, which is an arbitrary function of time C(t): 


O° oy 
Poa +P = C(t). (6.11) 


To simplify matters we may modify @—C+> @ and this will not change the 
velocity. Physical considerations suggest that if the disturbance region is limited, 
like between two planes in a plane wave (see next section), then outside that region, 
the fluid is undisturbed, that is, the density and pressure are constant in space and 
time. In front of the disturbance this would suggest that the choice of the new ¢=0 is 
reasonable. Behind the passing disturbance we still have P’ = 0 and p’ = 0 dictated 
by physical conditions. But we may choose the new @ to be a constant in space and 
time as well and consequently have P’ = —p(0@/dt) and p' = —(pc2)(0@/d1), as 
needed. 
Substituting thus for P’ from the above into Eq. (6.9) and using again u = Vo 

finally yields the classical scalar wave equation for the velocity potential 

oe? 

“ave =0. (6.12) 
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Since all the relevant physical variables of the flow are expressible, as we have 
seen, as spatial or time derivatives of ¢, the velocity potential wave embodies in 
itself all the various aspects of a linear plane sound wave. In particular, taking the 
gradient of this wave equation guarantees that also each of the velocity components 
satisfies an identical equation. Note that this is a linear equation and when c, 
is a constant, any superposition of solutions is also a solution. In Chap. 4, this 
equation was studied thoroughly and one observation we mention at the outset is 
that the constant c, is simply the phase velocity of the wave described by Eq. (6.12), 
viz. Vp = cs. We comment, for the sake of completeness, that sound or acoustic 
waves in a medium are sometimes referred to as acoustic vibrations in the medium. 
Before proceeding we shall make a slight change of notation, for convenience. The 
unperturbed quantities will be denoted with index zero (as before), but we shall drop 
the prime from the perturbation. Thus, e.g., the unperturbed density will remain po 
but in the perturbation we make the change p’ +> p and similarly for the other 
relevant perturbations. Taking the time derivative of equation (6.7) and using in it 
u=V¢ yields 


2 
TF + pov? (3) =o (6.13) 


Putting now po(0¢/dt) = —P = —c2p we obtain a wave equation, 


2 
oP _ 2¥%p =0, (6.14) 
identical to (6.12), but for p and since P is merely proportional to p, a similar wave 
equation, but with different boundary conditions, holds for P as well. 

Even though the wave equation and its solution were discussed in Chap. 4, we 
conclude this discussion by noting an important family of solutions to Eq. (6.12), 
that of plane traveling waves, whose form is $(x,t) = F(fi-x+ cst), where F is an 
arbitrary, smooth enough, function. fi is a unit normal in some direction and the + 
refer to two possibilities of the direction of motion (see Problem 6.3). 


6.2.1.1 The Poisson Formula 


The problem we wish to address now is a general one—assume we know the initial 
condition of the velocity potential in a given spatial domain and wish to obtain 
a solution of the acoustic equation, that is to solve the initial value problem. It 
will naturally be expressed in a formal way, as the purpose is to get a closed 
form expression of the velocity potential at any time, if it is known at time f = 0, 
say. Density and pressure perturbation distribution will follow from that of the 
velocity potential. The final formula, which bears the name of S.D. Poisson (178 1- 
1840), a prominent mathematician and physicist, known for, among other things, 
his contribution to probability theory (rumor has it that his interest stemmed from 
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being a compulsive gambler), will hold in an infinite fluid, with the proviso that the 
sound waves tend to zero at infinity. Let @(x,¢) and @5(x,t) be any two different 
solutions of the wave equation which tend to zero at infinity. We cannot claim 
uniqueness of a solution to the wave equation, without specifying both initial and 
appropriate boundary conditions. The reason why we denote one of the solutions 
with this particular index will be apparent soon. Consider the time derivative of the 
following integral, taken over entire space 


rehths | (0% 0650) ax (6.15) 


It can be written as 


dl a a 


The second equality is on account of the fact that both @ and @s satisfy the acoustic 
wave equation. Using standard methods of vector analysis this can be easily shown 
to vanish, that is, dI/dt = 0 => I = const. (see Problem 6.1). Consider now an 
arbitrary point in space O, whose Cartesian coordinates are x = (x,y,z). We choose 
now the function 5, which is a solution of the acoustic equation, to be a spherical 
wave in the form of a spike (delta function) incoming into a point O, and reaching it 
at the instant fg. We denote by r the radial polar coordinate emerging from O. This 
incoming spherical wave can thus be written as 


1 
os(r,t) = ~Olr— esto — 1), (6.17) 
where 5(€) is the Dirac delta function. We shall calculate now the integral (6.15) 
over all space for two instants t = 0 and t = fg and equate them. This will yield the 
wanted Poisson formula. 


To this end we use the explicit form of @5(r,t) as given above. First we evaluate 
the first term in the integral, for any time ¢ 


h(t) =4n i] b 288 ay, (6.18) 
Now, noting that 


2 (8 [r—ex(t—to)]} = er 2 {517 —cs(¢—t0)]} (6.19) 


we obtain for J; at t= to 


h(to) = 4nc, / rg6!(r)dr = —4nc, if (r6)'6(r)dr = Ac, (r = 0, = to) 
= —47c;0(x,y,z,to), (6.20) 
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where (x,y,z) are the Cartesian coordinates of point O. It is not difficult to see that 
the second contribution to the integral (6.15) vanishes at t = fg since 


I(t) =—4n 7 os 28 ar, (6.21) 


where the integral is evaluated in spherical polar coordinates. Now, for t = to, ¢5 = 
6(r)/r and thus the integrand contains (0 /dt)rd(r) and thus integrates out to zero. 
The derivative of @ at r = 0 is assumed to be well behaved. 

To sum up, the integral at ¢ = to has the value J = —47c,@(x,y,z,to). Let us 
calculate now J for t = 0. Because / is a constant, its value must be equal to the one 
found above. Since the form of ds is as given in Eq. (6.17), we may write 


As 995 


and substitute it into the initial definition of J (6.15), not forgetting that the integral 
is calculated for t = 0. Thus 


- O05 3. 90 3 do 3 
1=- f d1-0 (Se) a x=- 9 | (6Os)e04 xf (Spe) 4 x. 


Writing now the differential volume element for the integral in polar spherical 
coordinates, d3x = Anr*drdQ, where dQ is the element of solid angle, the first 
integral in the above expression transforms to 


Jo bs)ioP x= | G1-078(r—csto)drdQ =cst0 | Proraesoid®, (6.24) 


where we have used the explicit form of ¢s and the properties of Dirac’s delta 
function. The second integral in the expression (6.23) is transformed in a very 
similar way, and the final result for 7, calculated for t = 0 is 


a a6 
I= 5 («sto / boat) ao fi ($f) sane dQ. (6.25) 


Equating this expression for J with the one found for t = fg finally gives the Poisson 
formula 


1 Jo O 
Ot) = 7 {3 (: / $40.02) be / ($$) ee ia} . (6.26) 


Note that we have dropped the subscript O from f, because actually the expression 
is correct for any time. Explicitly, we have used the case ft = fg in the derivation. 
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The importance of Poisson’s formula is self-evident. It gives the spatial distribu- 
tion of the velocity potential, appropriate for sound waves, at any time, if only the 
distribution of this potential and its time derivative, or alternatively, the density or 
pressure distribution, to which the potential time derivative is proportional, is known 
at some initial time ¢ = 0. This is a typical situation for an initial value problem, also 
called in mathematics a Cauchy problem of a hyperbolic equation, which the wave 
equation is an example of. The Poisson formula (6.26) shows that the value of the 
velocity potential at any point O at any time f is determined by the value of the 
potential and its time derivative at time t = 0 on the surface of a sphere centered on 
O(x,y,z) and whose radius is R = cst. 


6.2.2. Plane Sound Waves 


Recall now, from, e.g., Chap. 4 that plane waves, which, as we have seen, propagate 
in a straight line, have a constant value of the wave function on planes perpendicular 
to the direction on motion. We consider, without limiting the generality, plane 
wave solutions of equation (6.12) propagating in the +X direction. We remind 
the reader that for the economy of notation, the subscript 0 has been dropped 
from the sound speed and other unperturbed quantities. We also denote as usual 
u =u-X. One observation is immediately apparent: in a wave propagating in the 
x direction, completely arbitrary as we have chosen it for convenience, the fluid 
velocity u has only a component parallel to the direction of propagation. This 
means that at least plane sound waves are longitudinal, which is exceptional among 
the waves the reader has studied so far, which have been typically transverse as 
in the discussion of incompressible waves in Chap. 4. To be clear we refer to the 
example discussed in Sect.4.4 on internal gravity waves: if a plane front has a 
wave-vector pointing in the k direction and if w’ is the instantaneous velocity of the 
fluid, then because the medium there was incompressible it follows that k - a’ = 0 
and therefore this kind of wave disturbance is said to be transverse. On the other 
hand, wave disturbances for flows that are irrotational (like sound waves, here) must 
be that k x i’ = 0 and are, therefore, longitudinal in our usage of the word. One 
additional important matter of nomenclature is now in order. A wave propagating in 
a single straight direction will be called here a simple or a progressive wave. Thus 
Ff (x,t) = qi (x — cst) + Go(x— cst) and g(fi-x+c;t), for any fi are simple waves, but 
h(x,t) = o(x+ cst) — 6 (x —csf) is not. 

As we have seen, the general traveling wave solution of equation (6.12), 
describing plane waves propagating along the x direction, actually consists of two 
families of solutions, each one being a simple wave 


(x,t) = o(xF cst), (6.27) 


where the function @ is an arbitrary one of its arguments 6 = x—cyst or y =x+Cst. 
The relations between @ with its derivatives and the other physically relevant func- 
tions in a sound wave are summarized here, for convenience-see also reference [2]: 
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u v) p Ot p P= ( ) 
Noting that in a progressive traveling plane wave, in the x direction, say, there is a 


trivial mathematical relation between the x and time derivatives 


Ou(x—cst) — 1 Au(x—cst) 
Ox Cs ot : 


(6.29) 


and using the one-dimensional version of the linearized continuity equation (6.7) 


dp Ou 
BE Pag a 
We find the following relation for u in a plane traveling wave 
1 
a (6.31) 
Po PCs 


Note that for the single wave propagating in the —x direction, such a relation holds 
for a negative velocity. It is thus interesting to see, and this is the way it should 
be, that u is parallel to the direction of wave motion, as we have already seen. A 
sound wave is longitudinal, in waves propagating in the positive x direction, at a 
given instant, and the sign of the velocity is in the positive x direction, implying 
compression. But it is the other way around for the reverse part of such waves, i.e., 
the ones which are propagating in the negative x direction, the velocity is negative 
and rarefaction. 

From Eq. (6.31) we obtain an important estimate of the fluid velocity in terms of 
the sound speed 


u_p 


ai, (6.32) 
Cs Po 


This is consistent with what we have already discussed, significant compressibility 
can be expected for a supersonic flow (Mach numbers over 1), but it also shows 
that actually the acoustic approximation requires |u| < cs. We may mention also 
the relation between the temperature oscillation 7’ and the velocity. Evidently, 
dropping the prime, but preserving the meaning of the quantity as a perturbation, 
T = (OT/OP);P to first order in the disturbances. Using now the thermodynamic 


identity 
oT T (ov 
(5p), (Sr), i 
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where v = 1/p is the specific volume, and from formula (6.32), but with P instead 
of csp, we obtain 


T=, Tou. (6.34) 


where 


_ 1 fav 
p= = ($F), (6.35) 


is the coefficient of thermal expansion. 

Finally, we comment on the value of sound speed in a perfect gas. Using the 
equation of state of such a gas, P = (#/)pT, cf. Eq. (1.60), it is possible to show 
(see Problem 6.6) that the sound speed in perfect gas depends on the temperature 
alone, and for a given chemical composition and density it is proportional to VT. 
It should be perhaps stressed that the sound speed is not a constant for a particular 
fluid, but, as should be obvious from the above discussion, it is a state function. To 
get the feeling for the order of magnitude of cs; under normal conditions, we quote 
the value of the sound speed in dry air at 0°C, if approximately considered as a 
perfect gas. It is cs + 330m/s. 


6.2.2.1 Example: Sound Waves in a Stratified Medium 


So far we have dealt with sound waves as small disturbances propagating in a 
uniform medium. We are interested now to see what can be said about sound waves 
which propagate in a nonuniform background and perhaps the easiest example for 
such a background is a plane-parallel density stratified isothermal atmosphere. We 
have seen a similar example of an adiabatic atmosphere in the discussion following 
Eq. (1.57). Thus the hydrostatic equilibrium equation in the z direction, say, reads 


OP 
5, = ~8Po(2); (6.36) 
& 


where the density stratification is in the z direction and the body force per unit mass 
is an external constant gravitational acceleration b = —gz. All the other symbols 
have their usual meaning. To solve for this equilibrium, we need an equation of 
state and assume that it is one of a perfect monoatomic gas Po = RpoTo, where 
R= &/w is the gas constant divided by the mean molecular weight and Tp is a 
constant temperature. We readily get the solution 


po = pse/# and Py = Pye 2/7 (6.37) 


where H, = RTo/g is here the constant vertical scale-height, satisfying 
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= 1 dpo 1 dPo 
H'= = ; 
Zz Po dz Po dz ’ (6 38) 


and all the thermodynamic symbols have their usual meaning. As is evident here, 
Ps is the bottom (z = 0) boundary value, p; = po(z = 0), which is assumed to be 
known and is indispensable for the solution. The lower boundary value pressure 
follows from Eq. (6.37) and is Po(z) = Ps. 

The relevant dynamical equations for this case have to include the body force, 
given above, as well as the fact that the flow is inviscid and compressible. In 
those equations we add to all the dependent variables, which satisfy the above 
static solution, a small perturbation, denoted by prime. Next, the equations are 
linearized, where certain relations between the perturbations are taken into account 
as well—e.g., we assume the perturbations to be adiabatic, because they are done 
on a timescale much shorter than any thermal process time, so that the pressure 
perturbation and the density perturbation, for example, are related to each other thus 


OP Po 
2 — = = Y— 
s ($ i YRTo = Y—; (6.39) 


where the derivative is performed at constant entropy and the subscript zero has been 
dropped. As we already know, c; is the sound speed in the unperturbed medium, and 
in this case, similarly to a uniform medium, it is a constant. 

During the linearization we also neglect the y-variations of the variables, for the 
sake of simplicity, being content with a problem in two spatial dimensions, which 
is bound to capture the physical essentials. It is then possible, with the help of 
suitable algebraic manipulation, to obtain for this two-dimensional problem a fourth 
order partial differential equation (see Problem 6.7) for the function 2 (x,z,t) = 
W./po/Ps, where w = u-Z, consistently with our usual notation: 


ae aR (v =) oN Oe — 


Here N? is the Brunt—Vaisiila frequency, also called the buoyancy frequency, known 
from Chap. 5 and discussed in more detail in Chap. 7. The V7 operates in the x and 
z directions only, but this is not marked by any additional symbol, for notational 
convenience. We express here the buoyancy frequency as 


wo 8 dpo 


Po dz ~ 


To proceed, we try an ansatz of a wave propagating in the (x,z) plane 


#(x,2,t) = #expli(k,x +k,z— ot)|+c.c., (6.41) 
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which when substituted in (6.40) leads to the following quartic equation for @ 
of —20’?K? +N’ =0, (6.42) 
where K? = k2 +k? + 1/(4H?) and this symbol denotes an expression somewhat 


different from how it was used in the last two chapters. The solution of the quartic 
gives a dispersion relation in the following form 


242\ 1/2 
1£(1-F =) | (6.43) 


1 

2 2 p72 

@ = ~c\K 
2° c2 K+ 


The + guarantees that there are two qualitatively different branches of roots, corre- 
sponding to acoustic waves arising from the plus sign, and internal gravity waves, 
which were found approximately in Chap.4 when the Boussinesq approximation 
was used. Here, the fully compressible equations were used and therefore the 
properties of the internal gravity waves can be completely and exactly uncovered, 
however we are interested in this example only in some important qualitative 
properties of sound waves. To learn about the properties of the acoustic waves per 
se, the two branches have to be well separated and for that it is necessary that (see 
Problem 6.8) either k,H >> | or k,H > | and then, as is apparent from the problem, 
we can get the approximate dispersion relation for the acoustics 


1 
@2 & C2 (« ++ =) ; (6.44) 


The important finding here is that there is a minimal acoustic frequency, given 
approximately by @g min © cs/(2H;), and no waves, however long, can possess 
a lower frequency. The limiting frequency tacitly (because of the approximation 
made here) depends on the direction of propagation and waves of this kind cannot 
propagate as they suffer from a king of “total internal reflection,’ so to speak. 
It is also possible to show that a wave whose wave-vector is k = (k,,k,) has a 
different direction of its phase and group velocity (show it!). Finally, an additional 
significant finding is the existence, in this case, of the so-called Lamb waves (see 
Problem 6.9), which propagate horizontally (k, = 0), their curious property being 
that their velocity perturbation amplitude increases with height while the pressure 
perturbation behaves in the opposite way. 


6.2.3 Spherical Sound Waves 


In the case treated so far, we have assumed that sound waves are small perturbations 
on a uniform homentropic fluid, that is, no dissipative processes like viscosity or 
heat conduction were allowed. In the case of plane waves, this guarantees that 


320 6 Effects of Compressibility 


neither the amplitude nor the form of the wave change as the wave propagates to 
infinity. In a spherical wave, that is, a wave outgoing from a center in all directions, 
this is not the case. The reason is no more than geometric—the wave has to spread 
over an ever-enlarging sphere and, as we shall show later on, the principal idea here 
is that the energy contained in a spherical wave is conserved as the wave spreads out, 
but the energy flux changes. In contrast to this, there exist also spherical incoming 
waves, which converge into a central point, coming from all directions. During the 
spherical spreading out, the given energy passes through a surface ever increasing in 
r, and so the energy flux diminishes gradually to zero. To stress again, this happens 
without any dissipative process. 

Using the wave equation for p, for example (6.14), but expressing the Laplacian 
in spherical polar coordinates and including the assumption of spherical symmetry, 
i.e., the radial coordinate r is the only spatial coordinate left and we readily get 


a) ef 0 P| 
r 


or ror 


=0, (6.45) 


where the subscript 0 of the sound speed has been dropped. Perhaps surprisingly 
this equation can be cast into a Cartesian-like form, i.e., similar to (6.12), but for the 
function r¢@,where r is the radial spatial coordinate 


a 0 
5a (ro) = 53 ("9) =0. (6.46) 


We thus can write a general solution for the velocity potential 


ie)= F\(r—Cst) : Fo(r+cCst) . (6.47) 
r r 

where F) and F2 are smooth arbitrary functions. However, in this case we obviously 
do not have plane waves, but rather a spherical outgoing wave F| /r and an incoming 
wave F/r. This perhaps is the place to see that for very large r, one may consider 
the r in the derivative approximately constant, since r+ cst causes F; and F2 to vary 
significantly for an almost constant r. This hints that in the far field (r — °) spherical 
phase fronts approach plane parallel fronts and, as can be expected, spherical waves 
are well approximated by plane waves. We shall now find the relation between the 
other physical variables of the wave and @ for the case of a spherical wave. Even 
though the procedure is similar to the case of plane waves, we find it useful to repeat 
it, to make sure that the expression of the equations in spherical coordinates does not 
change these relations, like it did for the solution of the wave equation itself. Thus, 
linearizing the equation of spherically symmetric motion gives, after dropping the 
zero index from unperturbed quantities, 


Ou; c2 Op 
aa (6.48) 
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where u, is the radial velocity. Using u, = Vd = 0@/dr the last equation gives 
p++>=_| =0. (6.49) 


This equation can be integrated on r, and the expression in the square brackets 
becomes an arbitrary function of time. Considering for a moment only the outgoing 
wave, replacing F\ by f for convenience, we have @(r,t) = f(r —cst)/r. Now we 
assume that the disturbance is of a limited radial width. Far out, in regions where 
the disturbance has not yet passed, @ = f/r must be zero, because the fluid is in its 
initial uniform and static distribution. In the region behind the disturbance we have 
to force the value of @ to relax to a constant (in space and time). But this is possible 
only if f(r —cst) is identically zero behind the disturbance, otherwise @ =f /r cannot 
be a constant, as it diverges for r = 0. Thus we get the following expressions for the 
density and pressure perturbation, valid in a spherical wave as well, 


_ pod, 2 
p= 2 ot’ P=csp, (6.50) 


with the additional proviso that if the wave is a pulse limited in space, i.e., consisting 
of an outgoing spherical shell, the velocity potential @ must be zero in front and 


behind the shell. 
Using the outgoing solution for the velocity potential 


1 
O(r—cst) = Ur est)], (6.51) 
we obtain for the compression and the velocity of the wave 


podd _ pof'(r—est) 


p= cd & r : ee) 
7 a. —s 

= oo -; (r—cst) f(r cst) (6.53) 
or r r 


where the prime denotes a derivative with respect to the whole argument. If the 
extension of the compression pulse(s) is small, with respect to r, it is a good 
approximation to assume that the shape of the compression disturbance does not 
change as the wave spreads out, while the amplitude, however, decreases as 1/r. As 
we shall see in Sect. 6.2.4, the energy, per unit volume, carried by a sound wave is 
proportional to p”. The volume of disturbance whose width is Ar, say, is 4r?Ar 
and thus the energy carried by the pulse is proportional to r*p”. Thus the factor 
1/r in the compression disturbance, which is responsible for the decrease of the 
amplitude (squared) as 1/r*, guarantees energy conservation. Another important 
difference between a plane wave and a spherical one can be found when one 
examines the expression for the pressure disturbance 
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a 
P=—po", (6.54) 


from which it follows that if we consider a shell-like disturbance and we pick a ro 
outside it, we may integrate the previous equation over all times, at this point, giving 


[Pa= —Ppold (ro, +22) — (70, -22)] = 0, (6.55) 


because for t + —ce the disturbance has not yet arrived at ro, while for t > © it 
has already passed. In both cases the velocity potential is zero. This shows that 
the compression disturbance in a spherical wave cannot have only a positive part 
and must have also a part of rarefaction, so as to compensate for the compression 
and render the previous integral equal to zero. In our general discussion following 
Eq. (6.11) we have anticipated that in a plane wave a relation like (6.55) cannot be 
guaranteed, because @ may be equal to a non-zero constant behind the disturbance, 
even though it is zero ahead of it. Thus, a compression only or rarefaction only 
may be possible solely in a plane wave. The observation given here explains in a 
satisfactory manner a problem that might have been caused by fluid outflow in an 
outgoing spherical wave. It is certainly unphysical that an outgoing spherical wave 
gives rise to total fluid volume outflow. Indeed, for large r we may neglect the second 
term in the radial velocity according to Eq. (6.53). In the outgoing spherical wave 
the volume outflow rate for large r is 


O =4nr'u, © 4nrf’ (r—cst) < rp. (6.56) 


With r growing, outflows are balanced by inflows, since, as we showed, p must 
change sign and thus there is no danger that an outgoing spherical wave will cause 
persistent fluid outflow. This formula for Q is obtained taking into account Eq. (6.52) 
and P = c,p remembering also that po and c, are considered constant in this setting. 
It is also important to understand the behavior of the spherical wave solution at the 
point r = 0 (origin). This form of possible impediment must always be considered 
when spherical coordinates are used in physics. In our case we have to distinguish 
between two possibilities according to whether there is a fluid source or there is 
no such source at the origin. Lack of source does not cause any problems. When 
there is a source and there is a danger of a singularity, it is convenient to specify the 
possible central fluid source with the help of a time-dependent function Q(t) which 
denotes the source strength by specifying the fluid rate of volume injection, in units 
of volume/time. The source strength may then conveniently be expressed as 


Q(t) = 4n lim (?3) : (6.57) 


r>0 


We shall conclude the discussion of spherical waves by singling out monochro- 
matic waves because, as mentioned before, any linear wave can be constructed using 
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a sum (or integral) of monochromatic waves and so any general case can follow from 
it. Consider a monochromatic spherical wave. The only way to avoid singularity at 
the origin in this case, where there is no source at r = 0, is to consider standing 
waves (waves which actually do not propagate and possess nodes at fixed spatial 
locations). An appropriate wave of this sort has the form 


sink,r 


(r,t) = Ae? +o.c. (6.58) 


r 
where it is understood that the physical solution is the real part of this expression 
and k, = (@/cs) is the wavenumber, which naturally is the r (and only) component 
of the wavevector. Now, this expression satisfies the spherical wave equation and is 
clearly not singular at r = 0. 


6.2.4 Energy and Momentum Transport in Acoustic Waves 


As is usual in physics, any wave motion carries with it energy and momentum as we 
have discussed this in Chap. 4. Also sound waves carry energy and momentum. We 
shall expound now on this topic and for simplicity consider only the nondissipative 
case, that is, neglect heat conduction and viscous stresses. In Chap.4, we have 
already dealt with the energy and its propagation in three-dimensional internal 
waves in an atmosphere subject to the Boussinesq approximation (Sect. 4.4). Here 
we take into account the full effect of compressibility, but examine only a one- 
dimensional simple wave. We recommend that the student reminds himself or 
herself of the material in Sect. 4.4 before proceeding here. 

Following the mechanical analogue, we may write the instantaneous fluid energy 
flux density vector (rate of working per unit volume, per unit area) in a sound wave 
as follows: 


@e(t) = Pu=(Pot+P’)u. (6.59) 


We shall consider here a simple, one-dimensional, acoustic wave, remembering that 
the meaning of “simple” in this context is containing only a component moving in 
a fixed direction. We can render the above quantity more physically meaningful if 
it is a time average over some time T, say, giving in this way the time-independent 
average energy flux density 


wl ft 
(@s) =A | (Po+ chop) coo Pat (6.60) 


where fi = Wis the direction of propagation of our simple wave and we have retained, 
for the time being, the subscript 0, which denotes the undisturbed medium values. 
Also, we denote here time averages by (-). The above average energy flux density 
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is sometimes also called the sound intensity. The physical interpretation is quite 
simple, the expression in the integrand is the total pressure times the velocity, when 
use has been made of Eq. (6.32). 

For strictly periodic waves, it is actually possible to choose the time interval tT 
over which the average is taken, as an integral number of periods, i.e., T= nT = 
2mn/@, where @ is the frequency of the periodic wave, T the period, and n is an 
integer, as was done in Chap. 4 in the section on atmospheric waves. In the present 
case the first term integrates out to zero, as it is a constant multiplied by a periodic 
function. In any case, even if the exact period of the wave oscillation is unknown 
or unspecified, it is always possible to choose T to be very large, with respect to 
any physically meaningful variability time of p, say, and then the integral of the 
first term, which contains an oscillating term p, becomes ultimately negligible with 
respect to the second one, in which the integrand contains the positive definite p*. 
Thus we will have 


2 
cone fact, 2 (6.61) 
Po 


We turn now to the momentum flux. As is usually the case in simple waves, 
we may easily show (see Problem 6.11) that the time averaged momentum flux 
density is 


ae 2 (p) 
(@y) =A; |) (pot D) ho brae (6.62) 


Retaining only quantities up to second order in the disturbance one gets 
(p) = fics g-—, (6.63) 


And comparing with the average energy flux this gives immediately 
(De) =cs{Pp), (6.64) 


where the zero subscript has been dropped from the unperturbed value of velocity 
of sound. It is useful to understand that the above results could be anticipated and 
this may clarify their physical meaning. 

Before turning to statements about balance and conservation of acoustic energy, 
we shall devote a short paragraph to the discussion of some accepted units for sound 
intensity and express in these units a number of commonly encountered example 
sounds. The sound intensity, similar to intensities of other phenomena, to which 
our senses respond logarithmically, is measured using a logarithmic scale of a ratio 
between the intensity and a reference value. The reference intensity, in this case, is 
set to the threshold of hearing (the weakest audible sound by an average healthy 
person) at the frequency of 1000 Hz. It is | pret = 10-'? W/m’. Thus the sound 
intensity level expressed in decibels (dB) is 
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(6.65) 


O- 
Aap = 10log, (f H). 


ioe 


We now conclude the discussion of measures for sound intensity by citing several 
numbers, some of them surprising. It turns out, for example, that the human ear 
responds to sound intensity between 0 and 140dB. The sound of intensity 0dB 
is barely audible by those who hear well, while sounds close to 140 dB are bound 
to cause ear damage, still the 14 orders of magnitude ear sensitivity is remarkable. 
As is well known, the human eye is a very sensitive receiver of light, effectively 
able to detect a single photon, in the peak of the eye’s spectral sensitivity. Here we 
add that the human ear is also a remarkable sound detector. In the language of sound 
engineering the gain of the human ear is very high. It should be mentioned, however, 
that sounds audible to humans fall into a limited spectral range (+20-20,000 Hz), 
but the sensitivity close to the middle of the spectrum is formidable. Another 
manifestation of that fact is the observation that at 0 dB the relative compression has 
the minute value of p/po ~ 10~7° while at 140 dB it is merely ~10~°. In addition 
to the fantastic ability of the ear to detect minute perturbations in the air, we are 
confident that the acoustic approximation is certainly valid over the whole human 
range of hearing. Finally some numerical examples—a normal conversation: 50- 
60 dB, a diesel train at 100 ft: 80 dB, a jet takeoff at 1000 yd or a nearby jackhammer: 
100 dB. 


6.2.4.1 Acoustic Energy Conservation 


In this section, we shall deal with the balance and conservation of acoustic energy, 
basing our discussion on the FD energy conservation equation. For convenience we 
choose the form (1.69), dropping however some terms due to the assumptions that 
we deal with an inviscid and adiabatic flow and that there are no body forces. What 
is left of that equation is thus 


p> (c+ 5) ——V-(Pu), (6.66) 


where u? = u-u, ¢ is the specific (per unit mass) internal energy and because the 


flow is inviscid, only the single term on the right-hand side survives. 

Wishing to use this equation for a sound wave we write, as usual, p = po + p’, 
P=Po+P' with P’ =c? 9p! and e = eg +e’. Also, again, we shall drop the prime 
from the perturbations, when possible, that is, when there is no danger of confusion. 
Two comments should be immediately made—the first is that keeping terms of only 
first order in the acoustic disturbance would cause the loss of the kinetic energy 
contribution and thus not give the expected physically correct balance equation. 
Consequently, we have to keep terms up to second order in the disturbance. The 
second comment is actually a question. How to deal with e, that is, what should be 


326 6 Effects of Compressibility 


the variables in which this quantity is best expanded, so as to make the calculation 
as efficient as possible? It turns out, after some trials, that expanding e’ = e — eg in 
v’ = D— Uo, where v = 1/p is a good enough choice. Thus we write 


de 1 de 
/ / 1\2 
e= € Je 7 (5 5) (0!) + HOT. (6.67) 


Now, through the use of thermodynamic identities and an expansion of vD — Uo in 
terms of P’ = P— Po we get (de/dv); = —P and 


V—Vo = ($3) P’+HOT. (6.68) 


This gives the following expression for the specific fluid energy 


1 
e+ su’ =e9—Po(v— 9) + — 5 5- + su + HOT, (6.69) 
on 


where we use, in addition to the substitution from the above thermodynamic identity 
and the expansion, the following self-evident expressions 


OP\ a4 dv\ _ (aP\' 
(35), --P4 mt Ge) = (aa), _ 


Ss 


Substituting the expression for the internal plus kinetic specific (per unit mass) 
energy from formula (6.69) in the fluid dynamical energy equation (6.66), using 
the above expression for the sound speed and retaining only terms up to second 
order in the acoustic disturbance yields 


D 
Dt 


(P!)? ae 
2pe Ca 2 


p eo — Po(v — vo) 4 


| =-—V-(uP). (6.71) 


We now write P = Py + P’ on the right-hand side of this equation and remember 
that all quantities with a zero subscript are constant in time and space and therefore 
should drop from all derivatives. We then get 


Di (Py is je 22 Dv 


It is not difficult to convince oneself that the quantity in the parentheses on the 
right-hand side of this equation is zero, because of its being the continuity equation, 
expressed in a somewhat unusual form. If, in addition, we replace the convective 
derivative by a usual partial time derivative and the p in front of the equation by Po 
(consistently with the ordering, up to the second order in the acoustic disturbances), 
we finally get the acoustic energy equation: 
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28 4V-(uP) =0, (6.73) 


where the instantaneous acoustic energy density (per unit volume) is 
(6.74) 


and (uP’) is the instantaneous acoustic energy flux density, in agreement with the 
time averaged equation (6.59), in which the part Pou is not related to the acoustic 
energy flux. 

It should be remarked here that for simple waves, shown in Problem 6.12, the 
first term in the expression for instantaneous energy density in Eq. (6.74) is equal to 
the second term. This is not true in general, of course; however when we are dealing 
with small amplitude time-oscillations (like in acoustics), it is well known from 
mechanics that the time average of the first term, representing the potential energy 
of the oscillation, is actually equal to the time average of the second term—the 
kinetic energy of the oscillation. For simple waves, Eq. (6.73) acquires a particularly 
elegant form (see Problem 6.12) 


OF eg =0, (6.75) 
Ot 

where ¢, is the vector sound velocity, whose magnitude is the sound speed, and 
whose direction is the direction of propagation of the simple wave. Is this equation 
correct also for acoustic periodic waves, when we perceive & as a suitably defined 
average? 


6.2.5 Normal Modes of Acoustic Vibrations 


So far we have considered the propagation of sound waves without taking into 
account any boundary conditions. Mathematically, solutions of the wave equation 
which are propagating simple waves, say, are correct only if the medium is infinite, 
at least in the direction of propagation. However, since we have considered a 
uniform medium, the assumption that it is infinite held in each direction (equivalent 
to isotropy). As we have seen, in infinite media waves with any frequency can 
be propagated. Physically this is clearly an approximation, being satisfactory as 
long as the typical scale of the sound wave, /,,, which is equal to the wavelength, 
A = 2nc;/@ for a single, fixed frequency (@) wave, is much smaller than the size 
of the system (~ L, say), i.e., Igy < L. If this is not the case, we must take into 
account boundary conditions when solving the wave equation. Consider a fluid in a 
vessel of finite dimensions. We shall discuss here free vibrations of the fluid, which 
means that there is no force causing these oscillations. As is well known from the 
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elementary problem of an elastic finite string tied at both ends, not all frequencies 
of vibrations are allowed. Mathematically, the solution of the wave equation with 
boundary conditions, such that the disturbance is zero at the boundaries, imposed on 
it, allows only a series of discrete definite frequencies. The wave equation separates 
and the spatial part becomes an eigenvalue problem with a discrete set of eigenvalues 
and eigenfunctions. The eigenfrequencies corresponding to the allowed wavelength 
are also called characteristic frequencies and the solutions normal modes. A simple 
order of magnitude estimate indicates that the longest allowed wavelength should be 
of the order of twice the vessel size, ~ L say. Thus, the order of magnitude of the 
lowest characteristic frequency can be estimated 


Ak, ore me. (6.76) 


Considering the 3-D wave equation for the velocity potential 


oe? 

“e = V9, (6.77) 
where we suppress, for simplicity, the subscript 0 from the sound speed; we stress 
again that in this problem there are definite boundary conditions on the walls 
of the vessel, specifically ¢ = 0. Guided by our knowledge of similar problems 
with boundary conditions, we try to separate Eq. (6.77) into spatial and temporal 
parts, done using the technique of separation of variables. After writing $(x,t) = 
sp(X)Otm(t) and substituting it into the wave equation we eventually get 


1 Om _ Co 2 
@m(t) Or rao Psp(X). (6.78) 


Since the left side of the above equation is a function of time only, and the right side 
depends only on space, both sides must be equal to a mutual negative constant. The 
negativity of the separation constant is dictated by our will to have a physically 
meaningful solution. A positive constant would allow exponentially growing or 
decaying in time (hence non-physical) solutions. We shall call the negative constant 
—@* and obtain the following pair of equations 


dim 


oa = —0' Om(t), (6.79) 
2 
V2 bsp(X) = 5b (x). (6.80) 


Dealing with the temporal equation first it is easy to write its general solution 


btm(t) = Ccos(@t+ a), (6.81) 
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with C and a being constants, determined by two initial conditions on the function 
and its time derivative, say. We choose to write the solution of the spatial equation as 
a spatial plane wave, having a slightly different, albeit equivalent choice of constants 
and form 


sp(x) = Acos (2a-x) + Bsin (24-x) ; (6.82) 


where A and B are constants to be determined by the boundary conditions and fi is 
a unit vector perpendicular to the equal phase planes of the wave. It is impossible 
to say that fi is the direction of propagation because the wave (x,t) = Osp(X) dtm (t) 
does not propagate! A short reflection reveals that at any point fi is perpendicular to 
the planes of equal phase. Combing the spatial and temporal portions of the solution 
we have, in general, 


(x,t) = /Acos (2a-x) + Bsin (2a-x)| x cos(@t+ a), 


s s 


where the constant C has been absorbed in A and B. We see already that the extent of 
the oscillation varies according to the position. It is thus a standing wave, sometimes 
called also stationary. To simplify the following calculation we choose fi to be in 
the x direction (this does not limit the generality) and define k = w/c,. We then 
impose the two spatial boundary conditions 


u(0) = “2 (0) =o, (6.83) 
ue(L) = “BP (1) =0, (6.84) 


and using Eq. (6.82), with h- x =x, we get 


B=0 and —“Asin(kL) =0. (6.85) 


Ss 


Now both A and @ # 0, otherwise there is no wave at all, and therefore only 
the following (eigen)values for k are allowed and these lead to the characteristic 
frequencies 
u MCs 
Kn = nN n —Ml——, : 

ne => QO, =n Z (6.86) 
for n = 1,2,3... Thus the full solution in this case for a specific normal mode 
n=mis 


Om(x,t) = Am sin (= x) cos (== t+ Om) : (6.87) 
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where A,, and 0%, can be determined from two initial conditions. Actually any linear 
combination of normal modes is an acceptable solution and the amplitudes and 
phases of the individual modes come out of the initial conditions. This is nothing 
but an elementary example of solving a PDE by Fourier series, examples of which 
we have already seen in Chap. 4 when discussing atmospheric waves. 

Instead of trying to describe the structure of a standing plane harmonic wave, as 
the one in Eq. (6.87) which would be awkward, let us go back to an example of a 
particular standing wave, e.g., 


 =Acos (25) cos(@r). (6.88) 


Cs 


Clearly, this is a particular choice composed of the expressions as in (6.81) 
and (6.82), where we put h-x = x, B=0, C= 1, and a = 0. Having the expression 
for @ we can also write the corresponding expression for the velocity and for the 
pressure perturbation 


u= a0 aA ih (2 x) cos(ar), (6.89) 
Ox Cs Cs 
Oo @ : 
P= Pox = p@Acos -* sin(@t). (6.90) 


At points x = 0,2¢;/@,2%c;/@...jmcs/@..., which are a fixed distance A /2 from 
each other, the velocity is always zero. These are the nodes of the velocity standing 
wave. Midway between the nodes are points at which the velocity amplitude is 
the largest—these are called antinodes. It is evident that the pressure and density 
perturbations, as well as the velocity potential, have their nodes and antinodes 
reversed with respect to the velocity. The frequency of the sound wave and its 
harmonics actually determines the musical note that is heard by the human ear. It 
is therefore self-evident that the manufacturers of musical instruments do take into 
account the physics of characteristic sound frequencies of cavities and resonators 
(a cavity with a small aperture). A meaningful description of this topic is clearly 
beyond the scope of this book. 


6.2.5.1 Example 


Consider a cavity having the form of a parallelepiped with sides a, 2a, and 3a. We 
wish to find the characteristic acoustic frequencies of a fluid, contained in such a 
cavity. It is clear the choice of axes (x,y,z) is arbitrary since the answer cannot 
depend on coordinates. Thus we may decide that the fluid occupies 0 < x < a, 
0<y< 2a, 0 <z< 3a, say. The normal modes of the velocity are 3-dimensional 
standing waves, with the velocity components normal to the walls of the vessel 
vanishing. Now, the spatial part of the velocity potential satisfies Eq. (6.80), which 


6.2 Sound 331 


we try to separate in the spatial coordinates and thus assume an ansatz dsp(x) = 
Acos(kx) cos(qy) cos(pz). Clearly, this is a solution provided 


+p=5. (6.91) 


The boundary conditions at x = 0, y = 0, and z = 0, i.e., the vanishing of the 

normal velocity components are satisfied by construction. Demanding now a similar 

boundary condition at x = a, y = 2a, and z = 3a forces 
nn mn in 


k= — = — = — 
a’ q a’ P 3q’ 


(6.92) 


where n,m,/ are any integers. This gives the condition for @ to be a characteristic 
frequency 


Diged: 2 2, 
713 I 
On m1 = “ 5 Gi epike s ). (6.93) 


This may remind some of counting the states in a box in elementary statistical quan- 
tum mechanics. Indeed mathematically, the process is identical. In the consideration 
up to this point we generally used an extended flow as the initial condition. We shall 
next consider also the case of a point sound source. 


6.2.6 The Emission and Attenuation of Sound 


The creation of a sound wave in an otherwise quiet and uniform medium can be 
achieved by inserting a sound source in the fluid. There are different possibilities 
for the form of such sound sources and under an appropriate approximation they 
may take the form of point sources emitting spherical waves or plane sources 
emitting plane waves. More complicated sources, for example, the fluttering of 
a hummingbird wing, may also generate a unique pattern of sound. These more 
complicated cases will be discussed here only briefly, if at all. In contrast to plane 
sound waves in a fluid medium under the assumption of isentropy, sound waves may 
be attenuated by geometrical effects as well as by dissipative absorption by the fluid. 
We shall discuss later several basic mechanisms for that. 


6.2.6.1 Sound Emission by Oscillating Bodies 
The simplest sound source is an oscillating body, immersed in a uniform fluid. In 


general, the body can have any form and execute any kind of oscillations. We shall 
consider only oscillations that produce velocities of the body’s boundary which 
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are much smaller than the sound speed, that is, uosc < cs. Since in an oscillation 
typically uosc = a@, where a is the amplitude of the oscillation and @ the frequency, 
a sound wave emitted by such vibration must have a frequency w and therefore a 
wavelength A = 27c,/q@, thus, the above strong inequality translates toa << A. This 
should hold always and, in addition, the amplitude a has to be much smaller than 
the oscillating body in question, otherwise the potential flow assumption may be 
destroyed near the body (can you explain why?). In order to define the two limiting 
cases, on which we shall expound below, we imagine a body of any shape oscillating 
in any manner inside a quiet uniform compressible fluid. The basic equation is again 
the acoustic wave equation, and for our purposes it will be sufficient to choose the 
relevant function to be the velocity potential @ (x,t): 


224 =0, (6.94) 


where we do not forget that c, is the sound speed in the unperturbed medium (i.e., 
Cs). In this discussion, we must take into account also the boundary condition on 
the surface of the body, which provides the sound source. The condition is that 


(fi: Vo), = un, (6.95) 


where fi is the outer normal to the body and so u, is the normal component of 
the oscillating body’s outer surface velocity and thus also of the fluid immediately 
adjacent to the surface. We may turn now to the two limiting cases, where in both 
the typical dimension of the oscillating body is denoted by ¢ and the emitted sound 
wavelength as Aem. The limiting cases are defined by comparing the body size to the 
sound wavelength. 


¢ In the first case, we assume that the frequency is so large that the wavelength of 
the emitted wave Aem = 27c;/@ < £. This can be obviously always achieved for 
a large enough w. The way to proceed is to divide the surface of the oscillating 
body to portions so small that they may be approximated as planar, but they 
are still large compared to Agm, that is, each segment emits a plane wave. 
Remembering that the average energy flux density of a sound wave is as given 
by Eq. (6.61) and that in a plane wave the velocity (which is necessarily normal 
to the planes) satisfies Eq. (6.31), we get that any surface element dS of the body 
emits the following average acoustic energy flux density 


(Bel) = csp (up). (6.96) 


Therefore the total power (energy/time) emitted by the source of the acoustic 
wave is 


P=csp $ (uz) dS. (6.97) 
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* The other limiting case, namely, Aem >> @, is slightly more complicated. It is easy 

to see that in the immediate vicinity of the body, up to distance of a wavelength 
from it, say, the term containing the second time derivative in the wave equation 
is of @ (@7/c?) ~ @/Agn, While the spatial derivative term is C (o/¢?). Thus, 
in this case we can neglect that first term in the wave equation and have the 
Laplace equation only, as long as we are in the vicinity of the body, closer 
than Aem = 2c; /@ to it. The Laplace equation is valid for potential flow of an 
incompressible fluid, and so we may approximate the flow near the body as such 
a flow. This, of course, does not allow the presence of acoustic waves, however 
these are possible at large distances from the body. 
We cannot write the solution of the Laplace equation in any general form within 
a distance of the order of the body size @, as it depends on the actual shape of 
the body. However for distances d >> £, but still d < Aem, the Laplace equation 
is a good approximation and thus we have 


V2 =0, (6.98) 


with the boundary condition than 0@/dn = up, that is, the normal component of 
the velocity on the body and also |V@| = u far away from the body (formally at 
infinity) both vanish. We have already solved such a problem, when describing 
incompressible potential flow in Sect. 2.4.1. We used what is called a multipole 
expansion, retaining only the first two terms, finding here 


o=—S4a-v(2) +Hor, (6.99) 


We remind the reader that the acronym HOT indicates “higher order terms,” 
that scalar a and vector A are both constant in space, and r is the distance from 
any point in the body and we stress again that it has to be understood that this 
approximation is valid far from the body, in which case we can restrict ourselves 
to only two terms, those which decrease least rapidly with increasing r. We 
have shown in Sect. 2.4.1 that a = 0 unless the fluid volume within the radius a 
from the origin is not fixed. Consequently, the first (monopole) term had been 
dropped for that problem. In our case we may envisage a situation in which the 
body pulsates and as such changes its volume. We shall thus consider separately 
the case in which the volume of the body changes (case | below) and does not 
change (case 2). 


1. Assume that the fluid volume inside a sphere of radius r changes because 
of a change in the volume of the body, which is responsible for the sound 
emission. In such a case we cannot guarantee a = 0 and consequently 
the first term is the dominant one, far enough from the origin. Indeed, 
denote the volume of the body, which is changing in time, by %(t), where 
the subscript stands for the word “source.” It is not difficult to convince 
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oneself that for 0<r< Aem the total volume of the fluid outflow through 
a surface of radius r is equal to the body volume change d% /dt = V. This 
is achieved if we assume that 


eet A) 
~ Agr ’ 


_ ag V(t) 
ar 4nr2" 


y 


since this gives Ur (6.100) 
As long as r = a is large enough compared to @, but still small enough 
compared to Aem, we may retain only the monopole contribution a 4 0. At 
distances r >> Aem, that is, in the far field wave region, @ has to have a form 
appropriate for an outgoing spherical wave, that is, 
t—r/cs 
o(r,t) = eg EIGa) (6.101) 
r 
The discussion preceding this formula and the wish to preserve continuity 
of physical variables brings us to the conclusion that the emitted wave has 
to have the following form of the velocity potential if only r > @, that is, 
considering the emitting body as a point source 


V (t—r/cs) 

o(r,t) = Gao (6.102) 
We are now interested in the behavior of this spherical wave in the true 
far field, that is, for r >> Aem. To obtain the velocity we differentiate the 
above potential with respect to r, as the problem is spherically symmetric 
in the domain in question therefore the velocity is radial. While performing 
the derivative we use the fact that r is much larger than the wavelength, 
which is of the order of the length scale of variation of the numerator, and 
consequently the function in the denominator varies slowly and we may 
approximate the derivative faithfully by performing it on the numerator 
only. So we get 


V (t—r/cs) 


6.103 
4ncsr ( ) 


ui, = 


because OV (t—r/c,)/dr = —V(t—r/cs)/cs. The average total power 
radiated in this case is 


5 
= 2) 40_ _P ce) 
P = pes f (u2)ds = erat 2 dS, (6.104) 
where the closed surface over which the integration is taken has any form, 
so long as the source is inside it. Choosing the surface to be a sphere of 
radius r immediately gives the total sound power radiated by the point 
source in question: 
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_ Pp 72 
= Ge (P (6.105) 


2. Consider now the case in which the sound emitting body does not change 
its volume, e.g., it performs small oscillation to and fro in the fluid, a case 
which may include the complicated example of a flapping hummingbird 
wing. As explained above, the leading term is then the second (dipole) term, 
since a = 0. Thus we have the following expression coming from Eq. (6.99), 
valid near enough to the body: 


o -a-v(+) =V- EO (6.106) 


At distances r >> ¢ we deduce, as in the previous case, that the expression 
actually is @ = V- [A(t—r/cs)/r], which is a solution of the wave equation. 
The operator V- is applied here to differentiate only the numerator, the same 
approximation as before for r >> Aem, giving finally 


(r,t) = ~-A(-r/e)-A, (6.107) 


where fii is the direction of emission. The velocity is obtained by u = Vo 
and it is a simple exercise in vector algebra to show that 


1 . 
u=——A(f- A), (6.108) 


cr 


where we have used V(t— r/c) = —(1/cs)Wr = —fi/c;. As we already 
know, the total average acoustic wave flux density is obtained by the time 
average of u? multiplied by pc,. In this (dipole) case it gives 


(Pel) = PO (6.109) 
Cr 


Ss 


Typically of dipole emission we find proportionality of the flux to the 
cosine squared between the direction of emission and the vector A. The 
total emission power can be obtained, again, by integrating over the surface 
of a large sphere. Choosing the polar axis in spherical coordinates to be in 
the direction of A this gives 


_ p f((i-A)?) . 4mp po 
g=%4 tas = SP (A). (6.110) 
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It has to be understood that similarly to the problem of potential incom- 
pressible flow (see Sect.2.4.1), A is dependent on the body shape and 
linearly dependent on its velocity. In both cases given here, it should be 
clear that if there is a single frequency oscillation of the emitting body, 
the second time derivative for a given velocity amplitude is proportional to 
w*. This gives the emitted power to behave like < q*. In the case that the 
oscillation amplitude is given, the velocity amplitude itself behaves like w* 
and thus the power is < w°®. 


There is a simpler approach to the problem of sound emission. For example, one 
can deal with only the far field form of the wave. In such a case the source is taken 
as a point, with velocity potential like that of an ordinary spherical wave 


o;(r,t) = A i(orkr) (6.111) 
r 


with k = @/cs, so as to satisfy the wave equation. This is considered to be a 
monopole emission and a dipole emission is nothing else but two such sources at 
distance d, say, apart. They may be in phase or out of phase, in the latter case the 
second source’s complex amplitude is written in a way that takes cares of the phase 
difference. An example of dipole sound radiation, calculated in this approach, may 
be found in Problem 6.16. 


6.2.6.2 Sound Generation by Musical Instruments Ending with a Horn 


Sound radiation by tubes of wind instruments depends on the flaring of the bell 
at the end of the tube. For example, the trumpet’s very curved bell is responsible 
for emission of higher harmonics than the clarinet’s soft shaped bell. In principle, 
the sharper the curvature of the bell, the brighter the sound. To give this statement 
a quantitative meaning it has to be defined in mathematical terms. The function 
r(x) expressing the radius of the round horn shaped region of the instrument, as 
a function of linear distance, x, along the tube can be used to find curvature. The 
sharpness of the latter for a horn’s bell can be quantified by the size of the second 
derivative d?r/dx?. In order not to complicate the problem and find the exact sound 
wave structure along the instrument, we shall not take into account the boundary 
condition at the beginning of the tube. We shall focus on a simple progressive wave 
in the tube and try to find out what frequencies (or wavelengths) we can expect 
emanating from a horn with a given d?r/dx? of its bell. 

The appropriate equation for this problem is known as the Webster equation and 
it reads 


2 
5 (8) 1 0°P (6.112) 


Sdx\° ax) 2 OP’ 
where S = mr is the cross sectional area of the horn. Define now (x,t) = P(x, t)S. 


Taking, as an approximation valid in a tube with r(x) =const., 'Y « gO it ds 
possible to get by a few algebraic manipulations the equation 
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a V(x) ¥ =—-072¥, (6.113) 


where 


lar 
V(x) = 7 3 (6.114) 
We remember that in our approximation we have taken an exact harmonic wave 
and therefore there is a single @. But the whole idea is that because of the bell 
function, we actually have to allow for more general eigenvalues, that is, we have to 
solve a time independent Schrédingier equation, like (6.113) with a special potential 
determined by the curvature of the horn, that is (6.114) and general eigenvalues. 
Now, V(x) > 0 for horns flaring out, so actually we have a potential well, which 
ends at some Xeng, the edge of the horn. We thus write 


PY, 
Ox 


V(x), = En(o)%, (6.115) 


where we have explicitly allowed for the eigenvalues to depend on the frequency 
of the simple wave in the tube. This is then a similar case to a quantum harmonic 
oscillator, having a zero point energy, a number of “bound state” energy levels and 
because the well ends at a finite x and thus height, there is some energy tunneling 
out and this is the radiation energy (depending on the frequency).! Unfortunately, 
we have to take recourse to numerical calculations of the zero point eigenvalue, its 
overtones, and the radiated sound. All this depends on the basic frequency being 
input to the instrument and on the horn function r(x). 


6.2.6.3 Sound Generation by Fluid Flow: General Treatment 


The acoustic approximation consists of examining the physical development of 
small disturbances of an otherwise static and uniform but compressible fluid. In what 
follows we shall derive again the wave equation, but keep some of the neglected 
terms, in particular the velocity ones, which we shall perceive as a source to that 
equation. Consider the Euler equation, written in tensor conservation form, based 
on Eq. (1.56) 


O(pui) OTT _ 
ot 5 =0. (6.116) 


‘Our late colleague Robert Buchler, who contributed much to the theory of stellar pulsation and 
played the flute, used these kinds of arguments in explaining certain models of pulsating stars. 
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The momentum flux density tensor acquires here the form IT; = pujuj + P6;;, 
because we are considering inviscid flow, i.e., or = 0. Expanding now P= Po) +P’, 
where P’ is small, we can split Tj = Yj + -%j, “that i is, the momentum flux density 
tensor has a linear part 7; = P’6, and a nonlinear part jj = puju;. Adding now 
and subtracting from Ij; a term ep 6j we get that the linear part is 4 = cop! Oj 
while the nonlinear one is 


ANij = pujuj + (P’ —c2p')6;. (6.117) 


Substituting now the linear plus nonlinear form of the tensor IT;;, as above, IT = 
jj + Aj, into the tensor form of the Euler equation (6.116) gives 


a a, MN 
5, (Pui pte 75? = ~ 3x (6.118) 


Differentiating this equation with respect to x; and using the equation of continuity 
for p’, that is, 


re) 
ae er my =0, (6.119) 


we obtain finally the inhomogeneous wave equation for the density perturbation 


p'op: 


oe? 
& av") p= - (6.120) 


where the source is given here by 


_ PN, 
7 OXx;Ox;’ 


(6.121) 


in which the summations on i and j should not be forgotten. The solution of 
equation (6.120) follows a standard, but perhaps not trivial, procedure of finding 
the appropriate Green’s function, as is undoubtedly known by the reader who had 
studied electromagnetism on a graduate level. Thus, the closed form solution is here 


_— 1 A(X, t-|x—x'|/es) 3 
p(x,t) = ia | rae Bx. (6.122) 


6.2.6.4 Attenuation and Absorption of Sound 


The isentropic acoustic waves do not lose energy and as such are obviously an 
idealization. In practice, fluids invariably include dissipative effects, however small 
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as compared to the bulk of the acoustic energy in sound waves. In addition to the 
obvious geometrical effects of wave spreading, as is apparent in spherical waves due 
to the factor 1/r in the wave function and 1/r? in energy flux, viscosity dissipates 
fluid motion to heat, and wave motion is no exception, while thermal conductivity 
spreads this heat spatially. The last process is especially prominent near walls of 
architectural spaces, but we will not consider that problem here. The discussion 
here will be limited to a short summary of the processes that attenuate and absorb 
sound energy in unbounded spaces. We will not discuss other possible processes of 
attenuation due to scattering by dust or fog, nor to turbulent scattering. Turbulent 
flow regions scatter sound by the random motions of smallish eddies, which are 
typical in turbulence (see Chap. 9). This is a difficult and not yet fully understood 
topic. Here, suffice it to mention one example: the rumbling, relatively long, sound 
of a thunder, following a short lightning, in some distant storm. The lightning 
presumably induces rapid turbulent flow into the region whose density is rapidly 
and locally diminished by the lightning. 

The first effect we shall discuss here is the purely geometrical spatial spreading 
of the wave. This is not difficult to calculate for a spherical wave, which we shall 
consider here for simplicity 


Alrth= “f (r—cst), (6.123) 


where we use here for the first time the condensation Y = (p — Po) /Po, with po 
being the unperturbed density and p = py) +p’. The average energy flux density can 
be written for a spherical wave thus 


(®,) = 5% (6.124) 
where the flux is, in general, a vector quantity, its direction being that of the 
group velocity. In our spherical wave we have used its absolute value and ®p is 
a constant, if only the geometrical effect is taken into account. It is now easy to 
calculate the attenuation of sound energy, just because of the 1/r? effect. If we 
increase the distance from the source by a factor of 2, for example, we get for the 
ratio of the average fluxes at the two points rz = 2r,, the following (®2) /(®,) = 
(71/12)? = 1/4. Thus the attenuation in decibels 


® ® 
5A =10 (ioe (1) logio ( 2 = 10log,)4 © 6B. (6.125) 
Dref Dret 


We now turn to the problem of plane traveling waves whose slow energy loss, man- 
ifested by decrease of amplitude as they progress, is brought about by dissipative 
effects. Dropping the subscript e and considering ® to be the already averaged 
quantity, we write the balance of energy upon its passage through a volume VY 
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s(0,-a)=( | pPeax) + (f Pprra's (6.126) 


where on the right-hand side we have time averages of the increase in internal energy 
plus the work done on expansion in the volume Y upon passage of the wave through 
it. S is the surface area of the projection of the volume on a plane perpendicular to 
the wave propagation direction and v = 1/p. ®, and @) are, respectively, the energy 
fluxes entering the volume and exiting it on the other side. We have average energy 
flux loss, which goes to dissipative entropy increase in the volume. The above can 
be written in a differential form, exploiting also the Gibbs equation (1.66) we then 
get, assuming wave propagation in the X direction, 


-2 = (orZ). (6.127) 


In Chap. | we have derived the formula (1.78), when discussing the second law 
of thermodynamics in the context of fluid motion. It is convenient to repeat it here 
for immediate use 


prs wy *iyry stv. (=). (6.128) 


where the dissipation function ’ is given by of, Fx. The former is the viscous stress 
tensor while the latter is the deformation rate tensor 


_ 1 Ou; OUR 
Fa = 5 (5 i ms) cs 


It is not difficult to see that with ¥ = 20 Fx + (E — in) (Qj )? and collecting 
all the terms from Eq. (6.128) (we limit ourselves to a progressive plane wave and 
remember that X is the direction of propagation) we have for the dissipation function 


yp — (5 nts) &) (6.130) 


where the dynamic coefficients of viscosity shows up. Inserting this into Eq. (6.128) 
and time averaging we get 


- 20 (¢+5n) (34) )- Ger), (6.131) 


owing to the fact that the time average of the last term in Eq. (6.128) is zero, 
as follows from Problem 6.17. The appearance of the viscosity coefficient 1 is 
physically obvious. Viscosity is a mechanism of dissipation in the fluid and therefore 
it must have a role in the process of attenuation of sound. 
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Next, we deal with the second term on the right-hand side of equation (6.131). 
Taylor expanding T(p,s) up to the first order of the condensation, Y 


OT OT 
T=T+( 5°) p@=t-(52) ve. (6.132) 


Now, in this one-dimensional case VT = &(0T/0x) so using the above Taylor 
expansion and the thermodynamic identity 


2 2 
(=) ity ap (6.133) 
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where cp is the specific heat at constant pressure (can you derive it for a perfect gas 
with constant specific heats?), the term of equation (6.131) we are evaluating, for a 
harmonic wave, that is, say Y (x,t) = Yo sin(kx — kct), becomes 


k/faT\?\ _ (y-1)Ke? »o 42 
£( (3) : Ge, FF. (6.134) 


Here k is the wavenumber and “o the amplitude of the above harmonic wave. 
Since in a traveling one-dimensional sound wave u = cf, Eq. (6.127) with the use 
of (6.128), (6.130), and (6.134) thus becomes 


where we remind the reader that the Prandtl number relates coefficients of viscosity 
and thermal conductivity. Here we use the dynamic viscosity coefficient and so 
Pr = (Ncp)/K. 

Using a conventional definition for the attenuation relation, 


d\n® 


7 20 D = Der, (6.136) 


it is easy to understand that @ is defined for the attenuation of the wave amplitude, 
since the energy goes like the amplitude squared. This section contains all the 
equations needed for the calculation of the attenuation coefficient a for specific 
cases with known values of all required thermodynamic quantities. 


6.3 Properties of Compressible Flows 


We have already asserted several times in this book that effects of compressibility 
become important in flows in which the velocity u = |u| is large enough, so as to be 
comparable to the sound speed. This is expressed by the value of the Mach number 


342 6 Effects of Compressibility 


(M=u/cs). Note that both u and cs are /ocal quantities and so the dimensionless 
Mach number may actually depend on position and if the flow is not steady then 
also on time. However in most flows, M is an increasing function of u (see below). 
As remarked before, compressible flows with M= @(1), or more, predominantly 
occur in gases and hence we talk of gas dynamics. When the motions in a flow 
are sonic or supersonic, the Reynolds number is usually very large, because the 
coefficient of microscopic kinematic viscosity is of the order v ~ /c;, where here / 
denotes the mean free path of the microscopic particles comprising the gas. Thus 
Re = Lu/(Ics) ~ L/l, where L is the size of the system and must be > / in all 
cases except in very rarefied gases, when the continuum description fails. In most 
atmospheric and astrophysical systems, the Reynolds number is huge and if we 
expect to observe dissipative effects, like the results of viscosity or heat conductivity, 
we need to invoke some greatly enhanced, “macroscopic” coefficients of viscosity 
and conductivity and, as we shall see in Chap.9, this may occur naturally when 
instabilities lead to great complexity of the flow which is referred to as turbulent. 

In gas dynamics there is an important distinction between flows, which also 
determines their different behavior. The demarcation is between subsonic and 
supersonic flows. Supersonic flows may exhibit specific behavior which was not 
described hitherto, in this book. However in Chap. 4, when surface wave breaking in 
water or other constant density fluid was discussed, formal similarities to supersonic 
flow were encountered mathematically through the method of characteristics. We 
shall devote most of this section to general properties of supersonic flows and 
the rest of this chapter to specific prominent phenomena occurring in them. For 
simplicity we shall assume henceforth that the gas motion is steady. 


6.3.1 Propagation of Disturbances, the Mach Cone 


Consider, for a moment, a steady, uniform, one-dimensional supersonic flow with 
velocity u. We create a small perturbation, a pulse, say, in the density imposed on 
the basic flow at a certain place and time. The sound wave thus created will travel in 
both directions, forward and backward, with the speed of sound of the undisturbed 
medium c,, relative to the fluid. Thus in the absolute, or an appropriate fixed inertial 
frame, the speed of the disturbance will be 


Vdisturb = UE Cs. (6.137) 


In the case u > cs; both waves move downstream, that is, in supersonic flow 
disturbances cannot propagate upstream, as is obvious. This means that the upstream 
region is outside the region of influence of the disturbance. In the subsonic case (u < 
Cs) however, both the upstream and downstream regions are within the influence of 
the event, which here was the creation of a small density pulse. 

The concept of region of influence is perhaps best demonstrated when we 
imagine a sound point source emitting pulses of sound at regular intervals of time. 
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M=0 M<1 M>1 


Fig. 6.1 Stationary sound source in uniform flow (to the right) of velocity u. The sound source 
emits very short pulses, which are illustrated by the circular wavefronts. The three panels from left 
to right show the situation in the three cases of M as denoted in the figure. The rightmost panel case 
(M > 1), i.e., supersonic motion, allows a geometrical construction of the Mach cone 


The source itself is moving to the left, say, with constant velocity u, while the gas 
medium is stationary and an observer, actually listener, is stationary in the source 
frame. Looking at the problem in the source frame, we have the air moving to the 
right with uniform velocity u. The listener is observing the spherical wavefronts in 
the special frame in which the source is stationary, and is doing so assuming the 
medium is three dimensional. We distinguish between three cases u = 0 (left panel 
of Fig. 6.1), uS cs (central panel), and a supersonic flow u > c, (right panel). The 
first case is trivial and we do not discuss it at all. The second case is slightly more 
interesting, but still it does not carry much significance, save the distortion of the 
front array. If one is stationary in the frame of the fluid, this second case has an 
observer, assumed moving with the fluid, with the source receding to the left and 
thus is consistent with what is well known as the Doppler effect—the observer sees 
a lower frequency of pulses. In the third case the Mach cone, whose axis is ut, is 
constructed by allowing a time interval t to pass. Now we draw a perpendicular line 
from the source to the line drawn as the envelope of the wavefronts. The length of 
the line is ct. An observer hears no sound unless he or she is in the Mach cone. 
Outside the Mach cone he or she is outside the region of influence. When the 
Mach cone reaches and crosses the position of the observer he or she starts hearing 
the sound. The phenomenon may be familiar from observing a supersonic aircraft 
passing at a distance. The relation satisfied by the cone angle (called the Mach angle) 
can be easily derived by inspection of the triangle appearing in the rightmost panel 
of Fig. 6.1, that is: 


sin =}, (6.138) 


Moreover, the familiar phenomenon of a sonic boom can be easily understood with 
the help of this construction. When an object such as a military aircraft is moving 
supersonically, it creates what is called an N wave, brought about by the nose and 
ended by the tail of the aircraft. The boom is experienced when there is a sudden 
change in pressure, therefore an N-wave causes two booms—one when the initial 
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Fig. 6.2. A photograph, using 
a special (so-called Schlieren 
or stereoscopy) technique of a 
bullet, taken by Mach himself 
in 1888, demonstrating very 
well the cause of the double 
boom. [Public Domain (more 
than 70 years of copyright 
have expired). Courtesy of 
Ernst Mach] 


pressure rise from the nose hits the listener position, and another when the tail passes 
and the pressure suddenly returns to normal. There may be more complications 
brought about by various kinds of sonic booms, but we shall not dwell on these 
details and be content with the explanation of the phenomenon’s basics. 

In photographs of steady supersonic flows, which use special techniques to 
display Mach surfaces and lines, two-dimensional projections of Mach cones or 
their parts, the latter are visible emanating from points of a local disturbance, e.g., 
rough spots of supersonic projectiles of rockets (Fig. 6.2). In general, the nature of 
compressible flows depends on the Mach number. For M < 1 and, in particular, if 
the flow speed is low enough so that MS 0.3 the flows can be very accurately treated 
as incompressible. In contrast, for M> 1 new phenomena appear, unknown from 
incompressible flows, among them Mach cones and shock waves, the latter of which 
we shall describe in considerable detail in the remainder of this chapter. For the case 
M® 1 a special mathematical treatment is required and we shall not deal with this 
case here. The case M > | is referred to as hypersonic flow. Again, new physical 
phenomena related to ionization and viscosity modification must come into play. 
As we have already stressed, the main difference between subsonic and supersonic 
flow is in the limited range of influence in the supersonic case, as opposed to the 
unlimited such region in subsonic flow. We shall try to manifest it when discussing 
potential flow in the two cases in Sect. 6.3.2, but before that we wish to justify a 
statement we have made before, that the Mach number increases with flow velocity. 
We shall do this for isentropic flow. One of the Bernoulli theorems—when the 
flow is isentropic and inviscid—gives that the Bernoulli function is constant along 
streamlines, see Eq. (2.27) and the text following it (case 1). Thus treating now a 
situation when there is no body force, we have 
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1 
B=h+ xe = const. on streamlines. (6.139) 


Remembering also the Gibbs equality, which for isentropy gives dh = dP/p, we 
may write that along streamlines 


udu+vdP =0 (6.140) 


holds, where v = 1/p is the specific volume, as usual. There will also be a 
corresponding change in the sound speed squared along the streamline, viz. 


aP\]' 
2 
dc, = (sz) | aP. (6.141) 
On the other hand, we may write 
oP oP ig 
2 2 
a= (35) .--°° (35) waar at 
and take the P derivative of this expression, keeping s constant. This yields 
ac? 2 
“) =-(r-1 6.143 
(SE) = 50-9. (6.143) 


where the quantity I”, defined as 


) foo 
r= (Se) (6.144) 


is called the fundamental gasdynamic derivative. 
Using now the relations (6.141) and (6.143) in (6.140) we obtain 


Csdcs 
r-1 


udu+ =0. (6.145) 


On the other hand, from the definition of the mach number, M = u/c,, it follows that 


M : 
aN oe dey (6.146) 
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and using this together with the previous equation to eliminate c, and its differential 
gives 


du _ dM/M 
ue 1+(T—1)e2" 


(6.147) 
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This proves that the Mach number increases monotonically with the fluid velocity u, 
provided I" > 1. This condition is satisfied for most normal fluids. In Problem 6.19 
it is found for a perfect gas. 


6.3.2 Compressible Potential Flow 


Assume an isentropic irrotational motion, that is, potential flow, satisfying by 
definition u = V@ and all the other conditions for such a motion; but in contrast 
to our discussion in Chap. 2, we allow now for the fluid to be compressible. For 
convenience we rewrite here the Euler equation (1.37) without body forces, that is, 
with b = 0: 

ou 


1 


Now, forming the scalar product of Euler’s equation with u yields 


1 ee . 
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wV(2)| - —5u- VP. (6.148) 


We shall use the identity ux @ = 5V(u’) —(u-V)u and exploit the condition 
@ = 0 in this potential flow. Also, the right-hand side of equation (6.148) can be 
transformed to read 


Lue Z (F = x) ; (6.149) 
p p\ Dt oat 


Using now dP = cdp and the continuity equation this expression becomes 
—u-VP=—-2V-u-——. (6.150) 


The scalar product of the Euler equation with u can thus be summarized as 


low 1 . 1 oP 
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(6.151) 


Taking now the partial time derivative of the Euler equation after expressing the 
velocity as the gradient of the velocity potential gives 


oe 1d Se te a 
xn VO +55, VO +5 (Jv) =0. (6.152) 
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To proceed we need to use the identity (prove it!) 


: 4 ; (6.153) 
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which, when used in the last term of equation (6.152) can bring that equation to the 
form 
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=0. (6.154) 


We now see that we have actually derived, in a somewhat alternative way, case 3b 
of the Bernoulli formula, as listed in Sect. 2.3.5, but without any body force. Indeed, 
the quantity in square bracket is an arbitrary function of time including a constant. 
In any case, it can be absorbed into the velocity potential, redefining it, but not 
changing anything in the physics. Thus we may write 


a*6 «10 >, loP 
ap + 537! o) 4 p at = 0. (6.155) 
Integration of this equation over time gives 
ao 1 2, [aP_ 
a 5 (V9) | i; : = constant, (6.156) 


where this constant in time may depend on position. 

We shall conclude this discussion of compressible potential flow by deriving a 
general equation, which follows from Eq. (6.155) substituted into Eq. (6.151). After 
expressing the flow velocity by u = V@ everywhere that it appears, the following 
interesting equation is uncovered: 


ao A 
Or ' at 


(Vo) 4 Ad) -V) (Vo)? —2V26 =0, (6.157) 


where the sound speed can be found in terms of the velocity potential by using 
Eq. (6.156) and the relation dP = c2dp. This equation has two archetypal special 
cases. For cs; — ©, which is equivalent to incompressibility, we indeed obtain the 
incompressible potential flow, in which the velocity potential satisfies the Laplace 
equation V7 = 0. This is the archetype of an elliptic PDE. Equations of this 
type describe the end states of diffusive processes. The other case is obtained for 
finite speed of sound and for small amplitude motions, so that terms (V@)? can be 
neglected. We obtain the wave equation, 07 — c?V7@ = 0, which is the archetype of 
a hyperbolic PDE. Hyperbolic equations are associated, as we have seen, with wave 
phenomena. We have already discussed at length, in Chap. 4, various cases of fluid 
dynamical waves. Here we have seen the acoustic waves example and will deal, later 


348 6 Effects of Compressibility 


on, with the interesting phenomenon of shock waves and wave breaking in gravity 
waves on shallow water, which arise when the wave amplitude is not necessarily 
small. Although we shall not be able to give here the full mathematical theory of 
PDE classification and properties, we shall mention some of it below, in particular 
the idea of characteristics and their possible use. 


6.3.3 Isentropic Flow of a Compressible Perfect Gas 


The Bernoulli equation, valid for fluid flows fulfilling the appropriate conditions, 
presented where we have summarized the various Bernoulli’s formulae in Sect. 2.3.5 
asserts, for isentropic flows and when there are no body forces, that 


1 
B= su th (6.158) 


is constant along streamlines. In the case of potential flow, the constant is the same 
for all streamlines. If there is a stagnation point, i.e., u = 0 on a certain streamline, 
or anywhere in the potential flow we may write 


1 
xe th =ho, (6.159) 


where ho is called the stagnation enthalpy. We now chose to discuss only this case 
of a perfect gas, for simplicity and transparency. The following equation of state 
then holds: 
P & 
Pou=—=—T, (6.160) 
a 


where # is the gas constant (= 8.314 x 10’ erg/deg mol) and p is the mean 
molecular weight. 
The velocity of sound, as we have seen, is: 


R P 
2 

c=y—T=y-, (6.161) 
ae Gr 


where Y = cp/cy, ie., is the ratio of specific heats, also known as the adiabatic 
exponent, note that y > 1 always. For monoatomic gases it is equal to 5/3 and for 
diatomic gases at not too extreme temperatures, it is 7/3. 
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The specific internal energy, up to an insignificant constant, can be written as: 


P ee 
NE O-D 1-1) ae 


The specific enthalpy is obtained using cp —cy = #/L: 


P ce 
(Heh op— ee. (6.163) 
eT eG=1) y= 1 


The specific entropy is: 
s=cylog (Pp-”) ; (6.164) 


Using now the specific enthalpy equation for the flowing gas and substituting it in 
Eq. (6.159) yields 


1 
cpT + xe =cpTo, (6.165) 


where 79 is the stagnation temperature. It is not difficult to deduce from the list of 
relations for a perfect gas the following two relations 


C=yYRT and cp=——, (6.166) 


where as before in this book, #/ = R, for convenience. When these are substituted 
back into Eq. (6.165) we get the important relation 


2 
a+(y- NS =, (6.167) 


where cg is the sound speed at the stagnation point. From now on we shall drop the 
subscript s from the adiabatic sound speed, but remember that it is calculated with s 
constant. It is useful to introduce now the concept of the sonic condition, in essence 
a location at which M = 1. In one-dimensional flows this is usually one or very 
few points, in which the flow changes from subsonic to supersonic or vice versa. 
The value of a variable at a sonic point will be denoted by an asterisk subscript. 
Thus we have, from the last equation, remembering that at a sonic point necessarily 


Uu=C=Cx, 
2. / 2 
2 2 
= — ‘ l 
G 7 {0 => Cc 7 [2 (6.168) 
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This allows Eq. (6.167) to be rewritten as 


—1 1 
eat fae Se C 


6.169 
5 2 2. °* ( ) 
or yet in another way, by dividing it through by c, which gives 
4s To 
1-++——M" =| — }. 6.170 
a ( r ( ) 


Setting M = 1 in this equation and making use of the adiabatic thermodynamic 
relations, which are valid here, i.e., P< p’; T pv, we immediately get 


> 2 \ Var) 2 \wW-)) 
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(6.171) 


Before giving a list of formulae, which can be derived from the above relations 
using only simple algebra, we would like to discuss two concepts, which have a 
particular physical meaning. The first one is the limit or maximum flow velocity. 
Imagine that a large reservoir is filled with gas, whose velocity is zero. If the 
reservoir is evacuated into vacuum by opening a small nozzle and assuming one- 
dimensional flow, a steady flow is established, in which the pressure drops from 
its value in the reservoir, Po, to zero. Using Eq. (6.170) and one of the adiabatic 
conditions yields 


(y-l/y 
Po _ y-1,, 
(2) = 1+—— M. (6.172) 


As P — 0, formally M — oo. The flow velocity remains finite, however, because in 
vacuum c = 0. Substituting c = 0 in Eq. (6.167) gives the maximal velocity that may 
be attained in this kind of flow: 


2 
Umax = Co, /——. (6.173) 
y-1 


The second concept is the normalized Mach number. Formally, it is defined as 
M, = u/c,. Note that it is not the Mach number at the sonic condition, which is by 
definition M = 1. Since c, is a constant for any given stagnation condition, M, can 
be regarded as a normalized flow velocity. It is easy to show, using Eqs. (6.170)- 
(6.171), that 


(6.174) 
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6A = minimum 


Fig. 6.3. A schematic view of a stream tube, defined by a surface composed of streamlines. 
A minimal cross-sectional area is indicated 


An abstract surface can then be perceived as formed by a collection of streamlines 
encompassing a volume, whose form is one of a stream tube (see Fig. 6.3). It is 
shown in Problem 6.20 that the mass flux density pu can be written as 


PxU,M 
[2/(y+1) tM2(y—1)/(y+ 1] Ord/2O-D) , 


(6.175) 
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The mass flux through the stream tube is pudA, where 6A is its cross-sectional 
area. If we consider 6A to be small enough, so that all properties of the fluid are 
approximately uniform across any cross sectional area, mass conservation demands 
pudA = const. If the mass flux density, pu, is considered to be a function of M with 
all other quantities constant for given stagnation conditions, it is possible to find its 
extremum by differentiating with respect to M and equating the derivative to zero. 
The result of this simple exercise is that the flux density attains a maximum for 
M = 1. This means that the mass flux density is maximal at the sonic condition and 
the corollary from mass conservation is that the stream tube cross section is minimal 
at the sonic point. It should be remarked that the converse of these statements is 
obviously not true (can you think of a counterexample?). In terms of M, this reads, 
using the relation between M and M,. (6.174), 


_ 1/(y-1) 
Pu = PxUs (Ee - x) , (6.176) 


which is shown in Fig. 6.4. The maximal normalized flux density occurs for Mx = 1, 
since it is clear from the relation between the usual and normalized Mach numbers 
that if the first is equal to 1 then so is the other. When examining Fig. 6.4, 
it is apparent that for low normalized Mach numbers the curve rises linearly, 
corresponding to incompressible flow. However, at the sonic point the curve turns 
towards its maximum and for large normalized Mach numbers the mass flux density 
decreases. It is interesting that for the limit M > , the normalized Mach number 
tends to a finite number 
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0 0.5 1.0 1.5 2.0 2.445 
M=u/c, 


Fig. 6.4 Normalized mass flux density as a function of M, for a perfect gas with adiabatic exponent 
y=14 


My, |i. (6.177) 


which for a perfect gas of y = 1.4 is equal to 2.445. The mass flux at this value of 
the normalized Mach number vanishes as the density vanishes. 

Summarizing the value of the thermodynamic variables in the steady isentropic 
flow of a perfect gas, in terms of the velocity and of the thermodynamic variables at 
the sonic point, we write 


T=T, (Hs), (6.178) 
P=P. oo . (6.179) 
Bee eae (6.180) 
ee) am 


We should remark that in flows of the type discussed here surfaces of discontinuity 
may occur. We shall devote a full section to this phenomenon, but wish to stress here, 
that if s cannot remain constant along a streamline because of a discontinuity, not 
all our results hold in such a case. We shall discuss the conditions at a discontinuity 
in detail in the upcoming sections, dealing with shock waves. 
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6.4 One-dimensional Gas Dynamics 


The salient phenomena of gas dynamics, that is, flows of a compressible fluid, 
happen when the flow possesses a velocity in the vicinity, or even above, the sound 
speed. In the previous section, we have already acquainted the reader with the basic 
phenomena and nomenclature of gas dynamics. Our exposition there was limited 
however to special circumstances, e.g., the flows studied were either steady, or 
isentropic, or irrotational, or involving a perfect gas. Sometimes we have assumed 
several of these special cases together. Still, it is our opinion that absorbing the 
essence of nontrivial phenomena, especially in the physical sciences, is best done 
by starting with simplistic approaches and then coming back to the subject on a 
more general level. In this section, we shall do just that for the subject of one- 
dimensional gas dynamics. Although we shall not treat the subject and its aspects in 
their full generality, the limiting assumptions will be kept at a necessary optimum 
between technical complexity and triviality which, we believe, may result in good 
understanding. 


6.4.1 Characteristics 


In our treatment of this subject, we shall assume one-dimensional gas motion 
and homentropic conditions, i.e., s=const. throughout the fluid, unless explicitly 
noted otherwise. The concept of characteristics was introduced in Chap. 4 in our 
discussion of nonlinear water waves (Sect. 4.1.4). Because of the mathematical 
similarity of the governing equations, this tool is important for gas dynamics and 
we revisit it here, delving deeper into the foundations of the method. We note that 
the framework of characteristics originates in mathematics and plays a role in the 
theory of partial differential equations. In the types of equations relevant to one- 
dimensional gas dynamics, characteristics are curves whose primary importance is 
in determining the necessary boundary and initial conditions for the existence of a 
unique solution to a given PDE. Their use is most effective for so-called quasilinear 
(see below) and linear PDEs. We shall expand here upon our presentation in Chap. 4 
and discuss first, briefly, the more mathematical aspects of characteristics, and later 
on we shall introduce this concept from a more heuristic and physical perspective. 


6.4.1.1 Rudiments of the Mathematical Basis of Characteristics 


A PDE is called quasilinear if the coefficients of the highest partial derivatives are 
functions of, at most, the lower order derivatives including the function itself, and 
of the independent variables. We shall give here a short account of the types of 
quasilinear PDEs of second order and of boundary conditions and see the connection 
thereof with the characteristic curves. 
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Starting with the general quasilinear second order PDE for a function (t,x): 


ew iope A Ov 
or Otox Ox 


D, (6.182) 


where A, B,C, and D are functions of t,x, ¥,0'Y/dt, and OY /0x, we are looking for 
a solution of equation (6.182) with given compatible (see below) ¥,0'¥/dt, OY /dx 
on a curve, I" say, in the t—.x plane. This is a typical example of what is called a 
Cauchy or, initial value, problem. Thus we prescribe the Cauchy data on the above 
curve, which is given parametrically by t= f(s), x = g(s): 


av 
dt 


dv 


Y =h(s), q(s), ae 


@(s). (6.183) 
The above Cauchy problem must satisfy the compatibility conditions on the initial 
curve I’: 


h'(s) = q(s)f'(s) + e(s)g'(s) (6.184) 


among the Cauchy data. Thus, the three functions constituting the data are not all 
independent and at most two are arbitrary. Compatibility conditions of this type 
must hold also for the derivatives (first and second) of the function ¥. If ¥ (t,x) is 
a solution of equation (6.182) and both g(s) = d'¥/dt and ~(s) = d'¥/dx satisfy 
compatibility conditions similar to those for h(s), we obtain the following three 
linear equations 


aw ev ra 
nom Vga oe 
a2y oy 
far +8(s) =q (8), 
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/ ! ay 
f (s)aa +8 () >a = g'(s) (6.185) 


for the partial derivatives of ‘’, which are valid along the curve I’. A unique solution 
for the second order partial derivatives of Y is guaranteed, unless 


A2BC 
A=|f' ¢ 0 | =A(s')?—2Bf's' +c(f")? =0. (6.186) 
Of g 


The initial curve I on which A = 0 is called a characteristic for this differential 
equation and data. In the case described here, with the initial curve I” being a 
characteristic, Eqs. (6.185) are inconsistent, thus a Cauchy problem with the initial 
condition prescribed on a characteristic generally has no solution. Conversely, when 
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the curve on which the Cauchy data are prescribed is not a characteristic, the second 
derivatives of Y are consistently and uniquely determined on that curve. Moreover, 
higher derivatives can also be found, and the function itself can be formally written 
in the neighborhood of any point (to,x9). The rigorous requirements, embodied in 
the Cauchy—Kowalevski theorem, are beyond the scope of this discussion. 

What is important and relevant is the fact that the last equality allows one to write 
an equation satisfied by the characteristics 


Adx” —2Bdtdx + Cdt* = 0, (6.187) 


which can be solved for dx/dt thus 


dx = B+ vVB2—AC 


a A (6.188) 


This relation is an ODE for the characteristic curve x(t) provided A,B, and C are 
known functions of x and y, a case in which either a given solution (x,t) is 
considered or the original PDE (6.182) is linear. In any case, the formal similarity to 
the classification of curves gives rise to the classification of second order quasilinear 
PDE. Equation (6.182) is called hyperbolic when AC — B* < 0, elliptic when 
the opposite is true, and parabolic in the limiting case AC — B* = 0. Regarding 
characteristic curves, it is immediately clear that a hyperbolic equation generally 
possesses two families of characteristics, on account of the +, while in the case 
of parabolic equations, only one family can be expected. Since we limit ourselves 
here to real equations, it is obvious that elliptic equations do not have characteristic 
curves at all. Even though it is not within the scope of this book to explain the 
meaning of this, we nevertheless remark that a clean classification of the above kind 
is possible only in the case of linear equations, but often even then there are different 
regions where the same equation may be of different type. In nonlinear equations 
the class or type of the equation can depend not only on the equation but also on the 
solution. Thus even from the mathematical point of view, the topic is murkier than 
it first appears. 


6.4.1.2 Characteristic Curves for Compressible Gas Dynamics 


The idea of characteristics, which is applicable also to incompressible water waves, 
was discussed through a linear example in our discussion of shallow water waves 
in Chap. 4. There we introduced the idea of characteristic curves at several stages 
of our discussion following our initial heuristic motivation of them in Sect. 4.1.4. 
The situation is analogous in problems involving one-dimensional gas dynamics, 
because of the similarity of the governing dynamical equations. We shall, therefore, 
expand on these ideas and explore them more deeply than we did there. In our 
discussion of acoustics we dealt with the wave equation for the velocity potential, 
say, in one spatial dimension, which we repeat here for convenience 
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ot aS =0, (6.189) 


where cy is the sound speed in the undisturbed medium. This linear wave equation, 
as we have seen, possesses a general solution which can be initialized at fo, say, by a 
given initial local disturbance and its time derivative at some point xo, say. One can 
write this solution as 


(x,t) =fi(x+ cst) +fa(x— cst), (6.190) 


where cs is the wave speed equal to sound speed and f; and fo are functions, 
which are consistent with the initial condition. Even though we may need to use 
characteristics for nonlinear (not very small amplitude) waves in compressible 
fluids, we have decided to explain this mathematical technique on acoustic waves, 
which are linear. As we are considering a one-dimensional case, it is clear from 
the general solution that an initial disturbance, here in the velocity potential, will 
be divided into two parts. One part will propagate with velocity —cg, i.e., to the left 
with respect to the x-axis, while the other will propagate in the +x-axis direction 
with velocity c;. The division between the right and left propagating disturbance 
is completely determined, as mentioned before, by the initial condition. If the 
fluid is not stationary, but moves itself, as a whole, with a constant velocity u, 
say, then nothing essential changes—the above-mentioned disturbances propagate 
with velocities u—cs and u+cy with respect to the original inertial rest frame, 
respectively. This applies to a point xo, at which a disturbance is created at time fo, 
therefore two directions of propagation, starting from that point, are possible in the 
t—x plane. Thus the two differential equations of the perturbation path in that plane 


dx " 

—=ut+e 

dt Sd 

“ =U—Cs, (6.191) 


actually describe two families of positive @. and negative @_ curves, which are 
nothing but the characteristics of the acoustic equation (6.189) in this case. 

If we consider a more general case, in which the fluid fields, including the 
velocity and sound speed, are not constant, the above-mentioned mental picture 
of two sets of straight and parallel characteristics breaks down. The equations of 
the characteristics (6.191) continue to hold, though. The two different families 
are approximately straight and parallel to each other within a family, only in a 
close neighborhood of (to,x9), because u and cy are no longer constant. On larger 
scales the characteristics in the (x,t) plane may be curved as is schematically 
depicted in Fig. 6.5. Even though the above described attitude towards the nature 
of characteristics and their meaning is rather heuristic, we shall see that the 
qualitative and sometimes even quantitative information about the problem at hand 
is very useful, often superior to what can be deduced from mathematically rigorous 
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Fig. 6.5 Schematic drawing 4 f 
of two sets of characteristics 
of the acoustic equation in the 
homentropic case 


considerations. The property of the characteristic curves as the propagation direction 
of small disturbances in the (x,t) plane, in one-dimensional flows, is by no means 
the only important quality of these curves as we noted also in our discussion of 
shallow water waves in Chap. 4. It is interesting to find, using the equations of gas 
dynamics, how other relevant flow quantities change along the characteristics. As 
we Shall soon see, not only small disturbances but also specific combinations of the 
flow fields are propagated along the characteristics. 

Consider a given curve x = f(t) in the time-space plane. Elementary mathemati- 
cal considerations give rise to the derivative of any function F (x,t) along that curve. 
We have 


dF\ OF OF, 
aan 6.192) 


where f’(x) = dx/dt. We shall now try to write the equations of gas dynamics so 
that they contain derivatives of the above type, along a curve, but the curve is a 
characteristic. In homentropic conditions we obviously have 


Dp  1DP 
ac seemed 1 
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where cs is the adiabatic sound speed. On the other hand, the continuity equation 
can be written: 
Dp Ou 
—_ =p. 6.194 
Dt p Ox ( ) 


Equating the two and multiplying through by c;/p gives 
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The equation of motion is 


Ou Ou 10P _4 


af "Gn" pox (6.196) 


Adding the last two equations we obtain our objective: derivatives only along the 
@,. characteristics: 


Ou x 1 Ee | =H (6.197) 


set tuteas” Pcs | Ot + (utes) Ox 
Analogously, subtracting Eq. (6.195) from (6.196), we find an equation containing 
only derivatives along the other characteristics 


Ou Ou 1 [OP oP 
E +(u a) ars EB Gi) a = (6.198) 


Thus the gas dynamics equations can be written as 


1 
du+ —dP=0 along @, ie. a =utcs, 
Cs dt 
1 
du — dP=0 along @_ ie. aa =U—Cs. (6.199) 
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Taking into account that we are dealing here with a homentropic flow, the condition 
of isentropy Ds/Dt = 0 follows. Its meaning is that the entropy is conserved along 
streamlines, which are given by dx/dt = u. Thus the streamlines may also be 
considered as a kind of trivial characteristics for isentropic flow and their family 
usually adopts the name @. Considering for the moment the Lagrangian version of 
fluid mass conservation, Eq. (1.35), we write 


p(x,t)J; = po, (6.200) 


where J; is the time-dependent determinant of the Jacobian, characterizing the 
transformation from Lagrangian (X) to Eulerian (x) spatial coordinates. In our 
case we deal with only one dimension so that Eq. (6.200) yields just pdX = 
Podx. Thus if one imagines the abstract plane (X,t), that is, initial positions, as 
Lagrangian coordinates, versus time, one would have to imagine the equations of 
the characteristics, which in these coordinates read 

_ dX Pp. dx p dx 
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Frequently the gas dynamics equations written along characteristics, which may 
be perceived as alternative, natural coordinates for the particular equation, are 
especially convenient for numerical calculation. 


6.4.2 Riemann Invariants, the Domains of Determination 
and of Influence 


We shall maintain our assumptions of the previous section, specifically the ones of 
the flow being isentropic and one-dimensional, and try to achieve a deeper look into 
the equations as formulated along characteristics. First, it is evident that the constant 
entropy disappears altogether from the equations. The flow can thus be completely 
described by the velocity u(x,t) and any one of the thermodynamic functions, P,p, 
or cs. These variables, however, are uniquely related to each other at any one point 
by purely thermodynamic expressions, e.g., P = P(p), cs =cs(p), c2 = dP/dp. 

As it will turn out, the quantities du + (p cs) ‘dP, which are equal to zero along 
the characteristics, where the + correspond to the @ families, respectively, are 
actually total differentials of the expressions J, and J_, which are called Riemann 
invariants. They are 


Fi aut f © = ut fos®, (6.202) 
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Thus because d/, = 0 along @, characteristics, J; is constant, or invariant on 
them. So is the case with J_ along the @_ characteristics, and hence the indicative 
name invariants. The integrals are expressible in terms of thermodynamic quantities 
by purely thermodynamic considerations. The result depends, of course, on the 
properties of the fluid in question. The easiest and most useful example is, as usual, 
a perfect gas with constant specific heats. The Riemann invariants are then given by 
the functional form 


J- =ut 
4=U y-1 


Cs. (6.204) 


In any case, the two Riemann invariants are constant along the corresponding 
families of characteristics and, as we have already stated, the characteristic curves 
are a kind of natural coordinates for the problem, and we conclude that the Riemann 
invariants are the natural variables. We are dealing with one-dimensional flows 
and thus our arena is the two-dimensional space-time (x,t) and we are reminded 
therefore that characteristics are curves in this plane. Note that in contrast to the 
diagrams showing characteristic curves, in the time-space diagram of a single 
dimension gas dynamics problem, here we prefer to use space-time, i.e., the plane 
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x—t. This, obviously, has no meaningful consequences. In addition, hometropic 
flows are fully described by just two variables: the velocity plus one of the 
thermodynamic functions. Consequently, we may expect that only two continuously 
infinite sets, as the Riemann invariants, can suffice to serve as dependent variables. 
Indeed, Eqs. [(6.202)-(6.203)] are formally invertible, when the thermodynamic 
properties of the fluid are known, that is, wu and cs, say, are expressible as a unique 
functions of J, and J_. Again it is easy to express this explicitly for the case of a 
perfect gas. From Eq. (6.204) it follows that 


 — 


aa 


VJztJ_-); c= iia a (6.205) 


1 
2 
and it is not a difficult exercise to get for the specific perfect gas in question also 


P,p, and T. It is possible to also obtain, from Eq. (6.204), the explicit equations of 
the characteristics for this case, expressed only in terms of the Riemann invariants 


+] eo. 
dx 3 Vy 


Cy: dt = 4 Jy 4 = Hy(J,,J_), 
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where H+ are functions of only the Riemann invariants. In these equations we have 
explicitly given the form of the functions Hx, as evaluated for a perfect gas. Even 
though we have given again the perfect gas as an example, the evaluation of H+ is 
possible, at least in principle, for any fluid, provided there is enough information on 
its thermodynamic properties. We conclude the discussion of Riemann invariants 
and their meaning by their connection to causality in compressible FD. Consider 
J,., for example. This quantity is constant along any specified characteristic curve 
of the @ family. Thus the only way that the slope of the characteristics can change 
is by the variation along the + characteristic of the other invariant J , which is 
constant along the members of the — characteristics. The flow equations, when 
written in the characteristic form, allow one to understand the causal connection 
between events in a gas dynamical flow. To demonstrate it in an easy and transparent 
way, we consider any one-dimensional homentropic flow and observe the behavior 
in the (x,t) plane. In Fig. 6.6, we illustrate the situation when an initial condition 
at f = 0 is specified for x} <x < x», i.e., on the segment AB. This initial condition 
is most naturally expressed, as we have mentioned before, by the distribution of 
J..(x,0) and J_(x,0), which is equivalent to the distribution of physical variables, 
but may be more “telling.” In the figure a number of + and — characteristics are 
sketched. It is obvious that an exact drawing of these characteristics may be achieved 
only after solving the particular problem, but we are dealing here with qualitative 
considerations. Let us consider an arbitrary general point of the flow P(x,t). The 
values of the flow variables or Riemann invariants at P are determined only by the 
values of the two Riemann invariants at the initial points of the two characteristics, 
from the two families which meet at P. Thus we have at P: J+(x,t) = J+(x1,0) 
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Fig. 6.6 The time-space diagram showing characteristic curves. The region of determination of P 
at t = 0, the initial condition segment AB is shown. The domain of determination and influence of 
that segment are the darkly and lightly shaded regions, respectively. For details, see text 


and J_ (x,t) = J_(x2,0). Again, we can be explicit for a perfect gas with constant 
specific heats and solve these equations for u and c, thus 


1 
y-1 
y-1 
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uxt) = 5 (ua ug) + (ca — cB), 


1 
Cs(x,f) = 5 (ca +cp) + (ua — Up), (6.207) 


where v4 = v(x1,0) and vg = v(x2,0) for both v = uworc. 

The clarification of a possible misunderstanding is in order. The point P is the 
intersection of two characteristics from opposite families. Thus the conditions at 
that point, as in any point in the domain ABP, can be determined uniquely from 
the two Riemann invariants. This is the reason that the darkly shaded region ABP 
is referred to as the domain of determination of AB. However, the location of the 
point depends on the slope of the characteristics and that is determined by the 
appropriate Riemann invariant of the characteristic curves of the other family, which 
cross the @;. characteristic, say, along its entire segment AP. These depend on the 
conditions at all the initial conditions between A and B. For example, the slope of 
the + characteristic connecting A and P depends also on the value of the Riemann 
invariant of J_(O), which propagates from the intermediate point on the initial 
condition segment to A’. It can, however, be said that the state of the gas at point 
P is uniquely and completely dependent by the initial conditions between x; (point 
A) and x2 (point B). Moreover this is the only initial segment which influences the 
condition at P! This is obvious because any change of the conditions at Q, say, will 
not have time to arrive at position x at time f. In the figure it is shown that if Q is to 
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influence P it has to arrive at P on time, along the dashed curve, say, but then this + 
characteristic, coming from Q, must cross other characteristics of the same family, 
which originate at AQ, and this is not allowed. 

This must not be confused with the domain of influence of AB. This is the 
region which is the union of that delineated by the Bs characteristic initiated at 
B and the A characteristic starting at A, together with the region between the A_ 
characteristic initiated at A and the B_ one, starting at B. The points on the segment 
AB cannot influence the gas at subsequent times outside the domain of influence 
(lightly shaded region), since any signal will not have enough time to reach a point 
outside this domain of influence. This causality of phenomena in gas dynamics may 
be reminiscent of light cones in relativity, however it is true in gas dynamics only if 
characteristics of the same family do not intersect each other, since this would lead to 
non-uniqueness of the flow variables. Such occurrences give rise to the phenomenon 
of shock waves, which is allowed in gas dynamics but requires special treatment. 
We shall discuss shock waves in depth later in this chapter. 


6.4.3 Nonlinear Simple Waves and the Steepening 
of Such Waves 


The phenomenon of wave steepening is very important for understanding the 
spontaneous formation of surfaces of discontinuity in a compressible gas flow. 
We have defined simple waves in acoustics but the existence of such waves is not 
limited to small disturbances which result in the viability of a linear approximation. 
Thus consider a gas occupying an unbounded region and assume initial conditions 
such that one of the Riemann invariants, J_(x,0) say, is constant for all x. This 
is possible because we have at our disposal initial distributions of two variables, 
but the Riemann invariants are equivalent to any two such variables. For a perfect 
gas the relation (6.204) certainly guarantees it. The @_ characteristics originate at 
all points of the x-axis, and since J_ is constant on this axis, this constant value 
is carried along all the negative characteristics emanating from the x-axis. Now 
imagine that the gas occupies only a half space and is bounded on the left by a 
piston moving to the right according to the function x, = pz(t). This left piston 
does not influence the @_ characteristics, which originate at the x-axis for x > xz, 
and thus the value of J_ remains equal to the same constant, as determined before. 
The piston sends to the future, so to speak, only characteristics belonging to the @. 
family. Remembering that the slopes of both families of the characteristics can be 
described, according to Eqs. (6.206), as dx/dt = Hs(J+,J_) and that in the entire 
region in front of the piston J_ is equal to the same constant, it is easy to understand 
that each of the + characteristics remains straight as it is crossed at all points by 
those @_characteristics. Now, to be sure, the @; characteristics have each a constant 
J, along them, but the constant is not the same for different characteristics! Thus 
H,(J,,J_) is actually a function of J; and J_ is a true constant. It is therefore 
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possible to integrate and obtain the equation describing the straight line where each 
@,. characteristic is 


x=Hy,(J4,J_)t+K(J4). (6.208) 


This is the equation of the characteristic on which a specific value J, is constant. 
Remembering that J_ is constant everywhere and K is a constant of integration, 
depending obviously on J;. To write everything in the form of the velocity and a 
thermodynamic variable, we have to supplement Eq. (6.208) with the fact the J_ is 
a constant and can be written using Eq. (6.203) 


J2 = u- f ae = const. (6.209) 
Pes 


It follows that all the thermodynamic variables are, in this case, functions of the 
velocity u alone, and we do not forget that the fluid is homentropic. Thus Eq. (6.208) 
may be written as 


x = [u+cs(u)|t+ K(u). (6.210) 


Can you explain why? This equation determines u implicitly, as a function of the 
coordinate x and time. Given values of u, c(u) and thermodynamic variables are 
carried along x with the velocity u+c(u) so we have actually that u, for example, 
has the form of a traveling wave, to the right: 


u=f{x—[u+cs(u)|t}. (6.211) 


Similar consideration can lead to a simple nonlinear wave traveling to the left and 
being distorted in an analogous way. 

An acoustic wave, 1.e., one that is limited to very small amplitudes, allowing one 
to neglect second order in the disturbance, is frozen, so to speak, in its shape, when 
it moves. The situation is different in the case discussed here, as it is apparent in 
Eq. (6.211) and demonstrated in Fig. 6.7. We shall discuss this mainly qualitatively, 
but it is possible to also use explicit formulae if we know the thermodynamic 
properties of the gas. Consider the initial profile u(x,0), shown in the upper part 
of the figure. There are three points on the x-axis at which u = 0: Ao, Co, and Ep. 
The slope of the characteristics starting at these points is all equal to c,(0), which 
we may simply call co because this is the stagnation value of the sound speed. In 
contrast to this, the points marked Bo and Do correspond to the maximal amplitude 
of the flow speed, where the former has a negative velocity and the latter positive. 
Thus the slopes of the corresponding characteristics, in the (x,1) plane, dx/dt, are 


Bo: slope = —Vimax +Cs(—Vimax); 


Do: slope = Vmax +¢5(Vmax); (6.212) 
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crossing of characteristics 


uf Ao Bo Cy ‘Do Eo : z 


Fig. 6.7 A time-space diagram showing the characteristics corresponding to a nonlinear simple 
wave between t = 0 and t = | is shown. A diagrammatic drawing of the waveform is shown above 
and because some characteristics are more slanted than others, expressing higher communication 
speed, the wave gets steepened and distorted at t; to just before breaking. For details, see text and 
also see the discussion in Sect. 4.1.4 


where Vmax = |Umax| > 0. Note that the slope is constant for each case because 
as we have explained J_ is constant everywhere and so the slope of the different 
@,. characteristics is different for each, but because of the constancy of the 
corresponding J_ on each characteristics the slopes are constant. However the slope 
of the Bo characteristic is smaller than co. By the same token, the slope of the 
characteristic emerging from Do is larger than the one coming out from Eo. Thus 
at time ¢; we have, as can be seen on the lower part of the figure, a steepened form 
of the wave. The physics behind the steepening is that the wave crests travel faster 
than the nodes of the wave and the valleys correspondingly lower. This steepening 
is bound to ultimately cause a breaking of the waves and the breakdown of physical 
meaning of this reasoning. That happens when two characteristics of the same 
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family actually cross (see Fig. 6.7). Mathematically it gives rise to non-uniqueness, 
as far as values of the function are concerned—a situation that is unphysical. In 
practice, the solution develops a kind of “pathology’—it turns out the function stays 
continuous and its derivative becomes discontinuous first, a situation referred to as 
a weak discontinuity. It was first encountered in our discussion of unidirectional 
nonlinear waves in Sect. 4.1.4. The fluid reacts by smoothing somewhat the profile, 
as the viscosity cannot in reality be zero, just very small. The narrow region of the 
weak discontinuity propagates with the sound speed. Pushing this reasoning further 
we get a situation in which the function’s overshoot is prevented by viscous and 
heat conduction effects, a discontinuity in the function ensues. Such a discontinuity 
is referred to as shock wave (see Sect. 6.5). The high density and pressure region 
behind the shock continues to push the discontinuity so that it accelerates and 
ultimately reaches supersonic speeds, relative to the undisturbed medium, whose 
sound speed is co. With the stretching of the compression to more and more fluid, 
and without any source of energy and momentum input, the shock wave has to 
be degraded and dissipated. A persistent shock wave, as we shall see, requires 
continuous input of energy, e.g., a supersonically moving body in the gas. 


6.4.4 Rarefaction Waves 


Rarefaction waves appear sometimes as natural phenomena as well as in physical 
applications, and therefore we shall discuss some of their properties. In contrast 
to compression waves, like the one discussed before created by a piston moving 
forward, rarefaction waves, as their name indicates, are waves in which the density 
disturbance is below the undisturbed fluid density. Such a wave can be created, for 
example by a receding piston. In Fig. 6.8 we show a situation of this kind, where the 
left “wall” is actually a piston, whose motion is described by a function x = piston (f), 
which is detailed in the next sentence. At t < 0, before the piston begins to move, we 
have a half space (x > 0) occupied by stationary uniform compressible fluid, whose 
thermodynamic functions are Po9,Po, and co, say. The piston starts receding with 
some acceleration, so that initially Xpiston # 0, but from time ¢ = 1), it continues 
to move to the left at constant speed, V > 0, say, so that xpiston = —Vt +const. 
The gas, occupying the region to the right of the piston, will now be described 
using the method of characteristics. Figure 6.8 summarizes the outcome. In region 
I, on the right side of the @, characteristic OA, the gas remains undisturbed even 
after the piston starts to move. The characteristics are straight lines with slopes 
co and —co (@_ family). Any possible small disturbance, before the piston had 
started to move, propagates to the right as an acoustic wave. Moreover, the same 
considerations as we have used in the discussion of steepening waves imply that 
the motion of the gas is a simple wave propagating to the right. The head of 
the wave, the initial disturbance created by the beginning of the piston motion, 
propagates along the OA characteristic with the speed of sound co. Even though 
all our qualitative conclusions will be general, we assume that the fluid is a perfect 
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Fig. 6.8 A time-space diagram showing characteristics corresponding to a rarefaction wave. On 
the left there is a piston accelerating first to the left and from time ¢; continuing with constant 
velocity, —V. For details, see text 


gas, having constant specific heats, doing this with the purpose of being able to 
write explicit formulae. Consider first the Riemann invariant J_. As before, because 
this characteristic family originates on the x-axis, where this invariant is constant, it 
remains constant in all region I 


J_-=u Cs = CO; (6.213) 


thus 


2 y-1 


pee Cs = Cot ——U. (6.214) 


u=— 


The @, characteristics originate at the gas—piston interface so in the figure they are 
on the left of OA. Therefore the relevant, for them, velocity of the gas is the same 
as the velocity of the piston Xpiston(t) < 0. Consequently, the sound speed as well as 
the pressure and density immediately adjacent to the piston are smaller than their 
initial values and decrease with increasing absolute value of the piston speed. The 
@,. characteristics originating at the piston are straight lines, remembering that J_ 
is constant everywhere, whose slopes vary. They are 


dx +1 +1,. 
( ) = utes = c+ =u = cy — = |ipison|- (6.215) 
+ 


dt 2 DD 
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In the acceleration region (II), delineated on the left by the characteristic OA’, the 
characteristics fan out, i.e., are divergent. In region III, where the piston moves with 
constant velocity, the @. characteristics become parallel again and their slope is 


d \ 
(F) Sn aes (6.216) 
+ 


In that region the J; invariant is the same for all characteristics and is 


co t2u= 


' oa = z co —2V. (6.217) 
yas I vol yo! 


J, =u 


Also, in region III the flow variables are constant with u = —V, and c, = co(y— 
1)V/2 = cy. It is possible to obtain an analytical solution for this problem for a 
perfect gas with constant specific heats if the acceleration of the piston is specified. 
In Problem 6.23, it is shown that assuming the velocity of the piston is dxpiston /dt = 
—V(1—e~*/*), t > 0, the velocity distribution is implicitly given by 


1 1 
r= (+5 u)rmuttt (+2 w+V) tog(1+ $). (6.218) 


Using this result we can consider now the concept of a centered rarefaction wave 
as a limit of the previous problem. Imagine that the acceleration period of the 
piston t; < t < 0 tends to zero. This can happen, of course, only if we imagine 
an infinitesimal period of infinite acceleration with the final velocity, V, which 
remains then constant. The segment O’A’ thus tends to zero and the points O and 
O’ approach each other. At this limit of an instantaneous jump to the final velocity 
of the piston —V the characteristic O’A’ originates at the same point as the OA one. 
However, region II continues to contain fanning-out characteristics, as point A’ does 
not approach point A. All the three lines, the one designating the piston path, the 
head of the wave OA, and its tail OA’, originate at the same point. Such a wave is 
called a centered rarefaction wave. The simple prescription of such a centered wave 
has the form 


x= [utcs(u)]t, (6.219) 


since the considerations here are very similar to the ones employed in our previous 
description of the breaking water wave. The constant K (uw) of Eq. (6.210) is however 
equal to zero because it is proportional to T, if one formally obtains Eq. (6.219) by 
taking the limit tT — 0. We may write the explicit solution of a centered rarefaction 
wave for an ideal gas with constant specific heats. The constancy of J_ gives 


1 
zal, «<0. (6.220) 


7 Y 
Cs =CO— 
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Fig. 6.9 The distribution of the velocity and density in a centered rarefaction wave moving to the 
right. For details, see text 


Using 
2/(y-1) 
y-1l|u 
P = Po f 5 | , 
pa (6.221) 
Po 


we may eliminate c from Eqs. (6.219)—-(6.220) to get an explicit solution of the 
variables as a function of the coordinates x and ¢. For the velocity we obtain 


|u| = =I (co- *) (6.222) 


and the functions for p and P follow accordingly. It is interesting to note from the 
formula that as we have expected the head of the wave, where u = 0, should move 
along the line x = cot, while its tail, where u = —V, should move along the line 
x = (cy; —V)t = [co — (Y+1)V/2]. In Fig. 6.9, the density and velocity of a centered 
rarefaction wave are shown at some instant. Actually |u| depends on the coordinates 
only through the ratio x/t, it is therefore self-similar (see also below in Sect. 6.4.6.2). 


6.4.5 The Mathematical Analogy with Shallow Water Waves 
and Its Consequences 


We have already discussed the fact that a remarkable analogy exists between the 
equations describing one-dimensional compressible gas flow and the equations 
describing the flow of incompressible fluid in a constant vertical gravitational field, 
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with a free surface at some height from the bottom. We have considered the latter 
problem as a part of nonlinear surface water waves theory and discussed it in 
Chap. 4 in, e.g., Sect. 4.1.4 et seq. We recall here the definition of a key quantity, 
having the dimensions of velocity, in water waves theory: cz = \/gh, where h(x, t) is 
the water depth, and g is the constant acceleration, directed downward. The setting is 
identical to that of Chap. 4 and so is the notation. We shall, from now and on in this 
discussion of water waves, use c, +> c. Note that here c is not the speed of sound. 
In incompressible fluids sound speed is nominally infinite, while c is an important 
physical velocity scale in the problem, as we have seen in Chap. 4 and as we shall 
see below. Rewriting the shallow water equations (4.77), (4.78), and (4.76) for a flat 
bottom, Ly = const., water height h(x,1) and using c*(x,f) = gh(x,f) with g pointing 
in the —z direction, 


Oh d(hu) _ 
toe =O (6.223) 
du du d(c*) 
cy oF, — re (6.224) 
Ou 
w(x, z,t) = tS (6.225) 


we can see that the first two equations may easily be put into the more revealing 
form (verified in Problem 6.24) 


ra) ra) 

| 5; t (ute) A E ! 2c| =0, (6.226) 
ra) ra) 

s+ (u—c) 2 E 2c| =, (6.227) 


while the third equation (6.225) is decoupled and provides information on the 
vertical velocity w. 

Being aware of the formulations for a compressible gas flow in Sects. 6.4. 1-6.4.4, 
including the mathematical and physical insights developed there, we see that there 
exist characteristic curves upon which combinations of u and c remain constant. In 
particular, we choose here to represent these two families of curves @., denoting 
positive/negative characteristics, by a coordinate parametric representation, using 
the parameter s. In the plane (x,t) the characteristic curves are x(s) and t(s), 
such that 


dx 


dt 1 
ds 


dg” 


= u(x,t) £c(x,1), 


respectively. Our presentation of characteristic curves here differs slightly from 
that done in one-dimensional gas dynamics above, but the formal difference in 
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parametrization is not essential. A parametric representation of the present kind 
could have been done also in Sects. 6.4.1.2—6.4.4 and the reason of our choice here 
is to show the reader two possible equivalent representations. 

In the discussion of the shallow water equations in Sect.4.3, the functions 
corresponding to Riemann invariants, as defined in this chapter, are given by ut 2c, 
where c = \/gh in which A is the layer thickness. Very loosely speaking, similarity 
to the gas dynamics formulation can be achieved by setting formally y++ 2. Most 
importantly, along each of these characteristic curves, the quantities u + 2c remain 
invariant. When we do not limit ourselves to a linear problem the dependence of 
the curve’s coordinates with respect to the parameter is no longer simple and, in 
general, the characteristic curves cease to be straight lines. To make this clearer let 
us take the example of a positive characteristic @,. Although the quantity u+ 2c 
is constant along @, the value u-++c might not be and so the way the location of 
the characteristic’s spatial position changes with respect to the parameter s depends 
upon the value of u(x,t) + c(x,t) evaluated at its given position |t(s),x(s)]—the 
challenge here being that neither uw nor c are known a priori. It would seem that 
the elegant reformulation of the nonlinear equations of shallow water into the form 
found in Eqs. (6.226)-(6.227) does not seem to have made things easier. With 
hindsight, of course, we have presented this equivalent form of the shallow water 
equations because for certain problems the solutions can be determined with relative 
ease. For example, the well-known problem of the flow resulting from a sudden dam 
break is analogous to the problem of a rarefaction wave in gas dynamics. We shall 
end this foray into shallow water theory by fully working out one particular example. 
The choice of this example is motivated by the analogy to shock wave formation 
in gas dynamics. The problem setup is simple: a semi-infinite tank of water filled 
to a level equilibrium height hg. At the position x = 0 is a moveable plate and at 
t = 0 the plate starts to be accelerated rightward so that its velocity is U(t) = at, 
with @ > 0 an arbitrary constant. The position of the plate X, is, therefore, equal 
to (1/2)at?. A schematic drawing of the situation is presented in Fig. 6.10. The 
equations of motion we aim to solve are (6.226)-(6.227). In terms of the time- 
space diagram properties for this situation (Fig. 6.12), there exists a natural causal 
boundary given by x(t) = cot, where co = \/gho, indicating the point out beyond 
which the fluid remains undisturbed by the events around the moving boundary. 
In the undisturbed (u = 0) region of the fluid, the positive/negative characteristic 
lines are all of constant slope and equal to +cg, respectively. Along each of these 
characteristics the Riemann invariant quantities uv + 2c = +2cg are preserved. All of 
the positive characteristics anchored to any point x > 0 at t = tg = O never influence 
the problem so there is no interest in them. All the negative characteristics, anchored 
to x > 0 at t = 0, begin to curve about one as they enter the disturbed region of 
the space-time diagram. The region is above the causal line and below the plate’s 
space-time trajectory. On the negative characteristics the invariant u— 2c = —2co is 
preserved. Thus the equation of motion satisfied in the disturbed interior region is 
the one for the positive characteristic with 2c replaced by u + 2co, that is, 
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Fig. 6.10 Hydraulic jump schematic figure. For tf < 0 the configuration is static with fluid at a level 
height ho. At t = 0 the vertical plate begins to move with the velocity U = at causing the fluid in 
front of it to pile up. The moment at which the hydraulic jump occurs is indicated as the first instant 
the negative gradient of the fluid height becomes infinite. This time occurs at t = t) = 2co/3a as 
given in the text. The height of the layer at the plate at this instant is 16/9 /9 


a 3\ a 
E i (co : 5") + p26. (6.228) 


This equation is none other than the Burgers equation in one dimension, which we 
discussed in Chap. 4. It has an implicit solution given by 


3 
w= F (x—cut— 5) . 


for some function F of a single argument. As it stands, all we know is that this 
function exists, but we do not yet know its form. However, we have information 
that will lead us to its form and, from it, determine an explicit solution for u and c, 
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as a result. The velocity field and the plate’s location play the role of a boundary 
conditions of sorts and may be exploited to infer the functional form of F(é). Since 
at any time f the plate’s position is given by (1/2)a* and its velocity is at, the 
functional form for uv should be consistent with this, thus 


1 3 
at=F (0 =o 5a?) =F (-at’ —cot). (6.229) 


In the purpose of finding the explicit form of F the following coordinate transforma- 
tion € = —at” — cot proves itself useful, since we can manipulate this identification 
to get our desired result. Specifically, we write ¢ as a function of & to find 


2at(§) = —co+ 4/03 — 406. 


Now the answer reveals itself: for t > 0, which is the same as & < 0, we find that the 
functional form of F as it is in Eq. (6.229) can be written in a more transparent form 


F(E) = ; [-co+ \/e2 408 (6.230) 


The velocity field can be expressed implicitly as 


1 
u=F(s cot 5H) = 5 cot yd sar( cot se). (6.231) 


but it is a simple matter to solve for u explicitly as a function of x and f: 


2 
2u(x,t) = — ( _ 501) + (< 5a 4a(x— cot), (6.232) 


and for c 


3 3 \* 
4c(x,t) = 4cp + 2u = 4co — (« - 5a) + 1G sar) 4a(x— cot). 
(6.233) 


As we know from our examination of the Burgers equation in Chap. 4, we expect 
that there is a possibility in which wave breaking occurs. Sea and ocean waves 
break obviously as well (Fig. 6.11), but those waves are mainly “pushed” by wind 
and therefore are more complicated than our simplistic description. In this problem 
this is the hydraulic jump. It occurs when the above solutions for u and/or c cease 
being single-valued and that is, of course, when the argument inside the square-root 
operation passes through zero. Another, perhaps more intuitive, way to understand 
the hydraulic jump is to say that it coincides with the place and time where the 
gradient of the function c 
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Fig. 6.11 A photograph of a breaking wave on the ocean. Even though these waves are mainly 
“pushed” by surface wind, this picture is very similar and suggestive to demonstrate wave breaking 
as in a hydraulic jump. (Author: Shalom Jacobovitz. Image cropped. Licensed under the Creative 
Commons Attribution-Share Alike 2.0 Generic—http://creativecommons.org/licenses/by-sa/2.0/ 
deed.en) 


V (co Zar)? 4a(x—cot). 


becomes infinite, which occurs when the expression inside the square-root sign is 
zero, ie., at t = ty = 2co/3M and x = cotp. The height of the fluid at this moment 
in time evaluated at the plate is given by c?(x,t)/g = c?(at?/2,t»)/g = 16h0/9. 
Interestingly, all these conclusions could have been determined without appealing 
to the implicit solution of the nonlinear wave equation but, rather, by applying 
the geometrical reasoning, using the method of characteristics. As we had stated, 
the negative characteristics entering the disturbed domain begin to deviate from 
straight lines, but they all carry the same value of their respective invariant quantity, 
namely, u — 2c = —2cg. On the other hand, the positive characteristics pinned to 
the plate are straight lines because u and c are constant on them. One may easily 
write the equation of this positive characteristic line. Choosing a reference point f1, 
say, we see that on the space-time diagram the plate’s coordinates are represented 
by (x,t) = (at?/2,t). The corresponding characteristic line must emerge from 
the plate’s position with a constant slope given by u+c = 3u/2+ co. However, 
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because the plate’s speed at time ft) is given by u = ay, the slope of the emergent 
positive characteristic line has to be 3art; /2 + co. Therefore, the equation of the line 
containing that point is (see Fig. 6.12) 


1 3 
x(t) = al + (Fan +a) (t—t1), (6.234) 


where u has the same value all along this line and is equal to at,. Furthermore, 
an explicit expression for t(x,t,0,co) is derivable by solving (6.234) directly 
for t;. Therefore putting these together yields an expression for u, that is, u = 
Ot) (x,t,@,co). The resulting expression for wu is identical to the one found in 
Eq. (6.232). 


undisturbed 
region 


Fig. 6.12 Hydraulic jump space-time diagram. The undisturbed region is depicted for x > cot. 
A plate with velocity U = at has a position given by x = (1/2)at” and the disturbed region is 
found between the two lines shown. All positive characteristics in disturbed region are straight 
lines following the same arguments of the dam break problem uniqueness 
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6.4.6 Examples of Additional Specific Topics 
6.4.6.1 Steady Isentropic Flow Through a Nozzle 


In Chap.2 we have summarized in Sect.2.3.5 the various forms of Bernoulli’s 
theorem, valid for different conditions. To demonstrate the power of these theo- 
rems we gave a number of examples and among them deviated briefly from the 
usual incompressible flows into the compressible flow regime. In Sects. 2.3.6.1 
and 2.3.6.2, the nozzle and the Bondi problems, respectively, were described. 
Both involve compressible flows and may contain critical sonic points, but those 
Bernoulli’s theorems that are valid also for compressible flows were sufficient 
to obtain important features of these examples, without actually solving them 
explicitly. Here we shall devote some space to discussing, in more detail, steady 
flow through a nozzle. Equation (2.32) may be transformed to an approximately 
one-dimensional form, whose variables depend only on x, say, due to the assumption 
that the nozzle is narrow, thus 


ldu 1 1dA 
udx M—1A dx’ 


(6.235) 


where A(x) is the cross-sectional area of the nozzle. We may summarize the cases 
of diverging (dA > 0) and converging (dA < 0) nozzle, or parts thereof thus 


¢ Diverging nozzle: 
For M < | we have du < 0 — dP > 0 as obtained from the equation of motion 
pudu/dx + dP /dx = 0. This case is referred to sometimes as a subsonic diffuser. 
For M> 1 we have du > 0 > dP <0. 

* Converging nozzle: 
For M < 1 we have du > 0 > dP <0. 
For M > 1 we have du < 0 + dP > 0, (supersonic diffuser). 


A transonic flow, proceeding continuously from subsonic to supersonic speeds, 
must at some point pass through M = | and it is mathematically evident from 
Eq. (6.235) that it can only happen for an extremum of A(x). Exploiting the 
relation (6.147) we get, by substituting into Eq. (6.235) 


ldM  1+(0-1)M 1dA 


= 2 
M dx M2—1 A dx’ 0220) 


where I” is the fundamental gasdynamic derivative, defined in relation (6.144). The 
case which interests us, M= 1, dA/dx = 0, cannot be directly treated by this equation 
because we have an indeterminate singularity of the sort 0/0, but one may take 
recourse to |’ Hopital’s rule, yielding 


2 2 
(=) _P ada (6.237) 
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This is a tractable equation and in fact guarantees that must have the same sign 
as d2A / dx. Nevertheless, two possibilities still exist, in principle, dM/dx > 0 and 
dM /dx < 0. The case I > 0 is the physically acceptable one as all normal gases 
in usual circumstances have a positive fundamental gasdynamic derivative. Cases 
of unusual I” < | include the area variation of a transonic passage, the behavior 
of adiabatic flow with friction, some nonlinear wave propagation, special fluid 
composition, and only few other cases. In the case we adopt as being usual, A attains 
a minimum at the central throat and we have subsonic velocity, increasing in the 
converging part of the nozzle (upstream), up to the sonic point, where it crosses 
the sound speed and continues to grow. The case of a maximal cross-sectional 
area in the middle of the nozzle requires a negative second derivative of A there 
and thus negative I”, which is usually unphysical. Thus we may summarize that a 
subsonic — supersonic transition of normal (I” > 0) fluids can occur in a nozzle 
only at the area minimum of the throat. Such a converging—diverging nozzle is, as 
we may recall from Sect. 2.3.6, called de Laval, or supersonic nozzle. This is the 
normal operating mode of such nozzles, however the case of reversed flow, in which 
supersonic — subsonic transition occurs at the throat, is also allowed, as we saw, by 
the equations. It can be approximately realized in some practical situations, which 
we shall not discuss here. Finally, it is worth remarking that although a transonic 
transition occurs only at the throat, it does not mean that it must occur there always, 
in any flow. Assume that in Eq. (6.235) at the nozzle’s throat point (dA/dx = 0) 
M + 1. This means that the throat point is not a critical point any more and either the 
flow will be subsonic through the whole nozzle or supersonic throughout. 

The results discussed here are correct for any normal gas, not only for one 
obeying the perfect gas EOS. We would like to state, in particular, that the result 
displayed in Fig. 6.4, which depicted the normalized mass flux density as a function 
of M,, remains qualitatively correct for any normal gas and circumstances. In 
particular it provides the existence of a maximal mass flux (discharge), i.e., mass 
per unit time, through a nozzle (tube of variable cross section, but narrow enough so 
that the flow can be assumed one-dimensional). As long as we assume a steady flow 


with no body forces, we get from Euler’s equation udu = —dP/p. The isentropic 
flow assumption guarantees dP = c2dp and this gives 
dp Uu d(pu) Ta 
—F=--p) = = 1-— 6.238 
du p ce du p cy’ ( ) 


where the obvious relation d(pu) = pdu-+ udp was used. Evidently, the mass flux 
density is maximal at the sonic point u = cs, which is the throat of the nozzle 
and there we have the flux density p,u,, because if it would have been attained 
elsewhere it would be larger that the maximum. Therefore the mass discharge rate 
is determined there and is 


Om = PxtsAmin- (6.239) 
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6.4.6.2 One-dimensional Similarity Flow 


Similarity flows occur often when a problem is devoid of a typical physical 
dimensional scale, for example, a nonsteady one-dimensional flow in which there 
are typical velocities but no typical lengths. If a quantity having the dimensions of 
length cannot be constructed from the typical physical quantities of the flow and 
a typical velocity parameter exists, it follows that the dependence of the physical 
variables on the coordinate and time must always be throughout the ratio x/t, which 
has the dimensions of velocity. This causes the flow to be self-similar because all 
lengths must be measured in a unit which increases proportionally with time and 
this means that the flow pattern does not change in time. Defining the only relevant 
independent variable as € = x/t we get 


d 1d ad. éd 
dx tde’ or tae eae 


The condition for an isentropic flow can be easily found for such flows to read 
(u— &)s' = 0, where the prime denotes there the derivative with respect to the 
similarity variable €. This guarantees constancy of entropy with respect to the 
similarity variable, since the other choice, u = &, contradicts other equations of 
motion. Regarding those, it is easy to find that the other components of the velocity, 
besides the x one, are constants and, without limiting generality, may be chosen 
as zero. In addition, the equation of continuity and the x component of the Euler 
equation yield, respectively, 


+ u=— +u=— =0 => (u—&)p'+pw =0, (6.241) 


= =0 = (u—&)u’ =—vP’ =-ve’p'. (6.242) 


The first equation here contradicts the previously mentioned choice u = &, because 
then uv must be constant and we do not have any significant flow in the current frame 
of reference and zero flow in the fluid frame. 

We discard the trivial solutions: u = const., 9 = const., and eliminate u’ and p’ 
from these equations. This results in (uw — &)? = c? and thus € = uc. A choice of 
+ out of the two means that we select the positive x direction in a manner explained 
below. Substituting thus u— & = —c, this choice in Eq. (6.241) yields pdu = cdp. 
We now decide that for this homentropic gas, p will be the second independent 
thermodynamic variable and so the velocity is formally 


u= [bap = | ep = | v-aPav, (6.243) 
Cc 
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and the notation in the third integral means that one of the differentials is first 
expressed by the variable of the other differential, leaving open the choice. Our 
equation is x/t = u+c and one of the first two integrals above give the implicit 
dependence of p on x/t, provided c(p) is given. For a perfect gas with constant 
specific heats, this is soluble explicitly (Problem 6.25). In that problem we also 
discuss the implication of the choice of the x-axis direction, as made above, when 
we took € =u+c. 


6.5 Shock Waves 


6.5.1 General Shock Conditions 


A shock is a very thin region, across which there is fluid flow and there are rapid 
variations of state variables. Across such a shock, one state of local thermodynamic 
equilibrium transits to another one. The transition is rapid and the width of the 
shock is actually the small distance needed for thermodynamic relaxation. A shock 
is usually approximated as a surface of discontinuity in space, this idealization 
being the result of the inviscid approximation of gas dynamics and the assumption 
that there is one kind of fluid on both sides. Real physical shocks have a non-zero 
thickness 6,,, depending on the nature of the gas and the physical condition of the 
flow through the shock, allowing for an internal structure of the shock. We start our 
discussion, however, by using the discontinuous idealization. It should also be clear 
that a shock front is not necessarily stationary in the fluid and may propagate in it. A 
supersonically moving blunt object creates a bow shock in front of it, which usually 
smoothly joins the Mach cone. The idea behind shock formation is connected with 
the fact that the sound speed is the maximal speed of information propagation in a 
gas. Thus in a supersonic flow onto a stationary wall, for example, it is impossible 
to communicate the existence of the wall upstream. Thus the flow hits the wall 
and as a result a piling up of the fluid, a density jump (a shock) is created and 
it may propagate upstream. Another typical example in which shocks occur are 
explosions idealized as sudden injection of energy in a point of a gas. These, be it 
a supernova or a nuclear explosion, create, under idealized conditions, a spherical 
outgoing shock wave, which propagates into the undisturbed medium. Such shocks 
are usually called blast waves. To define the shock conditions we need a great deal 
of nomenclature and we face this at the outset. Let the flow take place in a plane 
and the velocity vector function, in an inertial frame, be denoted by w. We consider 
now a shock in the form of a surface perpendicular to the flow plane and moving in 
the inertial frame with velocity U,,, say. The gas flows through the shock, and we 
denote the upstream side by the index 1, while the quantities on other side have the 
index 2, as in Fig. 6.13a. 

The definition of the regions on the two sides of the discontinuity is best done 
similarly to the procedure usually performed in electromagnetic theory when there 
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Fig. 6.13 Definition of the relevant directions and velocities in the inertial (a) and shock (b) frame. 
For details, see text 


is a discontinuity in the dielectric constant and/or the magnetic permeability. One 
imagines a control volume, composed of two control surfaces S$; and S2 each parallel 
to the shock, but on the opposite sides and very close to it, say at a distance €L, where 
the flow’s typical scale is L and € << 1. The surfaces are equal, S; = S2 = S, and 
also considered small, i.e, S&L. Thus formally with ¢ — 0 we achieve the shock 
jump conditions at a point. Let fi; be the unit normals to the control surfaces pointing 
into the side labelled i. Moving now into the shock frame, we have the positive, i.e., 
inflow into the control volume from side 1, perpendicular component of the fluid 
velocity, called u;, and the positive, i.e., outflow out of the control volume into side 
2, perpendicular component of the velocity, called by wz as in Fig. 6.13b. Denoting, 
as usual, a vector by a bold typeface and its size by a regular typeface we obtain the 
following relations 


uy = —(wi — Ugh) - 
uw = (W2 —Us,) “fin, (6.244) 
which can be verified by examining Fig. 6.13. Applying now physical conservation 
laws of mass, momentum, and energy plus the second law of thermodynamics to 
the control volume, that is, integrating the Eulerian inviscid equations (see Chap. 1), 
over the control volume, and remembering that a limit of its shrinking to zero, as 
explained above, is actually taken, we get 
P2uU2 — piu, = 0, (6.245) 
—Pofy — Pi hy, (6.246) 


P2W2u2 — Ppirwi uy 


1 1 7 x 
pP2 («: t 5"3) u2— Pj (« t 52) uy = —Pofn- W2 — Py, -wi, (6.247) 


P2s2u2 — pisiu, > 0. (6.248) 
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A physical clarification is in order. Despite the fact that the shock thickness has been 
effectively equated to zero, that is, the gradients in the shock are formally infinite, 
we have still allowed ourselves to neglect viscous and heat transport effects. This 
is actually an assumption, which posits that it is always possible to select a control 
surface, such that the velocity gradients are small enough to justify the inviscid 
approximation despite the very small thickness over which the changes occur. It is 
an interesting fact that the viscosity and heat conductivity of gases are typically so 
small that these conditions are usually satisfied in practice. Still, there are cases in 
which the inviscid assumption cannot be used inside the shock front. We will discuss 
an example of such a case below. 

We shall now give a number of hints for Problem 6.27, in which Eqs. (6.245)- 
(6.248) are shown to allow for a very significant simplification. 


Mass: The first equation is already as simple as it can be. 
Momentum: Adding U,, (p11 — P22) = 0 to Eq. (6.246) and using fig = —fhy 
yields a vector equation 


P2U2(W2 — Ush) — piu1(wi — Ush) = fy (P2 — P1). (6.249) 


If one chooses the perpendicular unit vectors fi;, t, in the plane of fh, and w; — 
Ugh, and a third unit vector, b, perpendicular to that plane, completing the unit 
vector triad, the components of Eq. (6.249) yield simplified equations. 

Energy: Adding P2u2 — P;u; to both sides of Eq. (6.247), with pu = p2u2 = 


PiU gives 
1, 1, ms 
pu nt 5 t+ 54 = (P2 — P,)Ugn- fi, (6.250) 
which can be transformed to 
1 4 1 4 
hat 52 bit sur = (W2 — wi): Ugh. (6.251) 


A notational convention is that the jump in any quantity across a shock is represented 
by writing it in square brackets, e.g., [Y] = Y2 — Y;. Using this notation and the fact 
that v = |v1|,= |v2| is the component of the fluid velocity parallel to the shock (can 
you show it?), we may summarize, using Problem 6.27, the shock jump conditions 
in the following simple equations: 


[pu] = 0, (6.252) 
[P+pu’] =0, (6.253) 


[v] =0, (6.254) 
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[h+ =u] =0, (6.255) 
[s] > 0. (6.256) 


The above shock conditions involve only velocities relative to the shock w; — Usp. 
Moreover, the only motion of the shock front that has physical or geometrical 
significance is the motion normal to the shock. The tangential to the shock front 
component of Usy, which we called v is just an invariant across the shock. Thus 
we can always choose U,, in such a way as to make vj = v2 = 0. Thus the shock 
is a normal shock. This discussion can be summarized by the following important 
statements: 


1. The shock jump conditions (6.252)—(6.256) are correct for any observer. 

2. The above conditions hold irrespective of the constancy of the shock velocity 
or the fluid velocity ahead of the shock. 

3. Every shock can be reduced to an equivalent normal shock. 


Formally, the last statement is accomplished in the following way—we start by 
adding a tangential motion to the shock front, which as we have seen has no physical 
effect, defining effectively a new shock velocity 


Un = Usn + vt, (6.257) 


where t is the unit tangent vector to the shock. 
Then we can write (see Fig. 6.13b) 


w, —Uy, = —uymy+vt >= w, —Us = —uyny, (6.258) 


w. —Ug, = —mwty+vt == w- Us = —uphy. (6.259) 


6.5.1.1 Example: Equivalent Normal Shock for a Bow Shock 


In Fig. 6.14 we see a bow shock, created by a relatively compact object, a high 
speed massive star, moving supersonically in the interstellar medium. The speed of 
sound in the interstellar medium is low due to its low temperature, so the supersonic 
motion is not because of the extremely high velocity of the object, it is rather 
because of the relatively low sound speed. Assume, for simplicity, that the compact 
object is traveling with constant velocity —W.. into a uniform medium. The bow 
shock wave, as we understand it, has a stationary nature, relatively to the object 
as it precedes it, moving with the same velocity. For an observer on the compact 
object, which produces the bow shock, Us, = 0 and w; = W... For an observer on 
the ground U,, = —W.. and w; = 0. The procedure of reduction to an equivalent 
normal shock at each point proceeds naturally in the following way. Pick a point 
on the bow shock, P, say, and let the bow tangent at that point make an angle 
a with the apparent axis of symmetry of the bow pointing ahead. Then, a little 
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Fig. 6.14 The high velocity star (24km/s) ¢ Oph, 20 times more massive than the sun, and its 
wind compress the interstellar matter in front of it, creating a bow shock (seen in IR). The distance 
to the object is ~450 light years. Public Domain. Author: NASA/JPL-Caltech/Spitzer ST. Courtesy 
of NASA via Wikimedia commons—http://eol.jsc.nasa.gov/Info/use. htm) 


reflection will help us to understand that in the frame of the moving star and the 
bow shock we will have a perpendicular inflow into the bow shock, at a point P, 
with a velocity u; = W..sina. In the frame of an observer on earth we will see 
the shock moving into the interstellar medium with a velocity having the following 
velocity components at point P: —W...sin @ perpendicular to the shock and W... cos % 
in parallel. The directions of the normals (to both sides) are obviously related to a. 
Thus all shocks can be treated at a point as a normal shock as there is no local 
physical distinction between any shock and its normal equivalent. This perhaps is 
the reason for singling out the shock conditions, given by Eqs. (6.252)—(6.256), with 
the trivial exception of Eq. (6.254), i.e., the normal shock conditions. 


6.5.2 Rankine—Hugoniot Adiabat and Jump Conditions 


The principal shock conditions, omitting the trivial [v] = 0, are given explicitly 
according to Eqs. (6.252)—(6.256) as 
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P2u2 = piu, 


Po + prus =P, + piuy, 


1 1 
ha + 5uh = hi + suis 
9 >sl, (6.260) 


and may be perceived as a problem, in which the shock velocity, Usp, and the 
velocities expressed in the shock frame, ahead, i.e., on side 1, of the shock are known 
and the question is whether these are enough for the unique determination of the 
conditions behind the shock, i.e., on side 2. For example, a shock front advancing at 
a known velocity into a known stationary fluid would be a problem of this type. An 
already mentioned assumption has to be applied if we want to answer this question. 
It is that the fluid ahead and behind the shock is essentially the same, that is, having 
the same equations of state and composition, precluding the consideration of any 
chemical reaction at the shock. We shall assume this here, as the simplest case, and 
proceed to investigate this question. 

Exploiting the constancy of the mass flux (9; 4; = P2u2) we may call this constant 
J. Combining the first (mass) and second (momentum) equation in (6.260) gives 


uiu2{p] = [P]. (6.261) 


Now, multiplication by p12 gives an equation which can be written using specific 
volumes, D = 1/p, instead of densities, thus 


pas. (6.262) 


This formula, together with the relations u; = Jv;, G=1,2), relates the perpendicular 
entry and exit speeds into and out of the shock wave, in the shock frame, to the pres- 
sures and densities on the two sides of the shock surface. As J* > 0 either Py > P} 
and UV; > U2 or vice versa. As we shall see below only the former case can occur. 
Finally, substituting [P + J 243] = 0, which is another way of writing the momentum 
conservation in the obvious relation [u] = J[v] we obtain the important relation 


[u]” = —[P][v]. (6.263) 


Moving on now to the energy equation (third equation in 6.260), we write it in the 
form [+ 5J707] = 0 and substituting J? from Eq. (6.262) we get 


1 
ha —hy = 5(P2—Pi)(v2+ 01), oF (6.264) 


1 
e2—e1 = —5(P2+Pi)(v2— 01), (6.265) 
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Fig. 6.15 The shock adiabat. The isentrope P < v7 is also displayed (dashed line) 


where the second equation follows from the definition of enthalpy in terms of 
energy h = e+ Pv. Equations (6.264)-(6.265) have considerable importance for 
the understanding of shocks and are called interchangeably Rankine—Hugoniot 
equations or Hugoniot adiabat or the shock adiabat. We shall discuss them now, 
and for the sake of clarity will do it for a perfect gas, for which it will also be 
possible to derive the celebrated Rankine—Hugoniot jump ratio conditions. First 
and foremost we define some useful quantities. The first of these will be the shock 
Mach number M; = u/c, while the nondimensional pressure jump is defined as 

TI = [P]/(picz). The numerical value of IT is, by definition, the measure of the 

strength of the shock. Shocks are also classified according to the sign of [P], 
where [P] > 0 (< 0) corresponds to compression (rarefaction) shocks. Limiting 
the discussion now to a perfect gas with constant specific heats, we write h = 
cptconst. = {y/(y—1)}Pv-+const. Thus Eq. (6.264) reduces to the pressure jump 


ratio condition 
P i 1 = 
2 | Se) eee (6.266) 
P| y-1 vy y-lv, 


The isentrope adiabat is P2/P, = (v2/v1)’ and one may consider a collection of 
such functions P(v), taken as the values of these quantities with index 2, while those 
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Fig. 6.16 Four shadowgraph images represent early re-entry vehicle concepts. A shadowgraph is a 
process that makes visible the disturbances that occur in a fluid flow at high velocity, in which light 
passing through a flowing fluid is refracted by the density gradients in the fluid resulting in bright 
and dark areas on a screen placed behind the fluid. A blunt body produces a shockwave in front 
of the vehicle that actually shields the vehicle from excessive heating. It was used in the Mercury, 
Gemini, and Apollo projects. (Public Domain. Author: NASA/Ames research center. Courtesy of 
NASA via Wikimedia commons—http://eol.jsc.nasa. gov/Info/use.htm) 


with index | are regarded as constant parameters. Points lying above P;/P, = 1 in 
Fig. 6.15 are compression shocks. The Gibbs equation dictates that for a perfect 
gas (Os/OP), = cy/P thus points above the isentrope all have s > s1, if s; is 
the isentrope value. We see in Fig.6.15, which reflects the true equations, that 
compression shocks have s7 > s,, which is in agreement with the shock condition 
[s] > 0. It follows that only compression shocks are possible, at least in this case of 
a perfect gas, but actually also in all non-exotic fluids. We show here, in passing, 
some bow shocks experimented by NASA for re-entry vehicles (Fig. 6.16). Details 
can be found in the figure caption. 

In order to reach some general statements on shocks we start by rewriting the 
first of the Rankine—Hugoniot equations in the following form 


[v][P]. (6.267) 
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We wish to obtain a relation between [P] and [s] and expand h(s,P) and v(s,P) in 
Taylor series. Using the thermodynamic identities T = (0h/0s)p and v = (dh/OP)s 
and retaining terms up to third order we get 


2 
l= (Se) PP +e(, (6.268) 


which, when rewritten in nondimensional form, 


[s] i 3 4 
=-HIr’+@ (il 6.269 
e/T 6 1 +r c ) ’ ( ) 


stresses that it is valid for IT small enough, i.e., only for weak shocks. We repeat 
here, for convenience, the fundamental gasdynamic derivative 


4/020 
= 3 (Se) (6.270) 


as was defined in Eq. (6.144). IT = [P]/(p1c7) was also defined before. Now since 
[s] > 0, [P] necessarily has the same sign as the fundamental derivative. Thus in this 
limit of weak shocks and for I” > 0 (all normal fluids), we may safely conclude 
compression [P] > 0 as a result that is valid not only for perfect gases. From J* = 
—|[P]/[v], we obtain that [v] < 0 and thus [p] > 0 and [wu] < 0. The shock adiabat in 
Fig. 6.15 is for a weak shock. In such a weak shock, because [s]  [P], the entropy 
jump becomes negligibly small, and practically such shocks are adiabatic and their 
adiabat becomes almost indistinguishable from the isentrope adiabat. Consider the 
shock adiabat A in Fig. 6.17, which was drawn for a strong shock. Let the upstream 
gas, that is preceding the shock, be represented by point | and typical downstream 
gas, after passing a strong shock, be represented by the state 2 on the shock adiabat. 
Also, on the adiabat, the point 2w represents the conditions after a weak shock. 
For typical fluids the shock adiabat A will lie above the isentrope (([s] > 0). The 
chord connecting points 1 and 2 has the slope —J*(= [P]/[v]). For the weak shock 
between | and 2w the slope is smaller and very close to that of the isentrope adiabat, 
so from the geometry of the figure we get 


($<) <-P<(F) (6.271) 
dv s(2) Ov } 51) 


($<) ape (6.272) 


Now, for the isentrope 
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Fig. 6.17 A shock adiabat A 

(A) allowing for strong A 
shocks. The isentrope adiabat P 
is the dashed curve (I). For 

details, see text 


; —Slope = -J* 


Vv 


Thus because J = p2u2 = piu 


p3c3 > (p3u3 = piut) > pct. (6.273) 
Hence u; > c1, and u2 < c2, which is a very important result—the relative to the 

shock normal upstream inflow is supersonic, while the corresponding outflow on the 
other side is subsonic. The slight inaccuracy we have allowed ourselves here stems 
from the use of point 2 which represents post strong shock condition, while actually 
we have used relation (6.269), formally approximately correct for only weak enough 
shocks. It turns out, however, that these inequalities hold for strong shocks as well. 
This will be the subject of Problem 6.29. 


Imagine that a strong shock has its strength progressively diminished by [P] 
getting smaller. We thus have u; — c; from both sides and because [u”] = —[P][v], 


[u] —> 0. So at the limit of vanishing strength we have that the two expressions: 
P oP 
uju2 = IF and C= ($) (6.274) 
le] op / 


become identical. Thus what is left from the shock is an acoustic disturbance 


propagating with speed c relative to the fluid. We may thus summarize the important 
points in the following way: 


387 
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1. Since only compression shocks are allowed ([P] > 0) for fluids which have 
positive (0*v/0P7),;, as almost all usual fluids do, then 


P2 > Py (6.275) 

and correspondingly 
P2 < PI, (6.276) 
uy > U2. (6.277) 


2. The upstream flow is supersonic with respect to the shock and the post-shock 
downstream flow is subsonic with respect to the shock, i.e., 


M>1l => (m>c1) 


Mo <1 => (u<c). (6.278) 


Thus disturbances downstream cannot have any effect on the upstream flow. 
3. For weak shocks [s] e< [P], shocks thus become quickly close to isentropic with 
diminishing strength. 


6.5.2.1 Example: Rankine—Hugoniot Jump Conditions for a Perfect Gas 


This example summarizes the ratios of variables on the two sides of a shock, 
in a perfect gas with constant adiabatic exponent, by just y and the upstream 
Mach number u/c; = M. There are several ways of deriving these formulae, each 
involving considerable algebra. We encourage the reader to obtain the form below 
from the original jump conditions and perfect gas relations (Problem 6.30): 


Pr _ (y+ 1)? Mm 

pi (Yt 1) +(y-1)0P -1) wy’ (6.279) 
Po (yt+1) +270 -1) 

T> +1)+2y("? -1 +1)+(y-1)0e -1 

ie [(y+1) +2r( ir CUD) ean 


Note that from these relations it follows that if M > 1, that the pressure, temperature, 
and density increase in a shock and the velocity decreases. It is important to see 
that the density jump has an upper limit even for a very strong (formally infinitely 
strong: M —> ee) shock, which is (y+ 1)/(y— 1), while the pressure and temperature 
jumps have no bound. 
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6.5.3 Radiative Shocks 


Shocks, which occur in the atmosphere, are usually dominated by short timescale 
processes, for example, the post-shock heated gas does not have enough time to cool 
by radiation, before it cools by expansion to the ambient medium. 

The situation may be different in astrophysical applications, for example, we 
devote this section, in conjunction with Problem 6.34, to a brief discussion of 
radiating shocks. To deal with this physical situation in as simple a way as possible 
(but not simpler!) we assume a one-dimensional problem, in which cool gas is 
streaming and for some reason is shocked at a certain point. The pre-shock gas 
is assumed to be at thermal equilibrium, that is, its cooling is balanced by heating 
and therefore it stays at a constant temperature, 7), say. The crucial assumption 
that the shock wave has a very small extent, indeed it can be approximated by a 
discontinuity, needs no justification at this point. It is also obvious that very far 
downstream, after the gas rids itself, in this case radiatively, of the extra thermal 
energy it will reasonably return to some conditions of thermal equilibrium in the 
sense £ = 0, where .2(p,T) is the total cooling function per unit mass. This far 
region is not necessarily identical in its thermodynamic conditions to the pre-shock 
conditions and we shall denote the variables there by the index 3, e.g., temperature 
T3. We have thus three regions, the intermediate one, denoted by index 2, is of hot 
gas not in thermal equilibrium, that is, it has > 0, which indicates cooling. We 
shall concentrate on the transition from the values marked with subscript 2 to those 
marked by 3. Using steady, one-dimensional flow equations: 


pu = const., 


pu +P = const., 


de du 
and the relation 
1 P 
e= —_-, (6.283) 
y=1p 


correct for a perfect gas with constant specific heats, as assumed, one can derive, 
and it is the essence of Problem 6.34, a single equation 


pay -GE =~ L007), (6.284) 


dx 


where the speed of sound for a perfect gas is as usual e = yP/p. Collecting all the 
equations and adding the perfect gas equation of state, 
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Fig. 6.18 The structure of the radiatively cooling region behind a one-dimensional steady shock. 
For details, see text 


P= yo (6.285) 
L 

where the symbols have their aforementioned usual meaning, we can isolate four 
equations for u,p, T, and P. Starting from arbitrary initial values, uo, Po, To, and Po, 
for this problem, one can solve these equations numerically, getting results that 
resemble those plotted in Fig.6.18, where the constant value of the functions, 
marked by the subscript 9 is achieved relatively fast, after only a few cooling times 
(what has to be known to assess the cooling time and how would you do it?). It is 
also possible to reason heuristically that the solution should qualitatively look like 
in this figure. We shall not discuss in any detail the topics of oblique shocks with 
the inclusion of specific radiative cooling behind the shock, to be expanded upon in 
Problems 6.3 1-6.34. 


6.6 Explosions, Blast, and Detonation Waves 


We move on to discuss a topic that is often important in the observation of 
astrophysical or other shocks, notably stellar or man-made nuclear explosions, 
which have been tested and used in the atmosphere in the times before a ban treaty 
was signed between the superpowers, who were the only participants in the “nuclear 
club.” 


6.6.1 Strong Explosion at a Point: Blast Wave 


The search for a reliable fluid dynamical solution to the problem, in which a large 
amount of energy, say &, is released instantaneously at a point (actually, a very small 
volume) of an extended body of gas, naturally arose with the development of first 
nuclear weapons in the 1940s. G.I. Taylor and L. Sedov worked on and solved this 
problem in the U.S. and U.S.S.R., respectively. It is obvious that an explosion of this 
sort will induce a strong shock wave to propagate outward. Assuming that we are 
dealing with a gas of constant specific heats we concentrate first on the, so-called, 
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blast wave phase, in which energy is conserved. Thus the assumption is that the 
wave is not too far from the source, so as to preserve the strong shock conditions. 
Consequently, we may safely assume that the pressure discontinuity is very large so 
that we may neglect P; with respect to P2 and that the post-shock density reaches 
its maximal limiting jump values 


pr = pth. (6.286) 
Dimensional arguments can readily convince one that the gas flow pattern, i.e., 
the solution, must be determined by only two-dimensional physical parameters, 
& and pi, in addition to the radial coordinate r and time ¢. From these, only 
one nondimensional combination can be formed and it is written here as & = 
r(p1/&t)°?. When the governing equations are nondimensionalized they thus must 
depend on r and f only through the similarity variable €. A dimensionless constant 
can obviously be incorporated as multiplying €. We shall call it &, say, and it will 
determine the position of the shock Rp thus 


2\ 1/5 
Rsn(t) = & (=) (6.287) 


1/5 
be dRsp(t) = 2Rsn(t) z ae ( om ) (6.288) 


With time the blast wave weakens, as a shock, because this is the phase of 
conservation energy, i.e., we have the constancy of piR3,U;,. In addition, & is 
expected to be of order 1. 

The challenge now is to solve, in detail, for the interior of the blast wave. Starting 
with the Rankine—Hugoniot conditions in the limit of a very strong shock wave, 
expressed in the frame in which the explosion point is at rest, we get 


yt+1 


pa =P (6.289) 

u = a a (6.290) 
y+1 

Py = SE eye (6.291) 
ra hae 


Define now the dimensionless physical dependent variables 8, v,p as functions of & 
in the following way, expressing the fluid dynamical variables p(r,t),u(r,t),P(r,t) 
for which we have to solve: 
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p(rt) = (75) Be) = pb), (6.292) 
u(r,t) = syn) = - ee) =p _v(é): (6.293) 


= ssycPi(s) me) =” (Z.) vee (6.294) 


We have chosen the coefficients in front of the nondimensional dependent variables 
to be such that they are normalized for & behind the shock, i.e., outside the spherical 
blast wave B(&) = v(Eo) = p(€o) = 1. 

To get (implicitly) &, which is the dimensionless position of the front, we 
write the energy conservation equation for the flow behind the shock, in spherical 
coordinates, 


where the specific internal energy is e = P/|p(y— 1)]. Integrating now Eq. (6.295) 
over all space, from r = 0 to r =», and noticing that at both ends ru = 0 we split 
the space integration into two 


d pfa)l P 1 df? Pi 
0=4n | oe “| rdr+4n | rdr. 6.296 
0 | 2P dt JRy(t) Y—1 ——o 


It is easy to see (show it!) that the second integral is negligible with respect to the 
first one. Integrating now over time, the time derivative of the dominant integral 
gives the total explosion energy 


Rgn(t) P 1 2 2 


which in nondimensional form reads 


327% 50 
GPa |, WE) +alEn*ENEas = 1. (6.298) 


It is simple to understand that the first term in the integral is the fraction of & that 
is in the form of thermal energy and the second term is the kinetic energy fraction. 
This equation implicitly supplies &. 

Now the change of variables from x and t in the fluid dynamical equations to € 
is effected by the replacements 
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P; | Py 
U/Uy me 


~ p/py 


0 1 r/Rsn 


Fig. 6.19 The Taylor—-Sedov solution of the constant energy phase of a strong point explosion, 
showing the inside region of the spherical blast wave for the case y = 5/3 


a, 2d a = §d 
ot = 5 t dé’ cram r dé- 


(6.299) 


In Problem 6.35 it is shown that the fluid dynamical equation in the nondimensional 
variables are 


dp | 2 _  a(By)] 
OTE el ‘3p rE 0, (6.300) 


Elbe sciy (9) - FE) p(n) cam 


2(p-+ av") + 26-5 {5p +B) +85 C (+b0)} 


(6.302) 


_ 4 
5° dé ~ 5(y+1) dé 


This system has to be solved from & to 0 with the normalization condition from 
which, as explained before, € is given implicitly by the integral relation (6.299). 
Using a computer of his vintage, Taylor obtained a complete solution to the problem. 
The value of & = 1.17 was obtained for y = 5/3. This allowed the yield of the 
first fission explosion in New Mexico to be computed by observing the motion 
of the blast wave. The number thus obtained was ~10! ergs. In the Soviet Union 
the problem was lack of electronic computers, but this did not prevent Sedov from 
obtaining a solution to these equations analytically and correctly, in a closed form. 
The interior temperature reaches its maximum at the center, where P/p — ©, and is 
minimal at the edge, in this phase. This is obvious as the shock velocity U,) starts 
formally from extremely high values, but as the blast wave decelerates U,, pe 
the temperature drops, because T o Le In Fig. 6.19 the profiles inside the blast 


Ss. 
wave, as given by the Taylor—Sedov solution, are displayed as a function of r/Rgn. 
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6.6.1.1 Example: Application to a Supernova Explosion 


An explosion of a star as a supernova (of any kind, for that matter) is for all practical 
purposes very similar to the problem treated above. As the star is practically a 
point source, relative to the vast expanses of the interstellar medium, its possible 
explosion as a supernova injects, nearly instantaneously, an enormous amount of 
energy (~10>! ergs) in what can be considered a point. The interior of the blast 
wave is well described by the Taylor—Sedov solution, with the physical quantities 
scaled appropriately so as to be given in physical units, as long as the assumption 
of constant energy holds. With the expansion of the blast wave it causes a denser 
shell to form around it and radiative cooling becomes important (Y > 0). The shell 
becomes cooler and denser and the expanding supernova remnant pushes the shell 
because of momentum conservation. This is referred to as a snow plow phase. This 
is an idealized picture, assuming tacitly that the interstellar medium is uniform. The 
truth is, however, very different. The interstellar medium is typically composed of 
clouds, which are significantly denser than the rare intercloud medium. It is thus 
logical that the blast wave shock propagates at different speeds, according to the 
outer density and achieves the cooling stage at different times. Thus the blast waves 
from different supernovae may merge and this is feasible, in particular when the 
positions of the supernovae are correlated, as is the case in supernovae type II, 
which are correlated with molecular clouds from which massive stars form. On the 
other hand, it has been realized that pre-supernova stars blow strong winds, which 
tend to homogenize the medium surrounding them. In any case, the picture is more 
complicated than just a relatively simple Taylor—Sedov blast wave solution. 

We shall conclude this short discussion by quoting some data on a typical 
supernova. As we have already mentioned the typical energy input is of the order 
of 10°! ergs. We expect the blast wave approximation to hold only for tS 100 years, 
because the wave cannot move faster than the speed of the original ejecta ~10* km/s. 
Att~ 100 years after the explosion, the radius of the blast wave is approximately 
2 pc. Estimates of the total amount of radiation emitted by the supernova in time t ~ 
10° years after the explosion, when the remnant size is of the order of 30 pe, should 
reach the total available energy. At the time of writing of this book, controversy still 
exists whether a fluid treatment of supernova remnant evolution has validity. This 
stems from the fact that a typical supernova emits 2 MeV protons, which are stopped 
by the ambient medium only after 10° pc! Thus magnetic fields (as small as a few 
UG should suffice) have to be invoked, in order to tie the protons to the ambient fluid 
and make their effective mean free path much smaller than the typical system size. 
The alternative is the formation of collisionless shocks, in which chaotic magnetic 
fields play a decisive role in creating discontinuities. 
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6.6.2 Detonation Waves 


So far in this book, except perhaps for very few cases, we have dealt with flows 
of fluids which are homogeneous, that is, their composition in terms of chemical, 
nuclear, or other species is uniform. In this section we shall abandon this rule 
and take into account the possibility of exothermic reactions, e.g., chemical or 
thermonuclear, that may take place during gas flows and may influence considerably 
the flow, by releasing extra energy. We do not wish to discuss the complex subject 
of combustion under a variety of circumstances, but rather mention just the basic, 
but important in our view to students of FD topic of a detonation wave. To observe 
such a wave we must have an exothermic reaction between reactants that are not 
in stable, chemical, or other reactive, equilibrium. The wave is physically described 
as being headed by an ordinary shock wave, which raises the reactants to a high 
enough temperature and pressure, so that the ingredients which are prone to react 
acquire enough activation energy to start the reaction, which may proceed, more or 
less, to completion, in a narrow region behind the shock. The overall thickness of 
the detonation front, i.e., the reaction zone is typically very narrow, e.g., ~1 cm in 
the case of hydrogen—oxygen combustion. The idea is that in the gas with potential 
reactants in it, it may happen that the reaction starts and the front of combustion 
propagates because heat from the reaction is conducted forward into the gas which 
has not yet reacted. If this is the mechanism of propagation of the flame, its speed 
is usually slow and subsonic and we call it deflagration. Our aim is to describe 
qualitatively, and as much quantitatively as we can here, detonation waves which 
differ from the above-mentioned slow deflagration. Assume that a shock wave 
passes through the gas and ignites the reaction at a point it passes, the reaction 
continuing until its completion during a time 7,,. This value clearly depends not 
only on the reaction kinetics but also on the shock’s strength, through the post-shock 
conditions imposed on the gas. The reaction layer will thus follow the shock and its 
width will be Ag = 17s. We have already seen that Ag is small as compared to 
typical problem scales and therefore it is possible, when our system is large enough, 
to consider the shock plus the combustion layer following it as single surface of 
discontinuity. Since the detonation front may be taken as a discontinuity between 
the post-shock and the post-detonation regions, the conservation formulae as given 
for shock waves before hold as long as we pay attention to endow the physical 
quantities with the right indices. Thus the detonation adiabat is given implicitly by 


hi — hy + 5 (01 + 02)(P2— Pr) =0. (6.303) 
Note that this formula is identical to the shock adiabat (6.264), but we have to 
remember that the suffix 1 refers now to the post-shock conditions. The detonation 
adiabat is, in fact, Pz expressed as function of v2 in the above equation with 
P\, vj, and hz —h, considered as constant parameters. This will give the full 
line in Fig.6.20, where Pz and v2 are marked P and v, respectively. Note that 
the detonation adiabat does not pass through the point (v;,P)) and this is due to 
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Fig. 6.20 The detonation 
adiabat (full line) and the 
shock adiabat (dashed) 


Vv; Vv 


the simple fact that h; and h2 are here not the same functions of v; and P;, because 
there are the enthalpies of the gases before (subscript 1) and after (subscript 2) 
the combustion, causing a change in the composition of the gas. In contrast, if 
Eq. (6.303) is perceived as a shock adiabat, the index | refers to the conditions ahead 
of the shock and 2 to those behind the shock, just ahead of the detonation. We plot 
in Fig. 6.20 also the shock adiabat which does pass through the point (v1, P)). The 
detonation adiabat always lies above the shock adiabat, because in the gas after the 
reaction the temperature and thus the pressure, for a given specific volume, is higher 
than that in the gas before the reaction. 

The following additional relations, which we have used in the shock adiabat, hold 
also in the detonation adiabat 


1 
hy —hy + 5 (us — ut) =0, (6.304) 
and 
P)—P 
foe), (6.305) 
Vi — V2 


A possible detonation process can be represented by the route from the point 
(v1,P1) along the shock adiabat, all the way to point D. Then the state is changed 
along the cord DC because of the reaction. The first process is an ordinary shock 
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of the mixed but not reacting reactants and is followed by the beginning of the 
reaction and concomitant expansion to point C. In principle, the reaction may 
perhaps proceed along this cord downwards, however only those points may be 
reached which lie above the point O. This is so because the point E is the lowest 
point on the shock adiabat from which a detonation can follow, through the cord 
EO. The point O is called the Chapman—Jouguet point and no shock — reaction 
sequence is possible to a lower point than O. It turns out that Chapman—Jouguet 
detonations are the detonations that most often occur in nature. 

In order to discuss in more depth the properties of a detonation, let us assume that 
h,, Pi, v1, the upstream thermodynamic variables, are considered as fixed quantities. 
The possible downstream states are on the detonation adiabat, above point O. As the 
slope of the cord between the initial and final states varies with the final point, J* 
must vary too, but the mass flux is 9; so with p; fixed uw; must be allowed to vary. 
The tangent to the shock adiabat at point (v1, P1) has slope (@P/dv); = —p?ct. On 
the other hand, the slope of any cord passing through that point is equal to —J* and 
is smaller than the tangent slope as we are dealing with negative numbers. Thus 


— pict > —P =—p2ut => um > «1, (6.306) 
so that the detonation velocity is always supersonic. Rewriting Eq. (6.305) as 


Poo Fi _ p (6.307) 
Vi — V2 


and holding P; and v, fixed, we differentiate to get 
dP2 + J’ dvy = (v1 — v2)dJ’. (6.308) 
Putting uj = v;J in Eq. (6.304) gives 
1 1 
hy — eo = hy — 57 PL (6.309) 


Differentiating it, holding the thermodynamic state variable of point | fixed gives 


1 
dhy + ’v2dv2 = 5 (Yi —v)dP. (6.310) 
Remembering the Gibbs identity 
dhz = T2ds2 + v2dP2, (6.311) 


and substituting it into the above equation, while using Eq. (6.308), yields 


1 
Todso = 5 (v1 — v2) ds’. (6.312) 


398 6 Effects of Compressibility 


Now since both 7> and the square of specific volumes are positive we get 


dsp 
ap > 0. (6.313) 
Looking at the detonation adiabat we see that J* increases in either direction from 
the Chapman—Jouguet point O. From this it follows that so does the entropy, i.e., the 
Chapman—Jouguet point is the minimum of the entropy for the detonation products. 
In addition, the entropy is stationary in the vicinity of O. Regarding the velocity of 
the products in a Chapman—Jouguet detonation we use for the tangent at O 


OP» 
(52) - pag =’. (6.314) 
Thus 
P=p'v5 =p = wm =00, (6.315) 


implying that in the Chapman—Jouguet detonation the velocity of the products with 
respect to the wave is exactly sonic. 

To sum up, we stress that every point on the detonation adiabat represents a 
possible end state of a reaction (combustion). One of the conventions is that if the 
end state is above O it is called a strong detonation. In such a case we have uy; > c, 
and uz < cz. At O we have the Chapman—Jouguet detonation with u; > c; and 
uy = C2. The region in the vicinity of B produces what is called a weak detonation 
while still lower on the adiabat we have what is called slow burning or deflagration. 
Heat conduction may also occur in some of the cases (see below) complicating 
the picture. The subject of combustion in different limits is very complex and 
constitutes an important topic of its own. We have only touched it in the limit of 
detonation waves and only mentioned the name deflagration for cases in which the 
combustion is not propagating so violently. We shall conclude this chapter with an 
astrophysical example, which gives rise to supernovae type Ia. 


6.6.2.1 Example: Deflagration to Detonation Transition 
in Thermonuclear Burning of White Dwarfs 


Compact objects, that is, stars having incredibly high density, are usually the 
late results of stellar evolution. Medium mass stars with masses of the order 
of magnitude several Suns evolve after exhausting the light elements in nuclear 
fusion burning stages, which take billions of years. If the stellar mass is high 
enough to fuse elements up to carbon and oxygen, but not high enough to achieve 
temperatures needed to fuse these elements, the star will evolve into a red giant with 
an ever shrinking C/O core. Ultimately the envelope will be ejected due to various 
instabilities and the dead core remnant, slowly cooling, will have no choice but to 
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shrink to a sphere whose radius is of the order of the Earth’s and which is supported 
by electron degeneracy pressure. Assuming that such a stellar core has a mass of 
the order of the Sun, its central density will reach enormous values ~10? gcm7~*! A 
C/O core, half-half in abundance, say, supported against self-gravity by the electron 
degeneracy pressure is then a very interesting object, a white dwarf close in size 
to the Earth and close in mass to the Sun, with its supporting force originating in 
quantum mechanics. The astrophysical theory of structure and evolution of white 
dwarfs is certainly outside the scope of this book. Instead of dealing with the details 
of a white dwarf structure, we shall use a simplistic order of magnitude calculation 
to obtain its approximate structure and conditions inside such a star. Our ultimate 
goal will be to describe under what conditions in a star of this kind a thermonuclear 
detonation occurs, creating what is known as supernova Ia. For the sake of simplicity 
we assume that the star is composed of N protons and N electrons and is totally 
ionized because of the enormous density and hence pressure. Its mass is M and 
radius R. The approximate gravitational energy of the object (per proton) is 


GN, 
R ' 


Esray & — (6.316) 
where m, is the proton mass. Regarding the electron degeneracy, which gives 
rise to a Fermi energy per particle, we shall estimate the extreme case of ultra- 
relativistic electrons. This will also help us to obtain approximately the upper limit, 
the Chandrasekhar mass, for an electron degeneracy supported star. Using the Fermi 
momentum 


pp & hn!/3 (6.317) 


where n = N/R? is the approximate number density, in a formula for the extreme 
relativistic limit of the electron Fermi energy, we get 


1/3, Rent? 


Gp & pre & hin (6.318) 


Now the Fermi energy of the electrons plays the role of kinetic energy and we get 
for the total energy 


1 1/3 2 
Biot =p (NI — Gm) (6.319) 


This expression becomes more and more negative with growing N. Thus the limit 
of a stable state corresponds to Gor = 0 and gives the maximum number of baryons, 
if one wants the star not to collapse. The maximal number is 


‘ 3/2 
Nmax (5) ~2-1057 (6.320) 


and the maximal mass Mmax ~ NmaxMp = 2- 10°’ x 1.67- 10774 = 3.3- 103 ~ 
1.5Mo. 
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The equilibrium radius associated with this maximal mass star is determined by 
the onset of relativistic degeneracy of the electrons 6 > m,c”, which gives, using 
formulae (6.318) and (6.320) 


1/2 


hot th 
 )  ~5000km. (6.321) 


mec \ Gmi, 


Rwp < 


The life of a white dwarf of this sort, if it is isolated from mass donors, proceeds 
through a very long cooling stage when the white dwarf cools indefinitely and 
approaches, in principle T = 0°K remaining forever as a stellar corpse, a black 
dwarf. However a nonnegligible fraction of such white dwarfs actually are a remnant 
of only one star in a close binary, and conditions are often such that matter, coming 
from the other star, can be accreted onto the white dwarf, driving its mass perhaps 
over the Chandrasekhar limit. The hydrodynamic and other physical processes 
involved in the binary evolution and in accretion are interesting and complicated. 
We have seen, in this book, only one aspect of accretion in binaries—the formation 
and mass transfer through an accretion disk. In any case, with the star’s mass being 
over its Chandrasekhar limit, the degenerate material can no longer fully support the 
weight of the stellar material. The result is further contraction at the center whose 
density and temperature increase. This may give rise to the ignition of thermonuclear 
fusion reactions. Of course, the energy liberated at a point heating the material may 
also be conducted by degenerate electron conduction, and convected, so as to cool 
the ignition point. It turns out that the typical cooling time exceeds the nuclear 
energy production time when the density is p; + 3-10? gcm~? and the temperature is 
T ~ 6.6- 10° K. Skipping many details about what we understand about the location 
of the ignition and how it proceeds, we may safely state that observationally such 
a thermonuclear runaway appears as a supernova type Ia. These objects play a 
central role in our understanding of the expansion of the Universe, because they are 
surprisingly uniform in their peak luminosity. Thus they can serve as good standard 
“candles” to measure distances to the galaxies they are located in. Based on this, 
the accepted theory at the time of writing this book seems to firmly indicate that 
the Universe’s expansion accelerates. This acceleration does not have currently an 
agreed upon source of energy and it is attributed to vacuum itself and called dark 
energy. Observations of supernovae of type Ia indicate that most of the white dwarf 
material is converted during the thermonuclear runaway into the most stable (iron 
peak = Ni, Co, Fe) nuclei. Some of the material, which is discovered in the outer 
layers of the ejecta, also contain intermediate mass elements. The abundance of 
these elements imposes limits on the nature of the thermonuclear runaway. As we 
have seen in this section, the thermonuclear runaway giving rise to supernovae Ia 
may spread as a deflagration or detonation wave. There is a significant difference 
between those two regimes—a spherical deflagration causes an expansion of the 
material before it as the propagation speed is subsonic. In contrast, a detonation 
proceeds supersonically and the material in front of the wave undergoes the reaction 
at the original high densities. 
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The decision which thermonuclear burning regime is chosen has import as to the 
composition of the nuclear ashes and on the total energy liberated. In order to fit 
theory to observations one must take recourse to numerical simulations. However 
the whole exploding star’s scale is thousands of kilometers, while the widths of 
the deflagration or detonation front are ~0.1 and ~ 0.001 cm, respectively. Thus, it 
should be clear that it is impossible to resolve the front and determine the regime 
of nuclear burning. Therefore, the decision on deflagration or detonation is made ad 
hoc and the calculation is done accordingly. The problem is that neither model has 
reproduced the observations very well. The detonation is too violent to leave any 
non-iron peak elements and the deflagration is too weak to account for the observed 
mass ejection. Good agreement is obtained if the detonation is initiated on a pre- 
expanded object, say by partial deflagration. At this time the phenomenological 
delayed detonation model is accepted, whereby the nuclear burning in supernova 
Ia white dwarf starts as a deflagration that later strengthens to a detonation. 
There remains, however, a major unresolved problem—the detailed physics of the 
deflagration-detonation transition. 


Problems 


6.1. 
Show, if $; decay to zero at infinity, that [(¢,V7d2. — @2V7@,)d°x = 0, if the 
integration is performed over all space. 


6.2. 
Find the formula [based on Eq. (6.26)] for a sound wave, whose velocity potential 
is dependent on only one spatial coordinate, y, say. 


6.3. 

Show that F(fi-x+ cst), with fi being any unit vector, satisfies the wave equa- 
tion (6.12) for any F and describes a wave propagating in the unit vector direction 
(for the — sign) and in the opposite direction (for the + sign). Show also that the 
magnitude of the wave is constant on planes perpendicular to fi. 


6.4. 
Consider a plane sinusoidal wave, whose velocity potential is given by (x,t) = 
oo sin [+ (x-— cot) , where @, A, and co are constant. Assume also that cot > x. 


1. What is the physical meaning of these three constants and the assumed 
inequality? 

2. Consider paths in the (x,t) plane of fluid particles and waves paths (the latter 
are characteristics). Give the differential equations with the help of which these 
two kind of paths can be found in the (x,f) plane. 

3. Calculate the particle path € (t), which at t = 0 was at xo > 0, and several positive 
characteristics, and plot it all schematically in the relevant part of the upper half 
of the x —¢ plane. Plot schematically a low amplitude @ wave for x < 0. 
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6.5. 
Let a linear plane wave of compression be given by 


p(x,t) = e [fi (x— cyt) talatest)], (6.322) 


where f; are certain unknown functions. Note that we have dropped the subscript 0 
from unperturbed values of all quantities. 


a) Show that the corresponding velocity wave has the form 


u(x,t) =f\(x— cst) —fo(x+csf). 


b) Let the initial conditions be given, the functions a(x) and B(x) are specified: 
§p(x,0)=p—py = a(x) and u(x,0) = B(a). 
Express f(x,0) and f2(x,0) in terms of the initial conditions only. 


6.6. 
Show that the speed of sound in an ideal gas is cs = \/y(P/p) and thus it is a 
function of temperature only. y is the constant adiabatic exponent. 


6.7. 

Perform a linearization of the fluid equations around a state of an isothermal, plane 
parallel atmosphere of an ideal compressible gas, as described in the text (6.36) and 
obtain the PDE (6.40). 


6.8. 

Consider the dispersion relation (6.43) as in the text. Find, for an isothermal 
atmosphere composed of an ideal gas, the numerical value of the nondimensional 
expression 4N*H? /c2. Use this result in order to show that the branch of internal 
gravity waves is well separated from the acoustic branch, if either one consists 
of short enough, with respect to the scale-height, waves (k,H, > | or k,H, > 1) 
and that the dispersion relation for acoustic waves is then well approximated by 
Og © C5 [ke + kz + 1/(4H2)). 


6.9. 

Consider the case w = 0 and show that such waves are also admissible in the 
situation described in the text, see Eq. (6.44), and in the last two problems. They 
are the Lamb waves. Indicate in the frequency—wavenumber (both dimensionless) 
plane, the location of a few members of the acoustic branch and of the Lamb wave. 


6.10. 

Consider a spherically symmetric initial value problem, in which the pressure inside 
a radius a, say, is P= Py + P’, i.e., slightly higher than the pressure for r > a (= Po). 
To effect such a situation one may imagine a balloon, whose radius is a. The gas is 
initially at rest everywhere and at t = 0 the gas is released (the balloon bursts, say). 
Determine and describe the shape of the outgoing spherical wave. 
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6.11. 

Prove (6.62) and (6.63). Are these relations exact always? If not, when do they hold 
or are good approximations? What is the physical meaning of es (p7) /po—discuss 
its role in force transfer by acoustic radiation. 


6.12. 
Prove formula (6.75), which is valid for a simple acoustic wave. 


6.13. 

Consider a sound wave which at any given time is localized only in a finite region of 
unbounded space, in other words, a wave-packet. Show that the total momentum of 
the wave-packet is (1/c2) fy, P’ud?x, where the integral is taken over the volume 
in which the wave-packet resides at a given moment, /’. Wave-packets travel at the 
group velocity Vz. 


6.14. 

Give an implicit closed formula for the characteristic frequencies of spherically 
symmetric sound waves in a circular vessel of radius R. Hint: Use a form for the 
velocity potential of the standing wave given by Eq. (6.58). 


6.15. 

A circular pipe of length @ and radius r = ¢/10 is fixed to an aperture of a cubical 
cavity (a resonator), whose linear dimension is L = 1002. Assume that when air 
moves into and out of the resonator, its velocity can be assumed negligible inside 
the resonator, but it is non-zero in the pipe and the conditions in the pipe may be 
assumed uniform. Find the characteristic frequency created by the air motion in 
the tube (in and out of the resonator) and compare it with the lowest characteristic 
frequency of the cavity, which serves as the resonator. 


6.16. 

Assume that two sound point sources, located at the Cartesian coordinates 
(0,0,d/2) and (0,0,—d/2), emit acoustic waves of amplitude B and are relatively 
180° out of phase. Find the energy flux at a distance r >> d and the total average 
power. Compare the last expression with the one derived in the text (6.110) and thus 
determine A for this case. 


6.17. 
Show that the time average of TV-(«VT/T) can be ignored relative to the other 
terms in Eq. (6.128), when we consider a harmonic traveling wave. 


6.18. 

Express the temperature, pressure, and density along a streamline of an ideal gas in 
terms of their critical, i.e., sonic point, values, the Mach number, and the constant 
adiabatic exponent. 


6.19. 
Show that the fundamental gasdynamic derivative I" is given for a perfect gas by 
I =y+1/2, where y is the adiabatic exponent. 
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6.20. 
Consider steady isentropic flow of a perfect gas and show that the mass flux density 
can be written as 
Px UM 
ee ; (6.323) 
2/(y+1) + (y—D/(rt YIP 


where M is the Mach number, u, is the velocity at the sonic point, and all other 
symbols have their usual meaning. 


6.21. 
Write the gas dynamics equations in spherically symmetric flow by expressing their 
form along the two families of characteristics dr/dt = uc. 


6.22. 

Consider small isentropic perturbations on a homentropic gas in a uniform unper- 
turbed state: moving with velocity up and whose pressure and density are Pp and 
Po. Find the linear approximate equations of the characteristics and the Riemann 
invariants, using the notation u;, P1, and p; for the perturbations. Prove that if a 
wave propagates to the right (left) only for the above linear approximation of the 
Riemann invariant, then J_ (J) is constant in space and time. Hint: use Problem 6.5. 


6.23. 
Evaluate formula (6.218), under the assumptions given in the text. 


6.24. 
Starting with Eqs. (4.77)-(4.78) and assuming no bottom topography derive the 
equation set (6.226)—(6.227). 


6.25. 

Show that the centered rarefaction wave, discussed as it is depicted in Fig. 6.9, 
is an example of a similarity solution developed in the paragraph ending with 
formula (6.243). Use a perfect gas with y = 5/3 and discuss also the issue of choice 
of the direction of the x-axis. See text. 


6.26. 
Show that a centered compression wave is impossible by attempting to construct it 
in the same way that was done for the centered rarefaction wave. 


6.27. 

Using the hints in the text simplify Eqs. (6.245)-(6.248) to the five simple shock 
conditions Eqs. (6.252)—(6.256). Show also that the velocity change across a shock 
is normal to the shock front and that for stationary shocks (Ush = 0) the stagnation 
enthalpy ho = h+ w?/2 is invariant across the shock. 


6.28. 

Acoustic streaming is a steady current in a fluid driven by the absorption of high 
amplitude acoustic oscillations. This effect is nonlinear and therefore does not lend 
itself to elegant analytical treatment. Writing uv = Usound + U, where the first term is 
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the one contributed by the sound wave and the second is the steady, non-oscillatory 
part, derive the form of the Navier Stokes equation with these two contributions 
explicitly noted. Identify the steady body force that drives the streaming and show 
that if Usound = €cos(@r), then the quadratic nonlinearity generates a steady force 
proportional to the time average (€” cos”(wt)) = 4€7. Attempt to derive the estimate 
(it is quite a challenge) that if viscosity is responsible for acoustic streaming, 
the value of viscosity disappears from the resulting streaming velocities, and the 
order of magnitude of the streaming velocities near a boundary (outside of the 
boundary layer) is: U ~~ —3/(4@) = wo 14 X d(ueing) dx, where one approximates 
the boundary layer by a straight wall in the direction of x and the superscript 0 
denotes that this is the value of the velocity of sound at the wall. 


6.29. 
Show that the inequalities (6.275)—(6.278) hold for shocks of any intensity, if it is 
assumed that (0?v/dP*), > 0, as it was for weak shocks. 


6.30. 
Show that the Rankine—Hugoniot conditions can be written for a perfect gas (with 
constant specific heats) in the form of Eqs. (6.279)-(6.28 1). 


6.31. 

Let the shock in Fig. 6.13a be planar and stationary Us, = 0. Assume that the acute 
angle that the upstream velocity w; makes with the shock (in the plane of the page) 
is B and the angle that the downstream velocity w2, leaving the shock, makes with 
the direction of w; is 9. We are then discussing an oblique shock and want to find 
relations between the oblique velocities and the angles (0 is called the turning 
angle). Show that for a perfect gas with constant specific heats, an oblique shock 
relation between the angles gives 


(2cot B) (MF sin? B — 1) 


tan6 = 
an’ Gy Die — 2(2 sin? B — 1) 


(6.324) 


6.32. 

The previous problem gives implicitly 8(@) for an oblique shock whose upstream 
Mach number is Mj. In general, this function is doubly valued. With a stationary 
shock it is possible to find, after considerable algebra, that the perfect gas which 
passes the oblique shock satisfies the important Prandtl relation, which with u, = 
w1 sin B, uz = w2sin(B — @), and v = w) cos @ is 


= 
min =o — av. (6.325) 


Show that the Prandtl relation indeed holds. Note that the sonic point sound speed is 
known by means of the upstream conditions c? = (2ct)/(y+ 1) +u4(y—1)/(y+1). 
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6.33. 
Prove that in an oblique shock in a perfect gas the, so-called, equation of the shock 
polar is 


2 2 2 
U; —U U,U>o< —1 
w=! 1 — Uox)° (UjU22 — 1) . (6.326) 


. Fy — UiU2, +1 


where U stands for the Cartesian components of the normalized velocities perpen- 
dicular to the shock, viz. 
_ Uig ‘i ‘ 
Vig = —, with i=1,2; @=x,y. 


Cx 


6.34. 

Under the condition specified in Sect. 6.5.3 show that the differential equation for u 
is Eq. (6.284). Using the assumptions specified there, derive a set of self-contained 
equations for the desired variables. Plot qualitatively, using heuristic considerations, 
the run of p, u, P, and T along the cooling layer, until & it reaches zero again, 
starting with arbitrary post-shock values. Actually they should be found from the 
Rankine—Hugoniot conditions. 


6.35. 

Show that the fluid dynamical equations of conservation of mass momentum and 
energy, when transformed to the nondimensional form according to the dependent 
variable definitions (6.292)—-(6.294), result in the system (6.300)—(6.302). 


6.36. 
Consider a Chapman—Jouguet detonation in a perfect gas with constant specific 
heats. Show that the jump conditions in such a detonation are 


Fs. uy +(n — leva (6.327) 
Pr (H#+V(H-VevaTr’ 

Fi —1)eyiT. 
mm _ [ut + ("1 — Leva iJ (6.328) 


v1 (w+ Lut 


where 7] is a (given) temperature of the original gas mixture and uw, is the velocity 
of the detonation wave, which can be found (do it!) to read 


a4 1/2 
uy = {2S (w+1l2+(n+ nevaTil} 


1 1/2 
+{Be [(m%- 1)20+ (4 n)evaTil} . (6.329) 
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Here Qo = (hi — hz)o, the index zero meaning that the heat is computed as the 
difference of enthalpies for temperature 7). Obviously, the reactants mixture is 
denoted by index 1, while the gas containing the reaction products is denoted by 
index 2. 


Bibliographical Notes 


General 


The most comprehensive and the best, in our opinion, book on compressible 
fluid dynamics is Thompson’s important work, the only problem being that it is 
difficult and certainly not inexpensive to purchase. Another good, but challenging 
to understand, source is the classic book from the Landau and Lifshitz series. 
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1. PA. Thompson, Compressible Fluid Dynamics. Advanced Engineering Series 
(Rensselaer, Troy, 1988) 
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Section 6.2 


Lord Rayleigh’s classic two-volume work on sound has been reprinted by Dover 
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in depth. We mention only this book here as the topic of sound waves is treated 
almost in any book that includes compressible fluids. 


3. J.W.S. Rayleigh, The Theory of Sound, vols. I and II (Dover, New York, 1945) 


Section 6.3 


The material covered in this section is described in a good and comprehensive way 
in references [1] and [2]. 


Section 6.4 


Out of the many books dealing with the use of characteristic curves to understand 
the steepening and formation of shock waves and other topics, we find the work of 
Zel'dovich and Raizer as the clearest and most physically transparent. 
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Hydrodynamic Phenomena, vol. I. (Academic Press, London, 1966) 
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5. P.M. Morse, H. Feshbach, Methods of Theoretical Physics, chap. 6 (Feshbach 
Publishing, Minneapolis, 1981) 
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6. D.J. Acheson, Elementary Fluid Dynamics (Oxford University Press, Oxford, 
1999) 


Section 6.5 


In addition to the reasonable treatments of shock waves in our main references 
(numbers [1] and [2]), we recommend the following two excellent books, which 
treat the subject in depth. 


7. R. Courant, K.O. Friedrichs, Supersonic Flow and Shock Waves (Springer, 
Berlin, 1976) 
8. G.B. Whitham, Linear and Nonlinear Waves (Wiley, London, 1999) 


Section 6.6 


The point explosion problem is treated well in reference number [2], however it is 
explicitly linked to a supernova explosion and the notation used is more transparent 
than in reference number [2], in the book 


9. FH. Shu, The Physics of Astrophysics I, chap. 17 (University Science Books, 

Mill Valley, 1992) 
A recent book by Needham contains a wealth of information for the reader 
interested in blast waves 

10. C.E. Needham, Blast Waves (Springer, Berlin, 2010) 
Finally, we recommend an entire book devoted to the theory and experiment 
of detonation, which can naturally broaden the perspective of those interested 
particularly in this topic 

11. W. Fickett, W.C. Davis, Detonation (University of California Press, Berkeley, 
1979) 


Chapter 7 
Hydrodynamic Stability 


There is nothing stable in the world; 
uproar’s your only music. 


John Keats (1795-1821); ‘Letters of J.K’ 


7.1 Introduction: The Experiments of Reynolds and Taylor 


Stability is an important consideration for fluid flow just as it is for any mechanical 
system. It is often said that in order to be observable, a flow must be stable since 
an unstable flow is merely a state of transition to some other flow, or possibly to 
turbulence. But if this were the whole story, hydrodynamic stability would be a 
dull pursuit in which we restrict our attention to only stable results. Instead, we 
turn our attention to the instabilities themselves, hoping that their form will help us 
understand the flows that support them. 

In nature, fluids are subject to various forms of forcing and are put into 
configurations, which correspond to mathematically viable solutions. It is natural 
and logical that we usually begin our study by seeking steady solutions to these 
problems. Two examples that may come to mind are a steady ocean circulation, 
forced by wind and confined to a basin, or the overall hydrostatic balance of the 
Sun, thermally forced by its central energy source and confined by gravity. It is when 
solutions such as these are tested for stability that we discover a steady flow’s true 
character. Ocean flows may develop jets, which develop meanders which develop 
eddies, and so on. Cells of convection form in the Sun which give rise to its pervasive 
turbulence. By following the growth of instability we discover the true origin of the 
complex time-dependent flows that we find in nature. But where to begin? Early 
researchers, including O. Reynolds, H. Bénard, Lord Rayleigh, Lord Kelvin, and 
H.von Helmholtz, set the stage for the way that stability is studied yet today. In short, 
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we first seek steady solutions that depend on a characteristic, or control, parameter 
and then examine whether small perturbations to these steady solutions are predicted 
to grow or decay. In practice, small disturbances are present in any real system and 
forcing due to buoyancy or moving boundaries is almost unavoidable. Transition, in 
this context, is the change to another flow, when a control parameter attains a critical 
value. 

In this opening section, we have decided to look at two renowned experiments 
and examine them in view of linear stability theory, the subject of this chapter. In 
the experiments of Reynolds, instability is found despite a mathematical result to 
the contrary, and at the experiments of Taylor and Couette, the onset of instability 
matches the theoretical prediction. Turbulence, whether we desire its presence 
or seek to delay it, is a ubiquitous state of fluid motion and instability figures 
prominently in the route by which a flow becomes turbulent. The phenomenon of 
turbulence remains as one of the last of the great unsolved problems of classical 
physics (see Chap. 9) and among our only means of insight into its nature is an 
understanding of the fluid processes taking place in the flow, often involving more 
than one concurrent instability mechanism. O. Reynolds’s publication of 1895, 
describing his careful experiments of a flow through a pipe now known as the pipe 
Poiseuille, or Poiseuille-Hagen flow (see Sect. 3.2.2), is the first modern account 
of instability and the turbulence phenomenon, even though Reynolds did not use 
this word explicitly. He called laminar flow direct and a turbulent one sinuous, 
however it is clear that he understood some main physical differences between the 
two. The experiment consisted of forcing (by pressure) water into a pipe of constant 
radius and observing the flow (Fig.7.1). Reynolds concluded that the outcome 


Fig. 7.1 A drawing from the original paper by O. Reynolds, describing the experimental setup 
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depends on the value of a nondimensional control parameter, bearing his name, 
the Reynolds number Re = Ud/v. We have defined it already in Eq. (1.80) and 
saw, later on, its importance. Here the pipe diameter d is taken as the typical length 
scale of the flow, U as the typical velocity along the pipe (either the mean or the 
maximum), and the constant v is the fluid kinematical viscosity. Reynolds observed 
the emergence of turbulent flow as Re is increased and noticed that it is marked by 
eddies (closed loops of velocity) some of them very small, but still many orders 
of magnitude larger than molecular motions between collisions. He understood that 
such turbulent flow provides the fluid with the ability to transport heat, momentum, 
chemical species, etc., many orders of magnitude more effectively than molecular 
diffusion. Sure enough, there were some researchers, notably G.H.L. Hagen, who 
observed similar phenomena a few years before Reynolds, but the Reynolds paper 
of 1895 was remarkable in its completeness and its physical insights. Equally 
significant is the nature of the transitions, the route to turbulence, in this case: 
small turbulent patches appear along the length of the pipe, increasing in extent 
as Re grows, until by merging they fill the pipe with turbulence. One of the most 
important observations is the dependence of the transition Reynolds number on the 
size of the initial perturbations at the entrance to the pipe, which today is a subject 
of theoretical and experimental research. Instability leading to turbulence is now 
known to be dependent on the size of the initial perturbation. As we shall see, in 
linear stability analysis the perturbation is formally infinitesimal, a mathematical 
idealization that cannot be realized in a laboratory fluid. Reynolds succeeded to 
minimize the perturbations at the inlet to such a small amplitude that the flow 
remained laminar until Re ~ 13,000, while if no special effort was made the 
flow became turbulent already above Re ~ 2,000. Some recent experiments with 
very special inlet conditions achieved laminar flow persisting up to Re = 90,000 
prompting some researchers to declare that this flow is stable to infinitesimal 
perturbations. Here the caveat mentioned in the beginning of this book is in order. 
The description of a fluid as a continuum is an approximation, therefore the meaning 
to the expression “infinitesimal” perturbation is problematic. The perturbation has 
a lower finite limit, simply because of the fact that the use of differential calculus 
is only an approximation. The “differential” is only a small, but finite, distance, 
which must, at the same time, be very large as compared to the intermolecular 
mean free path. Obviously, to ensure laminar flow for every Reynolds number the 
initial perturbations must be smaller than some value. Thus the question arises what 
is this value for very large systems, having enormous—indeed astronomical!— 
Reynolds numbers, like astrophysical ones, which are obviously not too similar to 
Reynolds’s pipes? Is it practical to expect incredibly small perturbations in nature? 
The phenomenon of transient growth (see Sect. 7.6) may also be instrumental in 
transition to turbulence, a possible example of a subcritical transition. This means 
that the transition may occur at a /ower than critical control parameter, which is 
the Reynolds number. The accepted picture for the original Reynolds experiment 
is that when care is taken to minimize the initial perturbations of flow fed through 
a straight inlet, turbulence may be prevented until Re ~ 2,000. If the inlet flow is 
sufficiently noisy, then turbulent flow can become manifest starting with chaotic 
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Fig. 7.2 The various types of flows, presented here schematically by the dye trace, in the Reynolds 
experiment. As Re is increased the flow changes from laminar (a) through transitional (b-c) to 
turbulent (d). Only one turbulent slug is visible in (b), while for successively higher Re values 
a sequence of such slugs appears, separated by laminar flow and merging finally into a fully 
turbulent flow along the entire pipe. The exact values of Re at the transition depend strongly on 
the disturbances at the entrance into the pipe (see text) 


flow patches both near the pipe boundary and close to the inlet and, eventually, the 
flow developing into turbulent “slugs” filling the pipe (see Fig. 7.2). For Re > 2,000 
the turbulent slugs are at first separated by laminar flow, but they tend to grow, 
merging finally into fully turbulent flow. The pace of this process depends on Re, 
wherein higher values drive more prompt transition to fully developed turbulence. 
In 1923, G.I. Taylor published the description of a simple experiment giving rise 
to what was referred to in Chap. 5 as the Taylor—Couette (TC) flow. As we have 
described in that chapter, see in particular Sect. 5.2.2, the experiment consists of 
fluid flow between two concentric cylinders, whose radii are R and R+d. Note that 
previously, in Chap. 5, the radii were called simply R; and R2, but now we examine 
a case of narrow gap d between the cylinders. Taylor found that depending on the 
value of suitably chosen control parameters, this flow is prone to instabilities once 
the control parameter reaches a critical value. It was found that once instability sets 
in, a new flow arises, which itself becomes unstable for a definite value of the control 
parameter, higher than the critical. As we shall discuss below, this is an instance of 
supercritical transition of an unstable flow to another flow. In this example we wish 
to discuss only the particular case in which the outer cylinder does not rotate, while 
the inner cylinder does, with prescribed angular velocity Q. In addition, we limit 
ourselves to the case of a narrow gap, viz. d < R . One of the possibilities to define 
a dimensionless number that would characterize the flow described here is to define 
what is called the Zaylor number. Note that the definition of the Taylor number is 
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not unique, and in other books a slightly different definition is preferred. We define 
it here as 


ad? Q?R 
y2 


(7.1) 


Ta= 


where v is the kinematic viscosity. We should remember also that the results may 
depend on the additional nondimensional ratios d/R and L/R, where L is the 
cylinder’s height. When L is much larger than R, and the gap very narrow, the 
sole control parameter is Ta. The experiment is actually conducted by gradually 
increasing the cylinder’s angular velocity from zero since R,d,L and the fluid 
viscosity v are fixed. For low rotation rates the flow is laminar, the fluid being 
dragged around by the rotating inner cylinder. Once a critical rotation rate is 
reached, toroidal vortices appear, superimposed on the rotational motion, as shown 
in Fig. 7.3a. The critical value of the Taylor number for narrow annuli is Ta, = 1708. 
The wavenumber of the Taylor cells at the onset of instability is k, = 3.12/d. 
Increasing Ta by ~ 25% above the value of Ta, changes the nature of the flow: 
the vortices lose their axi-symmetry and develop a wavy structure in the angular 
direction. As can be seen in Fig. 7.3b the flow is now more complex, but it is 
still ordered, and therefore laminar. Unsteady structures start to appear if Ta is 
increased yet further until eventually the flow becomes turbulent as in Fig. 7.3d. 
The time averaged flow pattern resembles the steady Taylor vortices, albeit the 
cells are somewhat larger, and superimposed on this mean flow we find an irregular 
fluctuating velocity component of the fluid particles. They are no longer confined to 
toroidal surfaces and as they are swept by the mean flow while they jostle seemingly 
randomly. 

This is not the first time that we have encountered a flow that exhibits transitions 
that will be called supercritical. A sequence of these will lead to a particular route 
to turbulence. The case of a flow past a cylindrical obstacle (see Fig. 2.2 and 
the discussion there) was an earlier example. There we chose to treat the flow as 
potential but understood that in real flows the boundary layers, forming on the body, 
break the assumption of irrotational flow and create a wake. It turns out that the 
pictures we had are appropriate for relatively low velocities, or rather, Reynolds 
numbers, which involve also the diameter of the cylinder and the viscosity. Thus 
in Fig. 2.2, case (b) occurs for Re < 1, case (c) for 5 S Re < 40, and in case (d) 
100 < Re < 200. Experiments show that increasing Re to the vicinity of 10+ causes 
the vortices behind the body to look like patches of turbulence which get detached 
and travel downstream. If Re is increased even further, to 10° or so, the entire 
wake behind the body becomes turbulent. Later in this chapter, we will discuss the 
Bénard problem of the instability of a fluid layer heated from below and its control 
parameter, the Rayleigh number Ra. As we shall see, the transition there will also 
be supercritical. 

Next, the basic mathematical framework of linear stability analysis will be 
presented. In the subsequent sections, the stability of sheared and buoyancy-driven 
flows will be discussed, including centrifugal instabilities. Following this, we shall 
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Fig. 7.3. Taylor—Couette cell; the inner cylinder is rotating, while the outer is stationary. As the 
rotation rate of the inner cylinder increases, the Taylor number Ta, see text, increases until vortices 
(a) appear, followed by wavy vortices (b)—(c), and eventually turbulence (d). Reproduced from 
Fenstermacher, Swinney and Gollub, J. Fluid Mechanics 94, 103, 1979 (used with permission) 


present additional types instabilities, some of them connected to motion resulting 
from self-gravity. These should serve a preview for the reader of the vast domain of 
this topic. 


7.2 Fundamentals of Linear Stability Theory 


In simple terms, a flow is stable if any initially small perturbation remains small 
for all time. If even one perturbation to a flow grows to be large after some finite 
time, that flow is unstable. To make the above statements more quantitative we will 
need precise definitions of the terms small, large, and perturbation. From these, we 
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will define the important concepts, in the stability context, of the base state and 
bifurcation. Note that a base state is sometimes referred to, equivalently, as basic. 
We have already treated some types of waves (e.g., in Chaps. 4, 5, 6) as linear 
disturbances, therefore much of the mathematical machinery developed and utilized 
in those chapters will be used here as well. The examination of linear stability or 
instability of a flow is a problem of linear analysis. A solution to the governing 
fluid equations, representing the flow under investigation, is perturbed by adding 
disturbances that are assumed to be small in the sense that products of disturbance 
quantities can be neglected. To this extent, the linear stability of a flow is studied in 
the same way as linear stability of a fixed point of a dynamical system, as we will 
soon illustrate in detail. The flow that is perturbed is typically a steady solution of 
the fluid equations and, as remarked above, is referred to as the basic state or the base 
flow. Steadiness is by no means a prerequisite as we will see in the cases of boundary 
layer and mixing layer flows, which are base states that evolve in time, albeit slowly 
enough to allow stability results to be meaningful. Rarely, a periodic base state can 
be found and its stability studied by linear perturbations, in effect performing a 
Floquet analysis. Should the periodic state itself represent the unstable development 
of a simpler, steady flow, then the Floquet analysis amounts to a nonlinear stability 
calculation, of the secondary instability type. 

As a first example, consider the incompressible, V-u = 0, Navier-Stokes 
equation, written here in a nondimensional form: 


ou +u-Vu=—VP+Re !V*u+b, (7.2) 
where b is some body force per unit mass, Re is the Reynolds number, and p = 1 
has been assumed. The velocity and pressure fields, u = u(x,t) and P = P(x,t) 
will, in general, depend on the values of parameters of the system, here simply 
just Re. For convenience, we introduce the complete state vector U(x,t;Re) = 
[u(x,t;Re), P(x,t;Re)]’, where T denotes transpose, making clear the dependence 
on the control parameter Re. In a dynamical system, the control parameter describes 
the evolution of a solution through a point of bifurcation, usually given by a specific 
value of the parameter. Although this word has an intuitive meaning, we shall have 
to wait until the first section of the next chapter to elucidate it, using a more formal 
language. The spatial domain of the flow is denoted by ¥(t) and its boundary by 
a surface .Y(t) = AV. Consider solutions Up to (7.2) that are steady, such that 
OU /dt = 0, and which satisfy boundary conditions F(U) = 0, for some function 
F, on 0¥. Typical boundary conditions are that the fluid velocity u equals the 
velocity of the boundary u(d%) although commonly the boundary is fixed, having 
zero velocity. On other occasions we have reason to treat the flow as unbounded 
and require that u,P remain bounded as |x| — o-. We refer to the steady state 
Uo = (uo, Po) as the basic state, and to ug as the base flow. While many steady state 
solutions may exist for a given problem, there is no guarantee that our analytical 
methods will find any of them, except for the simplest possible flow configurations. 
Such simple configurations form the framework of the stability analyses that make 
up the remainder of this chapter. 
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The linear stability problem governing small perturbations, denoted by a prime, 
U' = (u’, P’;Re)" is formulated by first defining the following ansatz: 


UsbU+U = uwru,(x)t+u(x,), PH P,(x)+P(x), (7.3) 


and then substituting it into the governing equations (7.2) and boundary conditions. 
Dropping products of perturbation terms leads to equations describing linearized 
perturbations: 


V-u =0, (7.4) 
ou’ 


+ (uy: V)u' + (ul-V)u, = -VP’+b(U,,U') +Re“'V2u’. (7.5) 


Our definition of stability can be made more formal as follows. A base state is 
referred to as Liapunov stable if, for all € > 0, there exists a 6(€) such that if 


max ||U’(x,0)|| < 6 
then 
max ||U’ (x, t)|| < , for all t > 0, 


where the norm of ||U]| is a weighted combination of the norms of the components 
|\u’|| and || P’||. The actual norm ||--- || can be chosen from, for example, the 1-norm, 
2-norm, or max-norm. We shall use norms based on the so-called Euclidean norm, 
also known as the 2-norm or L? norm, for example: 


\u'|| = Ea (wax “ 


When a state is stable based on this norm we sometimes refer to it as stable in the 
mean. Alternatively, we say that a state is asymptotically stable when it is Liapunov 
stable and in addition 


lim ||U’|| =0. 
too 


Asymptotic stability is, perhaps, what is most commonly meant by stability in FD 
and also in dynamical systems theory, where a stable state is known as an attractor. 
Linear stability theory, as we have presented it so far, is formulated for steady, 
i.e., time-independent base state. We treat the perturbations’ spatial structure and 
temporal behavior as separable, giving the familiar form 


U'(x,t) = O(x)e" +c.c. , (7.6) 
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with p a complex constant. It follows that we are able to express the solution to 
the initial value problem for the perturbations as a linear superposition of these 
normal modes, where p is the eigenvalue and the complex structure function U the 
eigenfunction. The task is to solve the linear system posed by (7.5) and determine 
the set of all p values, the spectrum, and the associated solutions for U. Now we 
can refer to a base state as stable if R(p) < 0 for all p or as unstable if even a 
single p has R(p) > 0, since this implies exponential growth. The instability is also 
characterized by that mode of the system which has the largest value of the real 
part of the exponent p, indicating fastest-growing mode. If max [N(p)] = 0, then the 
system is stable, but not asymptotically stable and we refer to this as neutrally stable. 
In our example problem, the value of the Reynolds number for which the fastest- 
growing mode has KR(p) = 0 is the definition of the critical Reynolds number, Reg, 
and we refer to this as the marginally stable state. 

A significant number of other definitions of stability are possible and sometimes 
warranted for particular problems. It is not practical to present too many alternatives 
beyond those we defined above. Nevertheless, a few comments are in order. 
Sometimes disturbances that are generated at a fixed position x do not grow in time, 
but instead grow in space, usually as they travel downstream. This calls for a spatial 
stability theory for which we seek complex p representing growth in perturbations of 
the form e?*, for example. Often it is sufficient to apply Gaster’s transformation (see 
below, at the conclusion of Sect. 7.3.3.3), obtaining a temporal stability analysis of a 
spatial instability. Related to this concept, we point out that linear stability theory as 
presented here is based on the Eulerian framework of the governing fluid equations. 
An Eulerian theory is not capable of determining the Lagrangian stability of fluid 
parcels, a question of their finite deformation properties along their trajectories. 
Finally, asymptotic stability is believed to be an overly stringent measure because 
many perturbed fluid systems exhibit a large but transient growth of energy, a case 
that we will explore in more detail below and in Sect. 7.6. 

We have alluded several times to similarities between the linear analysis of 
fluid dynamical stability and the analysis of the stability of a fixed point of 
a dynamical system. The following example illustrates these similarities more 
precisely. Consider the 2 x 2 system of first order autonomous ODEs 


— =.W (u) where u= (u,v), (7.7) 


having a fixed point uo, satisfying dug/dt = 0. WV is a nonlinear vector operator, 
but for small enough perturbations u’, the system can be approximated near uo as 
follows: 


du’ ON 


on J(ug)u’ where Ji = a (7.8) 


Evaluated at u = uo, J takes the form of a constant coefficient matrix, Jo, allowing 
perturbations having e” form and leading to the eigenvalue problem 
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Table 7.1 Summary of stability behavior. The first two cases are hyperbolic and 
amenable to linear stability analysis. The last case also allows the possibility of Tr(J) = 0, 
for which zero is a double eigenvalue and a Jordan block form is required, leading to 
algebraic, rather than exponential growth. Refer also to Fig. 7.4 

De sie. __ iy Te ee 


Condition 7 
Det(J) >0 | 4Det(J) < Tr (J) | p1,p2 real, same sign (node, stable or unstable) 


Det(J) <0 |— P1,P2 real, opposite sign (saddle) 

Det(J) >0 | 4Det(J) <Tr?(J) | p1,p2 complex, 3(p) 4 0 (spiral, stable or unstable) 
Det(J) >0 | Tr(J) =0 P1,P2 imaginary (center, neutrally stable) 

Det(J) =0 | Tr(J) 40 P1,P2 zero, simple (no name) 


(J—pl)u' =0 (7.9) 
whose eigenvalues, p = p;,p2 are solutions to the characteristic polynomial 
Det(J — pl) = p* — Tr(J)p + Det(J). (7.10) 


The types of stability behavior depending on the eigenvalues are summarized in 
Table 7.1 and in Fig. 7.4. Note that only for hyperbolic behavior, the first three cases 
on the table, can we learn about stability properties using linear theory; the other 
cases require a nonlinear approach. 

As we have mentioned, the restriction to asymptotic stability and to small 
perturbations, in the linearized sense, is not appropriate for every stability problem. 
Real world perturbations may be large and they may originate from noise that is 
not easily controlled nor measured. One example of the possible relevance of noise 
is found in the transient amplification of initial perturbation energy in systems 
whose linearized operator, i.e., J, is non-normal.! Following Charru ([4] in the 
Bibliographical notes), we present the canonical example 


-e l 
s=( ) whereO<e<1, (7.11) 
having eigenvalues p; = —€, pz = —2e and eigenvectors f; = (1,0) and a = 


(1,—€), which become nearly parallel as € — 0. The general solution u(t) for 
arbitrary initial conditions will lead to the growth of |u(t)|*, and thus energy, that 
may reach a relatively large value before it eventually decays asymptotically. Such 
behavior is not well captured by examining the modes of the problem individually 
because transient growth originates from the time-evolution of two or more non- 
orthogonal modes, resulting from non-normal operators, in superposition. We 
expand on these concepts and this example in Sect. 7.6, while further details on 
transient growth can be found in the book by Schmid and Henningson (reference [8] 
in the Bibliographical Notes). 


'An operator, or matrix, is non-normal when it does not commute with its adjoint. 
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Fig. 7.4 Schematic diagram of the possible stability types of fixed points in linear dynamical 
systems, as described in the text and in Table 7.1 


Once the linear stability or instability of a fluid state is determined, then 
what? How might we follow the flow as it begins to traverse into the nonlinear 
regime, where the assumption of small perturbations breaks down? At what point 
a perturbation becomes too large depends specifically on the problem examined. In 
most cases we are left to cope with the general strongly nonlinear behavior, using 
either numerical simulations, laboratory experiments, or observations of nature. 
Aside from a few advanced methods, which we mention here, but will not discuss 
them in any detail, such as the Energy method, Serrin’s theorem, and Liapunov’s 
direct method, which typically give only bounds on stability properties, few rigorous 
mathematical approaches to strongly nonlinear stability exist. In some limited cases 
in which a linear instability may be isolated, certain analytical techniques are 
available to assess the nonlinear fate. These techniques are grouped into a broad 
heading called weakly nonlinear theory, which we shall discuss and give examples 
of in the following chapter. 
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7.3 Stability of Plane-Parallel Shear Flows 


Before turning our attention to instabilities driven by buoyancy or other forces, 
we examine the intrinsic stability properties of an inertial shear flow. The study 
of shear flows and their transition is one of the most difficult problems of fluid 
dynamics that has remained largely unsolved. Many readers will have heard that 
even Heisenberg struggled, in his doctoral thesis, with the stability of a basic 
shear flow. Since the time of Lord Rayleigh, in fact, countless researchers have 
considered the linear theory of plane-parallel shear flow, sketched generally in 
Fig. 7.5. Flows of this sort play a central dynamical role in almost every branch 
of science, with important examples found in astrophysical disks, meteorology, 
oceanography, geological flows, petroleum flows, turbo-machinery and blood flow 
...and the list goes on. While other physical processes may be involved in such 
examples, the role of the shear flow is undisputed. 


7.3.1 Three-Dimensional Disturbances in Shear Flows 


To appreciate the nature of shear flow instability, we turn our attention first to the 
fundamental case of an incompressible fluid exhibiting steady plane parallel shear 
flow of the form 


u =u, (y)&. (7.12) 


Fig. 7.5 Plane parallel shear layer velocity profile. The vertical centerline is arbitrary due to 
Galilean invariance. In the absence of parallel walls the flow should remain bounded at large |y| 
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Following convention, we refer to the x,y,z directions, respectively, as the stream- 
wise, normal, or shear-wise and span-wise directions. The general linearized 
equations of motion are given by 


(+ +4) utviy, = 2 5 Fay. (7.13) 
(3 +42) vo = - a avy, (7.14) 
(5. +5") = 7 + vi, (7.15) 

we Wo, (7.16) 


where u',v’, and w’ represent the stream-wise, normal, and span-wise velocity 
perturbations, respectively. IT’ = P’/po, where po is the constant density. In addition 
Uy, = du, /dy, thereby using in the following a subscript notation for derivatives. The 
Reynolds number is, as usual, Re = UL/V, where U and L are characteristic velocity 
and length scales that are defined based on the flow u, (y) properties, or based on the 
boundaries, if any, and v is, as usual, the kinematic viscosity. 

Now, taking the x, y, and z derivatives of equations (7.13—7.15), respectively, 
and making use of the incompressibility equation (7.16) gives a Poisson equation 
relating the pressure and velocity perturbations, 


0 / 
Vil 4 te — 6, (7.17) 
Ax 
that can be used to the eliminate the pressure perturbation IT’, yielding the single 


equation 


ra) 0 ov 1 
( 5 Mo 2) VV! — toy, * =. Viv =0. (7.18) 


To complete the system we obtain the perturbation of normal vorticity, defined as 
¢! = au /dz—aw /ax. (7.19) 

Note the use of the unusual notation for the vorticity component ¢ with index Y. 

This is so because the index-less ¢ had previously denoted the simple vertical (z) 


vorticity component in a general (x,y,z) Cartesian frame. Operation with Vx on 
Eqs. (7.13-7.15) gives 


i =0. (7.20) 
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The pair of equations (7.18) and (7.20) may be written in matrix notation as 


0 (Vv L,, 0 v! 
= =(~ 721 
x(e) ( oe ) as 


L,,,L cc are the corresponding linear operators. The stream-wise and 


where L,,, 
spanwise fields, u’ and w’, may be recovered from the solutions of perturbations v’ 
and C’. 

Equation (7.21) together with physically appropriate boundary conditions com- 
pletely describes the linear stability of the system. For a channel infinite in the 
stream-wise and span-wise directions, the viscous or no-slip boundary conditions 
imply that the perturbed field velocity quantities are zero, i.e., uv’ =v’ =w' =0.A 
shear flow also unbounded in the y direction would require these conditions in the 
so-called far field, as y + tee. It is straightforward to show that no-slip conditions 
also lead to 


ov’ ; 

ay ¢, =0 (7.22) 
for the perturbation derivative and normal vorticity at the boundaries. In the inviscid 
case, Re = o, the above set of boundary conditions is replaced by the condition of 
impenetrability at the boundaries, i.e., ¥ = 0 only. It is this case that we examine 
first. We begin by examining the linear stability of equations, which summarize 
from the works of W.M. Orr and the acclaimed A. Sommerfeld, done in the 
beginning of the twentieth century, and the important insight of H.B. Squire from 
the 1930s. Equations (7.18) and (7.20) are assumed to describe normal mode form 


perturbations 
/ v : - 
64 _ ( ¥ ) elke (x—Vpt) +ik,2 +e.c. (7.23) 
C Oy 


For the investigation of temporal stability, V, is a complex quantity, as yet to be 


determined, and the eigenfunctions are 7 = @(y), é = é, (y). Insertion of this 
normal mode ansatz into (7.18)—(7.20) results in the important and well-known Orr— 
Sommerfeld equation 


& Pu Lf ° 
wy a Oa ke v= 7.24 
[uy (y) V>| (s ) ~ dy ue. ik Re (5 ) —_— : 


, 1 a i kd 
tO-V,| C= < ( e) apes (7.25) 
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for ¢,, where k* = ke +h. It is convenient to recognize two types of solutions: 
the first type consists of the solutions 7 = 9(S) that solve the Orr-Sommerfeld 
equation (7.24) along with its corresponding value of a complex Vp. These Orr— 
Sommerfeld modes are the main object of study in linear stability of shear flows. 
The second type of solutions, the so-called Squire modes, are ¢,, satisfying (7.25) 
with ¥ = 0. An analysis of Squire’s equation shows that Squire modes are always 
damped. The proof of this assertion is left as an exercise (see Problem 7.5). The 
Squire equation is solved by inserting the solution 9(0S) and Vp into Eq. (7.25) 


F (OS) 


from which the solution é, = ¢,~”? is determined by solving the resulting linear 


differential equation. In the literature these two solutions are often denoted as 
(%, é) — (0. g(sav)" and (%, Ey = (99), g(0s))" i.e., Squire modes and Orr— 
Sommerfeld modes, respectively, where, as before, T denotes transpose. 

Linear stability of shear flows is commonly studied within a two-dimensional 
framework based on the so-called Squire transformation. To paraphrase the result, 
a parallel shear flow becomes linearly unstable to two-dimensional normal mode 
disturbances at a smaller Reynolds number than for any three-dimensional distur- 
bances. Consider two solutions of the Orr-Sommerfeld equation. Let the first one 
be the solution of the strictly two-dimensional problem in which the input wave 
vectors are given and labelled as k, = a, ,k, = 0. Let the corresponding solution 
of the two-dimensional problem be written as Vos at Reynolds number Re @)? the 
subscript “(2)” indicating two-dimensional. The corresponding expression of the 
Orr—Sommerfeld equation is 


a , 1 &@ ,\7 
(4 — Vp) (3 - «2, ) a aa ict Re, (Fs a2, ) ye A128) 


Compare this to a three-dimensional solution of the Orr-Sommerfeld equation 
where the wavenumbers are k, = 5) k= Busy together with Reynolds number Re @)° 


The corresponding solution Vay satisfies 


a ae 1 2,» 7 \ 
V a v V5) 4 a ¥, =0. 
(u, p) (S (3) p2,) Vea) ~ Hoy Ya) 01, Re, (5 (3) 62.) Vos) 
(7.27) 


An inspection of both governing equations (7.26) and (7.27) shows that the two 
solutions ,,. and Va)» and their respective eigenvalues V,, are identical when the 
following equivalences are admitted, 

o <> 0? +B? a, Re, <> a,,Re (7.28) 

(2) (3) (3)? (2) ""(2) (3)" "(3)" : 

An instability in the strictly two-dimensional case at the stream-wise wavenum- 
ber a. > 0 and Re.) thus corresponds to an instability for three-dimensional 
disturbances with a corresponding stream-wise wavenumber A) < A) and a 
correspondingly larger Reynolds number 
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Re, =Re, 2. <R 
a maa 0, Eee 


In other words, for any three-dimensional linear instability of the Orr-Sommerfeld 
equation at a given value of Re, an analogous two-dimensional linear instability 
also exists, but always at a lower value of Re. 

The consequence of this important statement is clear but sometimes misinter- 
preted: parallel shear flows first become unstable to two-dimensional disturbances. 
In shear flows with additional physical effects, such as rotation or stratification, 
Squire’s theorem cannot be applied without demonstrating that the above properties 
are preserved. In other words, the existence of a Squire theorem for each class of 
flow must be separately established. We strongly emphasize that Squire’s theorem 
holds at marginal stability, but not generally. Thus at Re > Re, it is certainly possible 
that three-dimensional disturbances are more unstable than two-dimensional ones. 
In practice, we may therefore consider strictly two-dimensional disturbances in 
our study of the Orr-—Sommerfeld equation. This means then we may restate the 
Orr—Sommerfeld equation in terms of the more familiar perturbation of Z directed 
vorticity ¢’ and related stream function y’: 


av’ au! a a ay! ay! 

— — f a a 

a a” oe & + 5) y, because “= ay a 
(7.29) 


By assuming again normal mode solutions, now for the stream function pertur- 


bation, of the form y’ = (yet Ver) +c.c., we find that the Orr-Sommerfeld 
equation is reexpressed as an ODE of the eigen function W(y): 


7.3.2 Inviscid Shear 


By setting Re = ~, which formally corresponds to inviscid flow, in the above Orr— 
Sommerfeld equation (7.30), we obtain the important Rayleigh equation for inviscid 
disturbances to parallel shear flow: 


a A Uy 9 
( e) oe = y=0. (7.31) 
0 P 


In the absence of viscosity, we require that the stream function, which is the relevant 
variable instead of the perturbation normal velocity, 7 = ikW, is zero at y = +1, or 
that it tends to zero as y + +c. In temporal stability theory, our task is to determine 
the complex eigenvalue V, (an extension of the real phase velocity, as known from 
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Chap. 4, to the complex number domain) as a function of k, for a given input parallel 
flow u,(y). The mathematical relative simplicity of equation (7.31) has led to a 
number of generalized criteria regarding the necessary conditions for the existence 
of unstable modes and the scale and magnitude of any instability. Three of these 
statements are: 


¢ Rayleigh’s inflection point criterion: 
If a solution of (7.31) in an open domain Y supports an unstable mode, i.e., where 
3(Vp) > 0, then u,,,(y) must vanish at some point y = y, in Y, ie., for y, € V, 
and not on its boundary. In other words, the shear profile must contain a point of 
inflection for there to be instability. This is a necessary but not sufficient condition 
for instability. 

¢ Fjortoft’s criterion: 
When considering a monotonic velocity profile u,(y) on a finite domain Y of 
a shear-wise scale ~ 2L, i.e., y € [—L,L], if there exists an unstable solution of 
(7.31), then it must be true that 


Uoyy (Y) lu, (y) — UV, <0 


for some point y in the domain %, where U,, = u,(y,) with y, defined as the 
location of the inflection point in the basic shear flow, that is, where wu, (y,) = 0. 
Howard’s semicircle theorem: - 

Suppose a velocity profile u, (y) attains maximum value Umax and minimum value 
Umin on the y-axis within the domain of Y. Suppose also that (7.31) admits 
instability, such that 3(Vp) > 0 is true. The bound of real and imaginary parts 
of the mode’s phase velocity must satisfy 


Umax _ don (7 32) 


sxtv>) = ae if Uni) ° +3(Vp)2 < | ; 


2 


The theorem of Howard is important because it puts bounds on the growth 
rates expected in unstable flows, making it a valuable guide in assessing the 
reasonableness of predicted eigenvalues when these are obtained by numerical 
methods, for example. 

We now sketch the proof of Rayleigh’s inflection point theorem; proofs of the 
other criteria follow a similar approach and can be found in the sources given in 
Bibliographical Notes. Given that the boundaries of the flow are at y= +L = +1, 
we know that if the flow is unstable 3(V,) > 0. Writing Vp = V,, +iV,,, where 
V,, = R(Vp) and V,, = S(V>_), Eq. (7.31) may be reexpressed as 


a s\. uy — V,, +iV,, 
( e)y to | Va? 
y Uy pr pi 


w=0. 
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Multiplying the above expression by W*, the complex conjugate of W, and integrat- 
ing the resulting expression from y = —1 to y = | results in 
VES 


1 lay 2 
[ | dy 
(7.33) 


after applying the boundary conditions. Each of the two integrals in the above com- 
plex expression are real quantities. Therefore, the real and imaginary components 
of (7.33) must separately be equal to zero. Rayleigh’s criterion is the content of the 
second term, namely, 


Uoyy (uy — 


2 
(u, — V, Wr +V, mu 


u 
+k? | pl 4 dy +iV,, if ot ae=o 


V [ Uoyy |w\ 0, (7 34) 
pi ~1 (u, —V,, yave? . 


and in order for this statement to be true in general for V,, , 0 it must be that Uoyy 
changes sign somewhere in the domain of integration. This establishes the Rayleigh 
criterion, as it was named in this discussion: stating the necessity of an inflection 
point in the velocity profile for instability to occur. Such inflectional instabilities 
have been explained by C.C. Lin in terms of vorticity, based on the observation that 
an inflection point implies an extremum in the vorticity distribution. A fluid element 
displaced from a vorticity extremum is not forced back to its point of origin by the 
background vorticity, implying instability (work it out!). 


7.3.2.1 Kelvin-Helmholtz Instability 


Perhaps the most elementary shear flow problem that is capable of providing some 
insight into the instability is the piecewise uniform profile 


= {Ho <9, 7.35 
“ { Uggs Y > 0, vo 


where u,, is a constant. To examine this problem, we shall apply the methods 
employed in the study of surface gravity waves in Chap. 4. That strategy involves 
solving (7.31) in separate regions followed by applying physically meaningful 
formulae connecting the solutions found in the separate regions. In the above 
example, solutions of (7.31) shall be constructed separately for y < 0 and y > 0. 
With these in hand, the solutions across the boundary y = 0 will be determined by 
enforcing the conditions of velocity and pressure continuity across the layer. The 
inviscid Orr-Sommerfeld equation, for y 4 0, is given by 


(u,-Vp) [ay 3 ev =0. (7.36) 
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Since we consider this problem on an infinite domain with solutions decaying to 
Zero as y —> +o, we find 


ky. 
Pe on ; y<O, (7.37) 


~ A,e®; y>0. 


Now we relate the two solutions across the boundary. The linearized vertical 
displacement in the normal mode formulation is simply (u, - V5) A = W, from 
the Lagrangian definition dy /dt = v. Writing f}, and interpreting it as the layer’s 
position as evaluated above and below y = 0, respectively, we have that 


i A A 
A.=| Z =— — and, =| ud = —— 
Uy — Vp }y-40- Ug + Vp Ug —Vply+o+  4oo — Vp 


Clearly, there can be no lack of continuity of the fluid itself; this is a purely kinematic 
condition which leads to 


A_(Vp ty) =A, (Vp +4): (7.39) 


establishing a relationship between A, and V,. Because mean pressure is uniform, 
the condition that the total pressure across the surface is continuous reduces to the 
continuity of the perturbation pressure, thus 


~ 7 y0t 
(u, —Vp) il i (7.40) 
dy y>0- 


The above conditions follow directly from the perturbation pressure expression 
found in the normal mode reexpression of (7.13) for Re + ©, viz.: 


ik(u, — Vp) a ikIT. 


Applying the solutions developed for % we see that 


k (weg —Vp)Az—k(ty) +Vp)A.=0, = KA, (Vp? +40, =0. 
(7.41) 


In obtaining the right-hand side of the above expression we have made explicit use of 
(7.39). For nontrivial solutions, A, 4 0, it follows that the complex phase velocity is 


Vp = iu, implying the presence of a stable/unstable pair of modes. What is more, 
the result shows that instability is expected for every horizontal wavenumber k. In 
fact, the growth rate @ = kV) = tikuy, is infinite as k — © indicating that the 


mathematical problem is ill-posed. For the moment, we shall say only that the ill- 
posed nature of the solutions results from the poor definition of the problem. With 
no length scale set either by a finite channel width or by the thickness of the shear 
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Fig. 7.6 Profiles for: (a) piecewise constant Kelvin-Helmholtz flow, and (b) a piecewise mixing 
layer—Rayleigh profile, with a continuous mixing layer—a tanh layer profile, superimposed 
upon it 


layer, and no physical length scale set by viscosity or other effects, the timescale and 
thus the instability growth rate are ill-defined. We will discuss this in more detail in 
Sect. 7.4 when examining the Rayleigh-Taylor instability. 

In the meantime, we point out that the well-known Rayleigh shear, or piecewise 
mixing layer, profile: 


Uy »¥ >A; 
uy=4 Ay ,-H<y<H; (7.42) 
Ug ,¥ < —H; 


is, possibly, the simplest resolution of the ill-posedness of the Kelvin-Helmholtz 
piecewise constant profile, see Fig. 7.6a. In (7.42), u,, and A are constants, the 
latter always being greater than zero. Because the base flow u, is assumed to be 
continuous for all y, it follows that A = u,,/H. The procedure in calculating the 
solution to (7.31) for the piecewise mixing layer uses the same matching techniques 
as those used for the Kelvin-Helmholtz profile, but it is more involved because u,,,, 
is characterized by delta functions, viz.: - 


Uy, =Ad(y+H) —Ad(y—H). (7.43) 


Nevertheless, after performing that calculation we find that the relation for 
Vp? = @”/k’ is given by 
2 


aaa 2 —-AkH 
Vp ae la 2kH)? —e F (7.44) 


indicating that only for values of k# less than the critical value, i.e., for KH < 0.6392, 
will the disturbances be exponentially growing. The existence of a length scale, 
the cutoff scale for the instability, has rectified the ill-posedness of the Kelvin— 
Helmholtz profile. The Rayleigh profile is a canonical example of inviscid shear 
instability, the mechanism often referred to as the Rayleigh mechanism. This 
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Fig. 7.7 Neutral stability curves and unstable parameter regions for shear flows indicating values 


of Re, and k.. (a) The Blasius boundary layer, unstable due to viscous effects, the unstable region 
shrinks to zero width as Re — ©. (b) A typical shear flow with an inflection point, unstable by the 
inviscid instability mechanism, as evident by the persistence of the unstable region as Re — co 


inviscid mechanism is prominent in real shear flows with viscosity. The region of 
inviscid instability, as described by the neutral stability curve, then identifies both 
the critical Reynolds number Re, and the critical wavenumber k, or its cutoff k.., as 
shown in Fig. 7.7b. 


7.3.2.2. Smooth Shear and Mixing Layers 


In this section we consider flows u, which are smooth, also having continuous 
first and second derivatives u,, and u,,,. We begin by examining the well-known 
mixing layer velocity profile as described using the hyperbolic tangent function, 
OF Uy) = Up, tanh(y/H), valid for all y. Analytical solutions may be found relatively 
simply for exactly marginal modes for which Vp = 0. The velocity field is anti- 
symmetric with respect to y = O and contains an inflection point at y = 0 since 
Upyy = —(2/H?)sech? [y/H] tanh |y/H]. The transition to instability occurs for Vp = 
0 and one may attempt to solve Eq. (7.31) subject to the conditions w— 0 as 
y — eo, resulting in an eigenvalue problem for the critical value of k. A useful 
approach is to seek solutions of equation (7.31), with Vp = 0, on a new, stretched, 
coordinate defined by t = tanhy, noting that sech?(y/H) = 1 —tanh*(y/H) = 1—71?. 
In such a coordinate system, it is straightforward to show that all derivative operators 
transform according to 


d 
dt 


d L - 1 
dt’ dy? ° H? 


d 
dt 


ae T) d=) a) 


For a base shear given by u, = u,, tanhy, Eq. (7.31) becomes 


2 in 2772 
a2) 2 aE [2 es |w=o, (7.45) 


dt dt 1-72 
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where we have taken V, = 0. Equation (7.45) has boundary conditions f(t = 
+1) = 0, reflecting that we have effectively mapped the infinite domain onto 
tT = +1. Equation (7.45) is in the form of a general Legendre equation with bounded 
solutions pe (tT). In order to avoid singular solutions of the associated Legendre 
polynomials at tT = +1, it is required that |kH| < 1. The boundary conditions yw = 0 
for T—> +1 tell us that the only possible solution is W = P}(t) « (1—1?)!/”. Solving 
in terms of y, we find that the disturbance eigenfunction is (vy) = sech(y/H) and, 
consequently, KH = 1. The result indicates that the only possible marginal solution 
corresponds to a mode with horizontal wavenumber k = 27/H. What is the stability 
for values of KH not equal to one? Under these more general circumstances, one 
must appeal to numerical methods to assess the stability, which is outside the scope 
of this book. In that case, it is an unsurprising result that the tanh layer is unstable 
for all values of KH < 1. 


7.3.3 Viscous Shear 


The normal mode stability problem for viscous shear flows returns us to the 
Orr—Sommerfeld equation (7.24). Intuition says that viscosity ought to stabilize 
disturbances. While this is generally true, we shall also find that viscosity can desta- 
bilize flows that are otherwise stable to inviscid disturbances. This counterintuitive 
behavior comes about because viscosity plays two distinct roles in the stability of 
shear flows. The first role is that it places stringent constraints on the form of the base 
flow profile. A steady parallel profile, u,(y), must satisfy the steady Navier-Stokes 
equations and the no-slip boundary conditions. For this reason, among others, it 
makes little sense to examine unbounded flows, as we did in the previous section. 
Indeed, the stability properties of viscous flows are, to a great extent, determined 
by the shape of the base flow profile that is demanded by a particular forcing and 
set of boundaries. The demands of the viscous equations and boundary conditions 
are so restrictive that we generally resort to some approximation, such as a base 
flow that is not precisely steady, or use an approximate form of the Navier-Stokes 
equations. The exact steady solutions of viscous shear are so few that the well- 
known named examples constitute the majority of cases. Examples include the 
pressure driven Poiseuille flows: plane Poiseuille, between parallel walls, and pipe 
Poiseuille (a.k.a., Poiseuille-Hagen) in the interior of a cylinder; we will discuss 
pipe flow later in this chapter. Other examples include boundary layer flows, such as 
the Blasius flow, mixing layers and the Taylor—Couette (TC) flow between rotating 
concentric cylinders, which we shall discuss in detail in the following section in 
relation to the role of centrifugal “buoyancy” in that case. 

The second role that viscosity plays is more subtle: the presence of viscosity 
allows some perturbations to become unstable by extracting energy from the mean 
flow. In flows which are stable to inviscid, or Rayleigh, instability, there may 
still be a viscous instability. The region of instability in the wavenumber-—control 
parameter plane, identified by the neutral curve for a viscous instability, diminishes 
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as Re grows, leading to the characteristic tapering of the instability region, as 
depicted in Fig. 7.7a. Plane Poiseuille flow and the Blasius boundary layer both 
lack an inflection point and their stability diagrams have the general form shown in 
Fig. 7.7a. The destabilization by viscosity is often described in terms of a Reynolds 
stress contribution to the disturbance energy equation. We examine this in more 
detail through the Reynolds—Orr equation below. 


7.3.3.1 Reynolds—Orr Equation 


The emergence of shear instability involves the transfer of energy from the basic 
shear into perturbations. Irrespective of the mechanism responsible, the instability 
can be seen to arise as a consequence of stresses induced by the perturbations, which 
possess appropriate correlated properties. As an introduction to this idea, consider 
the linearized equations of motion written as in Eqs. (7.13—7.16). Multiplying each 
of the Eqs. (7.13-7.15) by u’,v’,w’, respectively, and integrating over the volume, 
V, gives 


| eg + U4 g = [wvires- | u uvidx+ = | uw -V-u'd>x 
y\ot “oax/) 2 V y % Re Jy 


1 
= -f Tw’ ads — | uyulvVbx+ = | u -V*u'd>x 
av yo Re Jy 
(7.46) 


where fi is the unit normal of the bounding surface 0%, using incompressibility to 
simplify the integral of the mechanical work. Provided that perturbation quantities 
are zero on the domain boundaries, or are periodic, the surface integral becomes 
zero. Supposing that the x direction is periodic, the term involving the integral of 
u,0/dx identically integrates to zero (why?). Further integration by parts of the 
viscous term and imposition of the boundary conditions gives that 


d a (Pe 1 | 1\2 1\2 1) 2] 43 
< [Hd x= [oles me Iy [(Vu')? + (Vv)? + (Vw')*] dx, 
(7.47) 


in which E’ = (wu? +v? + w?)/2 is the kinetic energy per unit volume. Equa- 
tion (7.47) is the Reynolds—Orr equation for the perturbation energy, which shows 
two general properties. First, that the direct action of viscosity acts to damp modes, 
as given by the last integral on the right-hand side of (7.47), which is always less 
than zero. If there is growth in disturbance energy, then it must be true that the first 
term on the right-hand side of (7.47) has to be sufficiently greater than zero, i.e., 


= i, up,u'v'd?x > 0. (7.48) 
“et 
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The positivity of this stress, the so-called Reynolds stress, in (7.48) is one way to 
see that the perturbation vortex structure is tilted against the prevailing shear in an 
unstable flow. 


7.3.3.2 Blasius and Other Boundary Layer Flows 


Prior to the Blasius boundary layer, researchers studied a number of viscous 
boundary layer type problems, one of which was the, so-called, first Stokes problem, 
described briefly below. None of these flows is steady, as we discussed briefly in 
Chap. 3, but these flows generally have a self-similar form. Strictly steady plane- 
parallel flow must satisfy Re~!(d?u, /dy”) =0, whose only solution is plane Couette 
flow. This disparity in approach to the viscous as compared to the inviscid stability 
problem calls into question the relevance of each to the other. This difficulty was 
acknowledged early on by many physicists working on this problem, including W. 
Heisenberg. 

We start by examining the initially static fluid above a solid wall, taken to be the 
(x—z) plane, which suddenly begins to move at constant speed Up in its own plane, 
in the +x direction. Sometimes referred to as the Rayleigh profile, this problem was 
first solved by Stokes which is why it is also called the first Stokes problem. The 
solution has constant pressure and it is a solution of the parabolic PDE 


Uy = Vuyy (7.49) 


with boundary conditions on u(y) for t > 0 given by u(0) = Up and u(cc) = 0. 
This is simply a diffusion, or heat, equation in one dimension. By introducing the 
similarity variable 7 = y/2,/Vit we seek nondimensional solutions for f(7) = u/Uo 
governed by 


f’ +2nf' =0 (7.50) 


with boundary conditions f(0) = 1 and f(cc) = 0. The solution is simply u(y) = 
Uo(1 —erf 1) where 


a e i: 


is the well-known error function. Flow solutions u(y) at different times are similar 
and the boundary layer thickness 6 = \/vr develops in time. While seldom done, 
it is possible to perform a stability analysis of this flow. The results so closely 
resemble those of the Blasius layer that we do not discuss them further, except 
to point out that the relevance of instability is upheld when a mode’s growth 
rate is not outstripped by the development of the boundary layer itself. Study of 
the stability of boundary layers demands some approximation, either by adopting 
unsteady base flow, as above, or in the case of flow over a flat plate, the use of a 
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simplified form of the Navier-Stokes equations. In general, as we have already seen 
in a number of places in this book, a boundary layer in FD is a flow region, in 
many instances adjacent to a solid boundary, in which the flow-dependent variables, 
usually the velocity parallel to the boundary, vary rapidly with respect to their usual 
variation scale in the fluid. Boundary layer theory is an approximation technique 
in applied mathematics, applicable to problems that exhibit rapid variation in some 
small region and thus is appropriate for FD boundary layers. We have discussed 
a basic example of such an approximation problem, from its mathematical point 
of view, in Sect. 3.5.1. The theory was also applied to several flows, in which 
matched asymptotic expansions were employed. The so-called Prandtl boundary 
layer equations (mentioned in Chap. 3) are also a highly simplified model, albeit 
physical, in which the Navier-Stokes equations are reformulated in terms of a 
stretched, or boundary layer coordinate, j = y/6. Again, 6 is the boundary layer 
thickness, a small number here given by 6 = L/\/Re. 

Prandtl’s student, P. R. Blasius, solved this problem for the case of a uniformly 
flowing fluid encountering a plate edge-on. Without loss of generality, we can take 
the plate to be the half (x— z) plane for x > 0. Because the flow for y < 0 and y>0 
is symmetric, we consider only the half space above the plate. The formulation of 
this boundary layer flow was presented in detail in Sect. 3.5. The Blasius equation 
must be solved numerically, but is amenable to standard” methods. Like the plane 
Poiseuille flow profile, the Blasius boundary layer has no inviscid type instability, its 
neutral stability curve resembling Fig. 7.7a. The sharp jump in the velocity profile of 
the Kelvin-Helmholtz flow is not a solution to the viscous equations of motion. In 
a viscous fluid, a flow profile initially resembling a Kelvin—Helmholtz jump would 
rapidly develop into a pair of matched boundary layers, in other words a mixing 
layer flow of the error function form. The Prandtl boundary layer equations can 
also be solved for flows with a weak imposed transverse flow, v, sometimes called a 
suction flow, for v < 0 or blowing one, when v > 0. Driven by industrial, primarily 
aerodynamic, applications, the stability of viscous boundary layer flows with suction 
has received much attention. While boundary layer flow over a wing, for example, 
may be stabilized by suction, it is almost never an economically practical method 
to control flow stability. In astrophysical problems, on the other hand, such as the 
flow of an accretion disk, suction is a reasonable approximation of the accretion 
component of the disk flow. The stability properties of these flows remains the 
subject of ongoing research. 


7.3.3.3 Convective and Absolute Instability 


Boundary layer instability, like the base flow itself, develops downstream. In this 
sense, a spatial, rather than temporal, linear stability analysis is warranted. For 


2The Blasius functions, as the solutions are called, and their generalization to flow over wedges, 
known as Falkner—Skan solutions, are built-in functions in MATLAB, for example. 
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convenience, we temporarily adopt a standard wave notation where disturbances 
take the form « e!(— ©"), where k is the wavenumber and @ the frequency. In spatial 
stability analysis, one normally fixes a purely real value of the perturbation fre- 
quency q, and solves for a generally complex disturbance wavenumber, k. Spatially 
developing instabilities must be carefully examined for their growth properties. Two 
distinct forms of growth are possible: convective instability and absolute instability. 
A convective spatial instability experiences growth as it is carried, or convected, 
downstream by the base flow. Its growth may be catastrophic, as in the breakup 
of a wind driven liquid layer, exemplified fabulously by sea spray or in industrial 
atomization. But the influence of a convective instability does not extend back 
upstream to its point of first development. Absolute instability, on the other hand, 
leads to eventual growth of disturbances at all spatial values. To conclude, we clarify 
that in many cases, spatial instability can be treated using temporal theory together 
with the previously mentioned Gaster’s transformation. Valid primarily near points 
of neutral stability, Gaster’s transformation permits temporal stability results to be 
transformed to spatial stability results. Gaster showed that the imaginary component 
of k, for a spatial instability, is related to the imaginary component of @, from a 
temporal stability result, by the disturbance group velocity, or: 


= ' (7.52) 


The real components of the wavenumber, k, and frequency, @, on the other hand, 
are approximately equal for spatial and temporal unstable modes, which makes 
the above right-hand side unambiguous. A diagnosis of the convective versus 
absolute character and of spatial instability techniques in general is beyond the scope 
of this book, but can be found in other sources, e.g., exercise 8.34 in reference [3] 
in the Bibliographical Notes. 


7.4 Buoyant Instabilities 


A wide range of instabilities are driven by forces of buoyancy, broadly defined. 
A commonly imagined setting is of a body of volume VY completely immersed in 
stationary fluid; a uniform gravitational field of magnitude g points downward. As 
translated, the time immemorial principle of Archimedes says ... any object, wholly 
or partially immersed in a fluid, is buoyed up by a force equal to the weight of the 
fluid displaced by the object.> Suppose that the body has a uniform density p, and 
the density of the fluid in which it is immersed is given by p,. Thus the weight of the 
fluid displaced by the body is “peg and so the “net” weight of the body becomes 


3Found in the work On floating bodies written by Archimedes of Syracuse circa 250 B.C. 
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v(p,—P -) g. Thus if a lesser density body enters an ambient medium, that is one of 
higher density, the body continues to rise. 


7.4.1 Rayleigh-Taylor Instability 


Archimedean instability is also manifest in superposed layers of fluid, where it is 
known as the Rayleigh-Taylor instability. Consider two fluids, each with uniform 
densities p,, arranged on top of one another in a plane-parallel configuration, in 
which a constant gravitational acceleration points downward, in the —z direction. 
The two fluids are separated by an interface at z = 0; the case of a sharp interface 
is not required, and we will discuss other cases later. To start, consider that each 
layer has infinite vertical extension in the direction away from the interface and the 
domain is horizontally unbounded. Repeating the calculation detailed in Sect. 4.2 
for this arrangement, assuming that the shape of the perturbed interface is given by 
n = fle!" + ¢.c., leads to the dispersion relation, expressed here for frequency 
squared w?(k): 


@ = a = 
p, +P. 


(7.53) 


The familiar result for surface gravity waves examined in Sect. 4.2 is recovered 
when the overlying fluid is removed (p, = 0). When the overlying fluid is denser 
(“heavier,’ so to speak) than the fluid below (p, > p_), wo gives a pair of 
exponential modes, one of which grows with time and represents the instability. 
The appearance of a damped companion mode is a consequence of this problem’s 
invariance to time reversal, f+ —f. When dissipative effects such as viscosity are 
included, this invariance is lost. 

At moderate growth rates, the Rayleigh-Taylor instability leads to a pattern of 
finger-like plumes inter-penetrating and eventually mixing the two layers. At large 
growth rates, the process becomes catastrophic and disordered, in other words: the 
two fluids become well mixed. It is therefore of interest to know the wavenumber 
of the most unstable, or fastest growing, mode. But (7.53) does not provide this. 
We have now twice witnessed evidence that the problem defined above is not well 
posed. In the absence of surface tension, viscosity, or any explicit finite length 
scale, whether the thickness of the density jump or the size of a box, this instability 
also lacks a characteristic length scale and, consequently, lacks a timescale as well. 
Another consequence of the ill-posedness of the problem is the unbounded growth 
rate in (7.53) as k — oo. In terrestrial applications, surface tension is normally 
included, in which case the dispersion relation becomes 


_ P¥—8k(p,. —P_) 
p.+p_ 


w? (k) (7.54) 
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where Y% is the constant coefficient of surface tension. In Chap. 4, gravo-capillary 
waves were discussed in considerable depth as expressed in Eq. (4.62) and Fig. 4.15. 
However, there we were interested in surface gravity waves on a horizontally 
unbounded, finite depth layer of constant density liquid and the effect of surface 
tension on them. Here the setting is very different, and surface tension removes the 
pathologically unbounded growth rate for large k by defining a cutoff ke = 1/L, 


where 
Vt 
L, = | ———— ], (7.55) 
Grea 


is the capillary length. For air—water L, © 2.5 mm and on scales smaller than this 
the interface is stable, explaining how water can remain suspended at the top of 
a drinking straw but not as a layer adhered to the underside of a ceiling. In cases 
where fluids are miscible, including geophysical or astrophysical gases, a cutoff 
length must originate from a different physical source, such as the scale-height of 
density variation, finite layer thickness, or dissipation. A similar problem arises 
in the Kelvin-Helmholtz instability (Sect. 7.3.2.1); here, too, the introduction of 
a physical length scale eliminates the ill-posedness. 

Any acceleration is equivalent to the gravitational one in the formulation of 
the Rayleigh-Taylor instability, as demonstrated by Taylor, making this instability 
relevant to supernovae, where dense material is rapidly accelerated outward in the 
direction of less dense gas. The structure of the instability becomes imprinted onto 
the hot gas of the young supernova remnant, forming visually spectacular nebulae 
such as that of the Crab (Fig. 7.8). Buoyancy oscillations are another manifestation 
of the Archimedes principle. Here we consider the response of the ambient fluid 
on vertically displaced fluid elements within a vertically stratified atmosphere. 
Consider an atmosphere in a constant gravitational field g per unit mass, directed 
in the —z direction, or downward. The atmosphere has an equilibrium pressure and 
density profile given as P = P(z) and p = p,(z), where the subscript a denotes 
“ambient.” Equilibrium then dictates that 


dP 
Fe = Pa: (7.56) 


Consider a small fluid element of volume 6¥ at equilibrium height z. Assuming 
that this fluid element adjusts to its environment only by isentropic processes means 
that if the fluid element changes its density or pressure, its entropy must not change. 
Physically, the isentropic response occurs because the dynamic equilibration time 
with the surroundings, via sound waves, is much shorter than the time for any 
heat exchange. For this illustration let us say that the internal equation of state in 
the element is adiabatic, P = Kp’, where y is the ratio of specific heats. If this 
fluid element is displaced vertically to a new position z+ €, where & is small in 
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Fig. 7.8 The Crab nebula, a young supernova remnant for which the finger-like structures of 
Rayleigh—Taylor instability are visible in the glowing gas. Public Domain, Author: J. Hester and 
L. Loll, ASU. Courtesy of NASA and ESA via STScI 


the linearization sense, it will encounter a pressure and density different than the 
pressure and density at z. At its new position the element’s density will be p, say, 
meaning that a net vertical force may act on it. Using the Archimedes principle and 
Newton’s second law gives for its acceleration 


E = 8(pa—p). (7.57) 


The ambient density p, and the element density p at the new position can be 
approximated by Taylor series around their values at z. Thus 


=pe ($5). (P-P(o)]+ (F) iss +HOT 


p= part (32) tp—re) + HOT. (7.58) 
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Noticing that P — P(z) appears in both of the above expressions, their subtraction 
gives 


ap\ a 
Pa p-($) =e, (7.59) 
S/ p 


where we have put pa(z) = P(z) since the initial density of the element is equivalent 
to the ambient value, and approximated s — s(z) ~ ds/dz&. Now we write the 
equation of motion (7.57) of the element, using Eq. (7.59) as 


E+N7E =0, 


where the quantity N, defined by the following equation 


>». g fop\ ds 
= Ts 
ee) a pen 


is again, as introduced in Chap. 5, e.g., in Eq. (5.30) in geophysical waves context, 
the Brunt—Viisdld or buoyancy frequency. It is elementary to see that if N* < 0, 
the fluid element will accelerate, exhibiting instability, while the converse is true if 
N? > 0, in which case the fluid element executes vertical oscillations at frequency N. 

It is possible to put N* in terms of more conveniently observable quantities and 
connect the above finding to the well-known, from the study of stellar structure 
(see, e.g., reference [5] in the Bibliographical Notes to this chapter), Schwarzschild 
criterion. First, it is evident that 


op\ — (ap oT oh 
(5), = (5), (Se), (Se) = 


where h is the specific enthalpy. Well-known thermodynamic relations give cp = 
(Oh/OT)p, where cp is the specific heat per unit mass at constant pressure, and 


T = (dh/ds)p, thus 
Op\ _ T (op 
GiJe Cp \0T ] y 


The vertical gradient of the entropy, s(7T, P), can be written as 


ds Os\ dT ds\ dP 
dz ($3), dz ($3). dz’ eo) 


74 Buoyant Instabilities 439 


os _ os oh _ Cp 

OF je \@hje\oT), FF 
as before. Now dP/dz = —Pag from (7.56) and we also have the thermodynamic 
Maxwell relation (0s/0P) = (dp /0T)p/p?, thus 


ds _cpdT g (dp 
a Td p\eT J, 


where 


and from Eq. (7.60) we conclude that 


2 g(9p\ |aT_ gT (op 
eri) ee 


is sufficient for stability. The thermal expansion coefficient 


1 /dv\ — 1 /fop 

UOT) > prot) p 
where v = 1/p, the specific volume, is positive for a great majority of fluids and 
so N? > 0 if the expression in square brackets is positive. For example, in ideal 


gas D = &T/(Pu), with p the mean molecular weight, and hence the condition for 
stability becomes: 


aT aT 
w=£(24£)>0 or a eer 
dz Cp 


This stability condition is sometimes called a sub-adiatic temperature gradient, 
in particular in the Schwarzschild criterion for convective stability in stellar structure 
theory. In any case, the entropy gradient is the crucial quantity in determining 
stability against buoyant motions and so it forms the most lucid statement of the 
Schwarzschild criterion. The Brunt—Vaisala frequency N has been defined most 
naturally in (7.63) in terms of the entropy gradient, thus the above criterion can 
be re-stated in the following way: An atmosphere in which entropy increases 
everywhere with height (ds/dz > 0) is linearly stable to buoyancy motions, while a 
necessary condition for instability, not proved here, is that 


— <0 (7.64) 


somewhere in the atmosphere. Put another way, internal gravity waves (Sect. 4.4.2) 
are the flip-side of unstable buoyancy oscillations. The study of buoyant instability is 
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simplified by filtering out oscillations of different physical character, such as acous- 
tic and Lamb modes, generally achieved by assuming a priori an incompressible 
equation of state together with some prescription relating density fluctuations to 
those of entropy (or temperature) like the Boussinesq approximation. This is the 
basis of study of Rayleigh—Bénard convection detailed next. 


7.4.2 Rayleigh—Bénard Convection 


In school, every young student learns about convection as one of nature’s most 
effective methods to transport heat. Without convection, many natural phenomena 
would not exist, not least of which the stable equilibrium of the Sun, and many 
industrial processes would be impossible. In an atmosphere, Rayleigh—Bénard 
convection is the manifestation of what would otherwise be unstable gravity waves, 
but accounting for the effects of both viscosity and thermal conductivity. The actual 
problem examined experimentally by H. Bénard (1900) and theoretically by Lord 
Rayleigh (1916) was motivated by the behavior of slabs of wax heated from below. 
As a result, their formulation is very specific in construction and is considered to be 
of limited applicability to circumstances found in nature. In particular, to make the 
analysis amenable, the Rayleigh—Bénard problem is constructed so as to filter out 
sound waves, by assuming an incompressibility, yet still retaining the influence of 
buoyancy, by assuming the Boussinesq approximation. 

The basic physical setting of Rayleigh—Bénard (RB) convection is the following. 
A plane parallel layer of incompressible Boussinesq fluid in constant gravitational 
field is held between horizontal, parallel, rigid, and impenetrable boundaries. The 
temperature values on the two boundaries are held fixed by some external means, 
with higher temperature on the lower surface. The gravitation force per unit mass 
g points downward. The fluid layer would thermally equilibrate, exhibiting a linear 
increase of temperature with depth and this might be perceived as the base state. 
However, a vertically displaced fluid element finds itself warmer than the ambient 
temperature, so that in the absence of heat diffusion and owing to the Boussinesq 
approximation, the fluid element will be less dense than its immediate ambient 
environment, making it buoyantly unstable. In the absence of viscosity the displaced 
element should continue to rise. However if the element is allowed to diffuse its heat, 
then it will lose it to its cooler environment, causing its density to increase. If the 
heat diffusion is efficient, then the rate of increase in the density of the fluid element 
may be faster than the increase of ambient density, in which case buoyant instability 
can be suppressed. Buoyant instability may also be suppressed by the viscosity of 
the fluid since a large enough viscosity will impede, by frictional work, the rate at 
which a fluid element rises. By taking longer to rise, the fluid element has more time 
to diffuse its heat and, correspondingly, adjust its density to become stable against 
buoyant instability. 

The study of Rayleigh—Bénard convection is perhaps the most widely examined 
fluid phenomenon next to the Taylor—Couette problem (Sect. 7.4.3). The success of 
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Fig. 7.9 Diagram of simple Rayleigh—Bénard convection problem. The temperatures are set to T, 
and T, — Bd where d is the separation of the layers and B is the vertical gradient of basic state 
temperature 


the Rayleigh—Bénard (RB) model is in part due to the elegant way it represents the 
essential physics, but, without a doubt, also to the tractability of the mathematical 
statement of the problem. RB convection has thus led to advances in applied 
mathematics such as the universality of iterated quadratic maps and to the enormous 
interest in deterministic chaos with its various applications. More generally, RB 
convection is an excellent analog system with which to study the transition of many 
different physical systems from stability to instability and, possibly, to turbulence. 


7.4.2.1 Formulation and Boundary Conditions 


Rayleigh—Bénard convection refers to the problem of buoyantly driven flow between 
two horizontal plates maintained at two different temperatures, T, and T, = T, — Bd, 
and separated by a distance d (see Fig. 7.9). The equation of state for the fluid 
is assumed to be Boussinesq, such that density fluctuations are directly related to 
thermal (entropy) fluctuations via the relationship 


p =po[1—B,(To—T)], (7.65) 


where B.,, is the coefficient of thermal expansion at constant pressure (see Chap. 4). 
The equations of motion of this problem are 


D 
a = —V(I1 +z) +4gB,(T—To)+vV7u (7.66) 
cl ce (7.67) 


ax oy. az’ 
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where we have defined IT = P/po as an effective enthalpy and where v is 
the kinematic coefficient of viscosity. These equations are supplemented by an 
appropriate evolution equation for the temperature variable including diffusion: 


DT ‘ 
—=kVWT 
dt ; 


where k is the coefficient of thermal conductivity. In the static steady state, denoted 
by over-lines, we reasonably assume thermal equilibrium, such that the temperature 
follows a linear distribution 


T =T -— Bz, 


where 8 = (T, —T,)/d is the vertical gradient of the basic state temperature and 
0 < z<d. For a static fluid it follows from the vertical hydrostatic equilibrium 
condition that the steady enthalpy must be given by 


TI = Ty — gz—488,B2. 


Next we will introduce perturbations, linearize the resulting equations of motion, 
and examine normal mode solutions, subject to specified boundary conditions. The 
relevant variables are thus expressed as 


u=u(x,y,z,f), T=To—Bz+6'(x,y,z,t1), M=T+IT'(x,y,z,1), 


where the primed quantities are small perturbations (note that 9’ denotes the 
temperature perturbation). The linearized equations for the perturbations become 


ou’ 


— Vi +B,.0'%@+vVu', (7.68) 
ou’ ov’ ow 
= at on (7.69) 
and 
if 
ae = Bw + KV76'. (7.70) 


Inspection of the perturbation equations suggests elimination of IT’ from the 
momentum perturbation equation. This is achieved by operating with Vx on 
Eq. (7.68) to form the equation for the perturbed vorticity @’ = V x u’ 


/ 
70 = gB,V x (02) +vV20! (7.71) 
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Operating again with Vx, now on Eq. (7.71), making use of Eq. (7.69) and writing 
only the vertical component of the resulting equation gives 


aV2w 076’ =?! 
7 = gap (Sa+5) Viw!. (7.72) 


Remember w’ is the vertical velocity perturbation, while the vertical component 
of the vorticity perturbation is given by 6’ = Z- @’. One may extract the vertical 
component of the vorticity perturbation equation from Eq. (7.71), finding: 


dt _ in 
an sal (7.73) 
Before proceeding it is advantageous to nondimensionalize the perturbation equa- 
tions (7.70), (7.72—7.73). We begin by scaling lengths by d and time by the thermal 
conduction timescale d*/k. The relevant velocities are scaled by «/d. Thermal 
fluctuations can be scaled by the steady state temperature difference between the 
upper and lower plates, Bd. In order to remain consistent with these scalings, the 
enthalpy is measured in units of x” /d”. In summary, we perform: 


xiodx, tyH(d@/kt, wry (k/dw’, 6’ ++ (Bd)oe' 


so that the quantities x,t,u’,@’ are to be nondimensional representations of the 
corresponding spatial coordinates, temporal coordinate, velocity, and temperature 
perturbations, respectively. 

From now on we shall use the same symbols to represent both the dimensional 
and nondimensional variable primarily to avoid clutter. The perturbation equations 
thus become 


1 0¢' 
nue =V¢' (7.74) 
1 oV?w! a70' =e! 4 
i oo. a( Sat Se) +00 (7.75) 
/ 
0 = wi +26! (7.76) 


where we identify the Prandtl number Pr, defined in Sect. 1.6, 
Vv 
Pr=— 
K 
and add one more important nondimensional number, bearing Rayleigh’s name Ra, 


_ gapd* 
a — ne 
KV 


R (7.77) 
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The Rayleigh number Ra is the primary parameter determining the onset of linear 
instability in this problem. It also happens to be the universal number by which 
buoyant convection is characterized in almost all applications. As we saw, the 
Prandtl] number Pr measures the relative timescales between the action of viscosity 
and conduction. In most terrestrial applications Pr tends to be of @ (1), but in many 
astrophysically relevant settings, e.g., in the Sun or in accretion disks, Pr can be 
extremely small, 10~> or less. On the other end of the spectrum, Pr can be very large 
in some geophysical applications, such as in ice convection, where the viscosity can 
vary by several orders of magnitudes due to its dependence on temperature. 

To simplify the mathematical manipulations, we apply the Helmholtz decompo- 
sition theorem‘ to the perturbation velocity, leading to a stream function, wy’, and 
a velocity potential, @’, so that the horizontal components of the velocity may be 
written as the sum of the appropriate derivatives: 


“= ene ee (7.78) 


Note that both @’ and y’ are functions of the vertical coordinate z. By taking the 
horizontal divergence of the above forms and making use of the incompressibility 
condition of Eq. (7.69), we find: 


aw’ a7! ao! ay! ay! 
a = (53 ! =e) (l= ( oo +55). (7.79) 


The divergence of the velocity components in Eq. (7.78) and the relations in 
Eq. (7.79) give: 


eu aul ew ac! av ay! aw ac! 

(Ss ’ =) ude” Oy (SS =) ~~ Bydz ax. 
(7.80) 
The utility of this equation form should be clear: because the system of equa- 
tions (7.74—-7.73) is expressed in terms of the perturbation vertical vorticity and 
perturbation vertical velocity, one can reconstruct the perturbation horizontal veloc- 
ity fields from knowledge of the former quantities. This formulation is especially 
suited to problems involving horizontally periodic or horizontally open boundaries. 
In contrast, in treating the confining plates as rigid walls which are no-slip for 
non-zero values of the viscosity, the simplest boundary conditions are that the 
velocities should match that of the plate at the location of the plate. This amounts to 

imposing zero perturbation velocity at the boundaries, for non-moving plates, viz. 


“W=v=w=0, at z=0,1. (7.81) 


4 Allowing to decompose any sufficiently smooth vector field to the sum of a curl (Vx) free 
component plus a divergence (V-) free component 
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These are the rigid boundaries originally introduced in Sect. 3.3.1. Another set 
of boundary conditions is referred to as stress-free; these conditions were briefly 
mentioned in the discussion of TC flow in Chap. 5. As the name implies, stress- 
free conditions would require the three components of stress on any boundary to 
be zero, as described in Sect. 1.4.2. In the context of classical Rayleigh—Bénard 
convection calculations, we follow the simplifying rationale employed by Rayleigh 
by assuming that the bounding plates are fixed but that the two tangential stresses 
are zero on z = 0, 1. Referring to Sect. 1.4.2, the two tangential stresses on the plates 
are symbolically given by 0,,,0,,, or equivalently by 0.x, 0zy. Setting these to zero 
means 


au aw av aw! 


ap Ae =0, peu ay =0, at z=0,1, (7.82) 
with the requirement of no normal flow w’ = 0 there, as well. The payoff from 
these boundary conditions is mathematical tractability: it is with these boundary 
conditions that analytical results may be found. Separately, we have to supply 
boundary conditions for the temperature. The physical assumption that boundaries 
are perfect thermal conductors translates to the temperature fluctuations being zero 
on the surfaces, or: 


6’ =0, at z=0,1, (7.83) 


referred to as either fixed-temperature or conducting boundary conditions. 

One may instead impose the requirement that vertical heat flux, dimensionally 
given by —Z- KVT, be held fixed on both boundaries of the system by an external 
agent working on a timescale that is much faster than any other thermal timescale 
characterizing the system. These conditions are often times referred to, depending 
upon the context, either as fixed-flux or insulating boundary conditions. Such 
conditions represent the behavior of a fluid layer with an internal heat source 
whose total thermal content is in some statistically steady state. In practice, fixed- 
flux conditions are a theoretical construction that allows for some mathematical 
expediency. Another result is that the normal gradient of the thermal fluctuations 
should be zero on the surface, or 


/ 
oe =0, at z=O,1. (7.84) 
Oz 


7.4.2.2 Normal Mode Analysis of Rayleigh-Bénard Convection 
We now analyze Eqs. (7.74—7.76) assuming normal mode disturbances of the form 


w a W(z)eths*+by Pl 4 cc, 
@! _ O(z) elke thy opt +ce.c. 


Ci = Z(zjeh Pt + cc. (7.85) 
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Inserting these into (7.74—7.76) we find 


1 (#2, , ae \* 
es 
po =w+ (Fo, (7.87) 
1 C 
a=ph =| =k |Z 7, 
PP (S ) ; (7.88) 


where k* = k2 + Rk. Inspection of the above equations immediately indicates that the 
perturbation vertical vorticity decouples from the perturbation vertical velocity and 
temperature. It should be kept in mind that the normal-mode form of the horizontal 
velocities 


ul = U(z)el* FY Pt 4 c.c., vi = V(z)el toy el 4 c.c., (7.89) 
taken together with the incompressibility condition leads to 
dw 
~~ + ik,U+ik,V =0. (7.90) 
dz ; 
Given that uv’ and v’ are related to w’ and €’, as found in Eq. (7.80), it follows that 


the vertical structure functions U and V relate to W and Z according to 


dW dW 
— PU = ik, = +ik,Z, PvV= ik, — tk,Z. (7.91) 
Zz : “ aZ 


Combining Eqs. (7.86—7.87) produces an equation for the quantity W, or equiv- 
alently for ©, that is sixth order in z. After some rearrangement, the decoupled 
equation reads: 


da a d 
(e-”) (B-¥-») (ZS Ke 5) w- Rak’W. (7.92) 


The nature of the solutions to the set (7.86—-7.87), or equivalently of Eq. (7.92), 
will depend on six boundary conditions. It is possible, using Eq. (7.91), to show 
that the boundary conditions appropriate for stress-free conditions at both bounding 
surfaces are 


dZ_ W 


ae = ae =U, at z= 0, 1. (7.93) 


Other boundary conditions for the normal modes are left as an exercise for the 
reader. 
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As we alluded to earlier, only the case of stress-free boundaries on both surfaces 
admits analytically tractable solutions, often identified as “free-free” conditions in 
the literature. In this case, the combination of the boundary conditions implies that 


ew dw 
dz dz 


W 0, z=0,1. (7.94) 


Examination of Eq. (7.92) shows that the operators appearing in it are all even 
powered applications of d/dz. Thus the parity of any solution substituted into that 
equation is preserved in each of the terms appearing therein. With the boundary 
conditions of Eq. (7.94) in mind, we see that W = W,,(z) = sinnzz, where n is any 
natural number and would be a solution of (7.92) which naturally satisfies the stress- 
free boundary conditions as long as 


(nn? +k) (nn? +k? +p) (nn? ++ 2) — Ral? =0. (7.95) 
The index n measures the number of interior nodes minus | in the vertical direction 
of the velocity structure function W. Borrowing from the language of vibrations, we 
shall refer to the n = | mode as the fundamental and all of the subsequent modes as 
overtones. The above displayed equation is in a quadratic form and is one of the rare 
instances in which an analytic expression for the temporal behavior can be written 
down without appeal to numerical calculations: 


RaPr k? 
(n202 +k?) 


(7.96) 


where we have indicated the eigenvalue p as a function of all of the parameters 
characterizing the perturbation and the problem. A short examination shows that 
transition to exponentially growing modes, i.e., R(p) > 0, occurs for 3(p) = 0. 
This is an instance of exchange of stabilities. If one examines (7.96) it is possible 
to conclude that the transition into instability happens as Ra is increased. There 
is a critical value of Ra, referred to as Rac, in which there is exactly one mode at a 
specific wavenumber k, referred to as k,, that neither grows nor decays (it is neutral), 
while all other modes are decaying (are asymptotically stable). Once Ra exceeds 
this critical Rayleigh number there appears a band of wavenumbers centered on the 
critical value k, which are all unstable, while the rest, residing outside of this range, 
are stable. 

Returning to the characteristic polynomial equation (7.95), we set p = O there 
and ask what values of Ra correspond to the marginal condition of zero growth rate. 
This is an expression for the marginal Rayleigh number Ra,, 


p=p(k,n,Pr,Ra) = —3(1+Pr) (n’a° +k) + ze + Pr)? (n2m2+k)? 4 
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Table 7.2 Critical Rayleigh number for various models. 
Note that in all cases Ra, occur for the fundamental mode 
(n = 1). “Free-free” indicates stress-free boundary condi- 
tions on both boundaries while “rigid-rigid” is similarly 
understood. “Rigid-free” indicates rigid conditions at z = 
0 and stress-free at z = 1. “Stellar” conditions indicate 
fixed-flux at the base of the layer and fixed-temperature 
conditions at the top 


Boundary conditions Critical parameters 
Thermal Kinematic Ra, ke 
Fixed-temperature | Rigid-rigid | 1708 3.117 
Free-free 657.5 2.221 
Rigid-free 1101 2.682 
Fixed-flux Rigid-rigid 720.0 | 0.0 
Free-free 120.0 0.0 
Rigid-free 320.0 0.0 
“Stellar” Rigid-rigid | 1565 2.535 
Free-free 384.7 1.755 


Rigid-free 816.7 2.212 


Given k and n, it is the value of Ra for which at least one mode is neither growing 
nor decaying. We note immediately two things. First, that the marginal Ra,, does not 
depend upon Pr and second, that for a given value of n the marginal curve Ra,,(n, k) 
has a minimum value for some critical value of k = k, corresponding to a minimum 
(critical) value of the Rayleigh number Ra, (see Fig. 7.10 below). Since increasing 
n increases the value of Ra,,, it follows that the absolute minimum of Ra should be 
for the fundamental mode, n = 1. It therefore follows that 


OR 27n* 
(Se) | a a & Ra,= —, (7.97) 
n=1 


It is important to emphasize the interpretation of this calculation. We have essen- 
tially identified the value of Ra below which there is no possibility of instability 
for any value of the parameters of the system, including the overtones n > 1. At 
Ra=Ra, a single mode, n = 1, exhibits at k = k, zero growth rate R(p) = 0. Holding 
k =k, fixed and increasing Ra leads to instability. A selection of the results are 
presented in Table 7.2 for a variety of applied boundary conditions. In addition to the 
fixed-temperature boundaries we have included the Ra, and k, for models exhibiting 
fixed-flux conditions and so-called stellar conditions, referring to a model of a stellar 
surface characterized by fixed-flux boundary conditions on the lower boundary and 
fixed-temperature conditions on the top. 

We note that for the fixed-flux boundary models, the critical Rayleigh numbers 
occurs, for the fundamental mode, in the limit of zero horizontal wavenumber. 
However Ra, occurs at non-zero k values for all subsequent overtones, n > 2. This 
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Fig. 7.10 Marginal Rayleigh numbers as a function of horizontal wavenumber k for two different 
thermal boundary conditions with rigid-rigid boundary conditions and for the fundamental and first 
two overtones: (a) fixed-temperature, (b) fixed-flux. Notice how in the fixed-flux case the minimum 
marginal Ra of the fundamental mode occurs asymptotically at k = 0. This is not the case for the 
overtones 


is indicated in Fig. 7.10b. We shall re-examine some of these features in Chap. 8, 
performing asymptotic analysis of the fixed-flux and fixed-temperature problems, 
as shown in Fig. 7.10. 


7.4.3 Taylor—Couette Centrifugal Instability 


Centrifugal force acts analogously to buoyancy, so we examine it here in the wake 
of our analysis of Rayleigh—Bénard convection. Centrifugal effects are generic 
whenever flow is constrained to follow curved streamlines. In the laboratory, curved 
flow is normally constrained by walls, while in astrophysical problems gravity can 
achieve a similar result. Along a curved wall, for example, centrifugal instability 
leads to the so-called Gortler vortices while vortices resulting from an instability 
in a curved pipe are usually named after Dean. The scientists H. Gortler and W. R. 
Dean studied such flows in 1950 and the late 1930s correspondingly. In both cases 
they are essentially variations of the Taylor vortex flow. The flow between two 
coaxial cylinders, also known as Taylor—Couette (TC) flow, is, however, the best 
known and most widely studied example of centrifugal instability. We have already 
constructed the TC steady solution in Sect. 5.2.2 and discussed its instability in the 
introduction of this chapter. Unstable when the rotation speed of the inner cylinder 
is fast enough, a supercritical bifurcation leads to the appearance of a regular 
stack of axi-symmetric toroidal Taylor vortices. After stability is lost in this first 
bifurcation of the base flow, further increase of the inner cylinder speed ushers in a 
carnival of subsequent bifurcations, leading to increasingly complex flow patterns 
and eventually to turbulence (see Fig. 7.3). The stability of TC flow was the first case 
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where experimental results matched the predictions of linear stability analysis.> It 
thus serves as a controlled experimental setting in which to perform detailed studies 
of instabilities, bifurcations, and of the transition to turbulence. 

Consider a pair of coaxial infinitely long cylinders with radii r, and r, (r, < r,) 
centered on the z-axis. The TC problem neglects gravity, but we assume that the flow 
is viscous with constant kinematic coefficient v. The traditional TC base flow is of 
constant density and steady. The geometry is such that the flow is purely azimuthal 
and takes place in the annular region between the two cylinders. Equation (5.51) of 
Chap. 5 is this base flow, but with a slightly different notation r; +> R;. The flow is 
driven by rotation of the inner and outer cylinders at angular velocities Q, and Q,, 
respectively. Corresponding to the steady flow is a steady pressure solution, whose 
radial gradient is given by Eq. (5.49). The equations of momentum balance and 
incompressibility in terms of the cylindrical-polar coordinates (r, @,z) are 


2 
OY a My atv (vu 25% 5) (7.98) 


Ot r or rog r 
Ov uv Ol > ,20u Vv 
Seu Ws i = ST ty (v 425-3) (7.99) 
ow > orl 2 
ae Ny Ww (7.100) 
1 O(ru) z lov | dw ~ 0, (7.101) 


r or rag. az 


where u, v, and w are the radial, azimuthal, and vertical component of velocity, 
respectively, and IT = P/po is the pressure divided by the constant density. The 
steady solution for the azimuthal flow found in Eq. (5.51), now identified as v,, 
will be recast in this section into a form more amenable to the analysis of TC flow 
centrifugal instability, viz.: 


(7.102) 


The two new nondimensional parameters 2 and 7 in (7.102) are those most 
commonly used to identify points of instability in TC flows. The reader is warned 
not to confuse these with previously used same symbols. The condition for stability 
to axi-symmetric disturbances is 


>The reader is referred to the stability texts by Drazin, Drazin and Reid, or Charru listed in the 
Bibliographical Notes to examine in detail G.I. Taylor’s graphical comparison of theoretical and 
experimental results. 
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2 2 1 
—> SS 7.103 
u>n’, a7 2 ( ) 


This condition, often referred to as the Rayleigh criterion for rotating flows, will be 
examined in more detail in the following sections. 


7.4.3.1 Stability of Inviscid TC Flows to Axi-symmetric Disturbances 


We repeat here a heuristic calculation due to Rayleigh, and later von Karman, 
who looked for some insight into the instability mechanism. For simplicity of 
the argument, viscosity is neglected and the flow is assumed axi-symmetric, i.e., 
0/0 = 0. From (7.99) it follows that 


OV 


uv dl, 
a ee =0, 


dt 


=0, where /,=rv. (7.104) 


l, is recognized as the specific (i.e., per unit mass) angular momentum. This quantity 
is expected to be conserved, in the Lagrangian sense, due to absence of external 
torques. Kelvin’s circulation theorem expresses this as well, because the circulation 
is just 27/,. The following energy argument illustrates the dynamical consequences 
of this conservation. Consider two rings of very small rectangular cross section, 
labelled 1 and 2 and located at the coordinates (R,,Z,) and (R, = R, + AR,Z, = 
Z, + AZ), respectively. Let these rings have side area 6, x 6,, that is, they effectively 
are hoops of radial and vertical dimensions 6, and 6,, respectively, both very much 
smaller than any other scale of the system, in particular AR and AZ. 

The above rings have kinetic energies per unit volume given by €, = 
(po /2)v(R, )? and €, = (po /2)v(R, )”, respectively. In terms of their specific angular 
momenta, i.e., 


L= L(R,) = R,v(R,) and 1,= 1.(R,) =R,v(R,), 


the corresponding rings’ kinetic energies per unit volume 


em (h\ , _pof hy’ 
ee oe ae Bg Nae et 


so that the total energy of the rings is (the reason for the superscript “ini 
become clear shortly) 


- eee oy 
mente Flt) +(e) | anes 
1 2 


” 


will 
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Suppose now that the positions of the rings are switched, so that ring 1 is moved 
to (R,,Z,), while ring 2 to (R,,Z,). During this exchange, the angular momentum 
of each ring remains invariant, so that the ring originally at (R,,Z,) preserves its 
angular momentum, /,, while occupying the new position (R,,Z,), and vice versa 
for the other ring. The kinetic energies of the two rings in their new positions, €, 
and &,, are used to define the final total energy, i.e., after the exchange 


cfg tea /(2) 4 (2) (7.106) 
Pe, ee R, 


From an energetic point of view, if the system is in a state of larger energy in the 
final configuration, we may say that the system is stable in the initial configuration. 
The condition for stability is e*" — e'! > 0. When the difference in the positions of 
the two rings are small compared to their average position, that is, if 


AR AZ ‘ 
»< 309 <min{R,,Z,}, 
one can Taylor expand the energies around (R, ,Z, ) to show that stability should be 
guaranteed for 


2472 
pr) 49 4 Ie _ ya(vr) 


r r or “Or =Tv or > 0. (7.107) 


If we adopt the Taylor—Couette profile (7.102) as the base flow, then the condition 
for stability takes the form ps > n”, provided Q, > 0. This is the same expression as 
found in Eq. (7.103). 


7.4.3.2 Stability of Viscous TC Flows to Axi-symmetric Disturbances 

We now introduce small disturbances into the equations of motion (7.98—7.101) and 
linearize around the steady Taylor—Couette profile (7.102). Applying the familiar 
substitutions 

urvu'(r,z,t), vey, (r)+v(7,z,t), wew(r,zt), TW 0,(r)+T'(r,z,0), 


where the steady pressure field IT, = P, /P, is given in Eq. (5.49) with p = p,. After 
linearizing, we find 


ou’ orl’ : 
Ea +v (vu - =) , (7.108) 
r r 


r 
! / 
ov ie se ui=v (v° to 7] ; (7.109) 
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= —-2= 4 yvw, (7.110) 
Zz 


=+—+—~— =0. 7AM 
Or raz ( ) 
Assume now that the boundary conditions supplementing these equations are 
periodic in the vertical direction and rigid at the two radial boundaries, i.e., obeying 
u’ =v' =w' =Oatr=r, andr=r, =1/r,. The ansatz for normal mode solutions 
has the form 


T ~ at 
(w,v'.w’,7') = [7@),. Vr), W),10)] elHP 4 oe, 


where k is real but p can be complex. The perturbation equations simplify to a pair 
of equations for U and V 


2 
ted d7a.t\ 3 2Y 
k k = 2k* — 7.112 
»|2 ($++) | u 5 ($++) Jv = ( ) 


ofa _ 1 Jd(rv,) 
eats) ely pv=—| dr Ju. Gt) 


where the boundary conditions here are U = V = dU/dr =O atr=r,,r=r, © The 
combined set of equations cannot be solved analytically and in most cases one must 
take recourse to numerical computations. 

Analytical treatment is possible only in some limiting cases. When the equations 
are considered in the inviscid limit, we find that they combine into a single ODE 
for U: 


ld d 1 
2 2 2,2 2 

k = Ok (0) 
P E dr (=) 3| U Oi 


2v, [ d(rv,) 
r dr 


| , (7.114) 


with the boundary conditions U = 0 at r=~r,,r,. Multiplication of the above 
expression by rU*, where U* is the complex conjugate of U, and integration from 
r=r, tor=r, results in 


2 " du |" yi 1 2 DB iy, 9) 2 
pf —| +( rk +—])|U| dr=— | @°r|U|° dr. (7.115) 
r dr r 7 


The integrand on the left-hand side is positive definite, while the sign of the right- 
hand side integrand can be either positive or negative, depending on @7. If 7 > 0 


Note that the condition that the vertical velocity is zero at the boundaries is equivalent to dU /dr = 
0 atr=r,,r, since U = 0 at those points too. This is a consequence of the continuity equation. 
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everywhere in the domain of integration, the integral will be positive and so p? < 0, 
indicating stability. This stability criterion can be expressed as 


> 0, for rn<r<n, 


which is simply the Rayleigh criterion for rotating flows that we obtained in the 
previous analysis (of an inviscid flow). It can be shown that this condition is 
necessary, but not sufficient, for stability of incompressible flow to axi-symmetric 
perturbations, although the flow may be unstable to non-axisymmetric perturba- 
tions. On the other hand, instability (i.e., p* > 0) is possible, but not guaranteed, 
if @* <0 somewhere in the domain of integration. Rayleigh showed that this 
instability is the analog of the Rayleigh-Taylor instability, where the radial pressure 
gradient plays the role of buoyancy. In other words, an unstable stratification of 
centrifugal force acts like an unstable stratification of density. 

Rayleigh’s criterion allows for instability for any non-zero rotation of the inner 
cylinder, Q), in the case of a fixed outer cylinder, Q2 = 0. In actual experiments, 
instability occurs at a finite value 2; because viscous damping must be overcome. 
Taylor, motivated by careful observations of his experiments, obtained a marginal 
stability curve in terms of Q; by assuming axi-symmetric perturbations and a 
narrow gap configuration (rz — 1) <r). His calculations also assumed exchange of 
stabilities at marginal conditions, as in Rayleigh—Bénard convection, which allows 
the simplification p = 0 in the stability equations. We will not repeat Taylor’s 
calculations here, except to get another expression for what is also referred to as 
the Taylor number: 


(7.116) 


which emerges as the single governing parameter of the system. Note that it differs 
from the Taylor number as defined in the problem of Rayleigh—Bénard convection in 
Sect. 7.4.2.1. Essentially the square of a Reynolds number based on the azimuthal 
velocity, Ta, as written here, plays the role of the Rayleigh number of Rayleigh— 
Bénard convection. In the small gap limit and for nearly equal rotational speeds 
Q) & Qo, the Taylor—Couette problem is the exact analog of Rayleigh—Bénard 
convection so that the critical Taylor number for instability is also found to be 
Ta, = 1708. 


7.5 Additional Instabilities 


In this section we present two examples from the many additional flow instabilities, 
that in our opinion bear enough importance to be explicitly considered in an 
FD graduate text. We begin by giving a brief summary of the breakup, due to 
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surface tension, of a cylindrical liquid jet, studied by Lord Rayleigh, F. Savart, and 
J. Plateau, who, losing his eyesight, used a cello to excite disturbances in laboratory 
jets. We then expand our scope to the largest of scales and present the collapse, due 
to self-gravity, of an astrophysical gas as studied by Sir J. Jeans and others, thought 
to have a crucial role in star formation and probably of larger object as well. 


7.5.1 Rayleigh—Plateau—Savart Breakup of a Liquid Jet 


Everyone is familiar with the pattern of droplets that forms during the breakup 
of a stream of liquid falling from a slightly open tap. Already Leonardo da Vinci 
considered it in his notebook (1506). Leading mathematical physicists like T. Young 
and P.S. Laplace came close to a theoretical explanation of the phenomenon in the 
early nineteenth century but it was first studied experimentally by F. Savart (1833). 
It was not until later work of J. Plateau (1850) that the mechanism driving the 
breakup was determined to be surface tension. Plateau recognized that symmetric 
deformations would lead to reduced surface area, releasing surface energy, while 
Lord Rayleigh performed the first linear stability analysis in 1892, successfully 
predicting the wavenumber of the most unstable, or fastest growing, mode. It is this 
mode which sets the size of the droplets that form. In the case of a liquid—water, 
say, forming a laminar jet (a cylindrical thread) in air, we may justifiably neglect the 
presence of the surrounding air in first approximation, on the basis of the negligible 
air—water density ratio. We may also ignore any effect of flow non-uniformity in 
the interior of the liquid jet, modeling it as a cylinder of radius R, along which the 
fluid is moving at uniform velocity. In uniform flow, viscosity is inactive, so it too 
can be ignored. After a Galilean transformation to the jet frame, we can analyze 
a cylinder of liquid with base state v = 0, P = Pz + Y%./R where Y is the surface 
tension coefficient and P, is the ambient air pressure. Here we have applied the 
well-known Young—Laplace condition, which is 


1 1 
AP= —+— TAT 
m( a+), ( ) 


giving the pressure difference across an interface at a point, where the interface’s 
radii of curvature are R;,i = 1,2. 

To begin a linear stability analysis, we start with the incompressible Euler 
equations, with constant density p: 


ou 
p & +uvu) =-—VP 
V-u=0. (7.118) 
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Let the general jet surface be located at r = Y(@,z), naturally adopting cylindrical 
coordinates. The outward normal to the interface, n, satisfies V-n = 1/R; + 1/Ro. 
In general the Young—Laplace condition is P = Pg + 7%.V-n on r= Y and is actually 
the normal stress balance, here acting as a boundary condition. The second boundary 
condition is the kinematic condition of the moving interface, or u = DY/Dt at 
r = Y. It is evident that perturbations to the velocity, pressure, and radial jet surface, 
respectively, can be written as u’, P’, and Y’ = Y — R. Linearizing equation (7.118) 
in the perturbations on the base state, we obtain 


ou’ ; 
ps =-VP, (7.119) 
V-u =0, (7.120) 


while the linearization of the Young—Laplace condition and the kinematic boundary 
constraint give 


yo, Ler 
P= —% & aa + i oa on r=R, (7.121) 
oY' 
—_ —_ = 
= on r=R, (7.122) 


where Y is the surface tension coefficient on the interface, whose units are 
[force/length]=[energy/area]. 

We can now introduce normal modes ansatz for u! = a(r)e?*(&+"9), and 
similarly for P’ and Y’. After some algebra, we obtain a single perturbation equation 


@P  1dP a 
oP tS _ (etn (PP =0, (7.123) 
dr>— r dr 


a modified Bessel equation of order n. Assuming bounded pressure at the interface, 
Eq. (7.123) has solution P = AI,(kr) where A is an arbitrary constant and I,,(x) is a 
Bessel function (note that the complementary Bessel function K,,(x) is not a solution 
because it is unbounded as r — 0). Using Eqs. (7.120)-(7.122) leads to an equation 
for the growth rate, 

2_ Yr 1, (AR) 


Pp = 38 oe (Rar), (7.124) 
n 


from which it follows that the jet is unstable only to axi-symmetric disturbances, 
n = 0; in this case, unstable disturbances must have wavenumber kR < 1. In other 
words, for instability, the wavelength A = 27/k of axi-symmetric disturbances must 
be larger than the circumference of the jet 27R. For a water jet in air, the mode 
of fastest growth has wavelength Amax = 27 /kmax * 9R, or about 4.5 times the jet 
diameter, a result which may be roughly but easily verified with the help of the 
kitchen sink faucet. The breakup of a liquid jet into droplets can be understood 
physically as a transition to a lower energy state for a system where surface energy 
is dominant. 
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7.5.2 Jeans Instability 


Here we consider the role that self-gravity plays in causing a linear instability, 
which leads to the beginning of a gravitational collapse. This problem was originally 
discovered by Sir James H. Jeans and is now commonly known as the Jeans 
instability. J. H. Jeans (1877-1946) was a prominent physicist, astronomer, and 
mathematician, who contributed to several disciplines, but is perhaps most famous 
for writing in his popular book “...the Great Architect of the Universe now begins 
to appear as a pure mathematician.” Jeans considered an inviscid compressible fluid 
medium (gas) having uniform density p and entropy s, at rest. The medium was 
examined under the ideal assumption that it is of infinite extent, in three dimensions. 
The governing equations are 


oO iV VPS wy, (7.125) 
Ot p 


in which the body force, per unit mass, is provided by the self gravity of the gas 
b=-V@9, 


where @ is the Newtonian gravitational potential, satisfying the Poisson equation, 


V’® =4nGp, (7.126) 
and the continuity equation 
0 
& +V-(pu) =0. (7.127) 


We assume that the gas is perfect and processes that we shall be interested in are fast 
enough that they may be considered adiabatic which, when there are no sources or 
sinks of heat such as viscous dissipation or local gains or losses, is equivalent to 
constant s. This is conveniently expressed by the adiabatic relation P = K(s)p’, 
where ¥ is the ratio of specific heats and K(s) is a constant, depending only on the 
value of the uniform entropy of the system. 

When a static uniform base state is considered, on which a perturbation is 
performed, a physical inconsistency immediately arises. Expressing the variables of 
the problem as composed of their value in the base state plus a small perturbation, 
e.g., 9 =potp’, P=Pot+P’, and D = G+’, we see that the base state is 
simply impossible. It has to be a uniform medium extending to infinity, satisfying 
the unperturbed Poisson equation 


V’@, = 42Gp,, 
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resulting in a gradient of the mean gravitational potential V®p which cannot be 
identically zero. This, in turn, means that the unperturbed momentum equations 
(see (7.125)) cannot be satisfied. Hence for this stability analysis, the suggested 
base state is impossible! 

Physics is a science of approximation and not mathematical rigor. In this 
problem, the “infinite” extension of the base state should be understood as a size 
very much larger than the particular system whose stability we wish to examine. 
It is certain that a scientist of Jeans’s stature was well aware of that. So it seems 
a reasonable approximation to allow the size of the base state to be infinite in 
three dimensions and to ignore the Poisson equation in it and thus the gravitational 
potential, for the mean steady state, including it only when perturbations are 
introduced. In practice, this amounts to having a constant mean gravitational 
potential ®,, where the value of the constant can be chosen to be zero if desired. 
We have already introduced perturbations in the usual way above and to that we add 
the velocity u = wu’, leading to the perturbation equations 


/ 
oP" 4 p,Vow = BissPiyivi, oa (2 
Ot Ot ‘P=, 


(7.128) 


Adiabaticity of the pressure pefupeanons has rn used in writing the perturbation 
momentum equations, i.e., P’ —> c2p’ where c? is the adiabatic sound speed as 
introduced in Sect. 6.2. As onticipated there is no reference to a mean gravitational 
potential. These equations are supplemented by the linearization of equation (7.126) 


V’@' = 4nGp'. (7.129) 


Taking the divergence of perturbation momentum equation in (7.128) and combin- 
ing it with the perturbation continuity relation, we find the single equation for the 
perturbation p’: 


2a 
oP avo! (4xGp, p' =0. (7.130) 


Normal mode solutions imply the ansatz of the form p’ = e?'*’**, leading immedi- 
ately to the following relation for the growth rate p(k) 


4G, 


2 
Ss 


p =4nGp-kcaci(k—-k), K= 


7 c 


(7.131) 


The Jeans wavenumber k,, related to the Jeans wavelength A, = 21/k,, gives the 
condition for marginal stability. On the one hand, if the disturbance wavenumber 
is larger than k, then, not only are such disturbances stable, but also for k > k, 
the disturbances can be identified with propagating adiabatic sound waves. On 
the other hand, if the disturbances have wavelengths longer than the Jeans length 
scale, k < kj, then instability sets in. We note here that instability occurs by passing 
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through zero frequency (p* = 0) indicating an exchange of stabilities, a concept 
we have encountered before in Rayleigh—Bénard and Taylor—Couette instabilities. 
While it is unsatisfying that maximal growth occurs at zero wavenumber, we should 
expect that for the approximations used to define this problem, any results will 
become increasingly inaccurate at large enough scales. 

Jeans undoubtedly understood this, and also that it should be possible to obtain an 
equilibrium solution for a self-gravitating mass of finite size, but still significantly 
larger than the Jeans length, to serve as the base state. Perturbations would then 
yield a different size for the Jeans length than that obtained for an infinite medium. 
L. Spitzer did just that in his classic text in 1978, whose newer edition is listed 
as reference [6] in the Bibliographical Notes. He first found an equilibrium state 
of a two-dimensional slab (still infinite in the third direction) and found the Jeans 
length by performing a linear stability analysis. The result is similar to the Jeans 
result within a factor of @(1). The Jeans instability is a basic consideration in 
trying to develop a theory of star formation. Such a theory is bound to be very 
complex because of the many’ physical processes involved and the influence of 
the neighboring objects. However the simplest mechanism involved is the Jeans 
instability. In Fig. 7.11, an active region of star formation in the Orion nebula is 
depicted. In the picture several relatively dense objects are singled out. These are 
thought to be flat gravitationally collapsed objects, whose further collapse is halted 
by rotation that is important in the formation of proto-planetary, relatively thick, 
disks (proplyds). Such proplyds are thought to be ultimately responsible for the 
accumulation of mass onto a central star, surrounded by a leftover disk, out of which 
planets may possibly form. 

In the absence of a basic state, the physical interpretation of the Jeans instability 
can come from the perspective of a simple timescale argument. Consider, for 
simplicity, a spherical disturbance of a particular initial size R say and of uniform 
initial density po. Let r(m,t) be the radius of a particular mass shell (a Lagrangian 
variable). Assume that entire sphere gravitationally collapses, as its pressure support 
vanishes. The Lagrangian equation of motion for r(m, t) is 


Gm(R) _ 4GpoR? 
ro 3r2 


(7.132) 


where m/(R) is the mass interior to R, that is, the mass of the sphere and an over-dot 
denotes, as usual in this Lagrangian formulation, the time derivative. Multiplying 
Eq. (7.132) by ¢ yields the energy integral familiar from mechanics, from which the 
infall velocity follows: 


Pec) 2 (Z 1). 
3 r 


7One of the simplest effects to consider is rotation. In Chandrasekhar’s book (reference 1) the 
effect of uniform rotation on Jeans instability is given. 
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Fig. 7.11 The celebrated Orion Nebula, which appears to be a site of star formation and, in 
particular, hosts what is thought to be proto-planetary disks, thought to be the formation sites of 
planets around a central star. It is reasonable that the Jeans instability (see text) is instrumental in 
the formation of these collapsing, while rotating, objects (Public domain. Author: M. Robberto 
(Space Telescope Science Institute/ESA), the Hubble Space Telescope Orion Treasury Project 
Team and L. Ricci (ESO), Courtesy: NASA/ESA/ESO/StSci ) 


Now we would like to estimate the timescale for a total sphere collapse, the so-called 
free-fall time, Te. This timescale is important in the theory of stellar structure, among 
other considerations. To this end we make the substitution 
r 2 
— =cos’ v. 
R 
This yields after a nontrivial algebraic manipulation (show it) that 


87GPo 
3 9 


1 
O+,sin2v=t 


where at t = 0, 7 has been set to zero (a reasonable assumption: the collapse begins 
from rest). We see that % is the same for all mass shells at a given time. When 
0 = 7/2 all mass shells reach the center. This happens after what we call here the 
free-fall time: 


3n 
=,/———-.. 7.133 
Tee 32Gpo ( ) 
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If the pressure gradient does not vanish totally, but it supports even a significant 
portion of the self-gravity, say 1/q with g > 1, then we may effectively multiply 
the right-hand side in Eq. (7.132) by a factor of f = 1—1/q = (¢—1)/q < 1, 
which would then give the effective acceleration of the collapse. This is equivalent 
to “absorbing” f in G, so to speak, and trp would be in such a case a factor of J1/f 
longer. 

In order to halt the collapse the gas sphere has to build up a pressure gradient 
and this can happen only on a sound crossing timescale. This can be estimated by 
dividing the initial radius by the sound speed, viz. 


R 
Tsound = a (7.134) 
s 


If Te < Tsouna, the sphere will be unable to communicate its internal motion so as 
to halt the gravitational collapse, which will then proceed. In the opposite case the 
collapse would be impossible. This is the physical essence of the Jeans instability 
and it agrees, within an order of magnitude with the Jeans criterion (check it, by a 
short calculation taking as R the Jeans length). Incidentally, for g as small as 1.2, 
say (only = 0.17 of the self-gravity not supported by pressure gradient) one finds 
f ~ 0.17 and the free-fall time would be longer by a factor of ~ 2.4. 


7.6 Instability Due to Transient Growth 


7.6.1 Pipe Poiseuille Flow and the Failure of Normal 
Mode Analysis 


Normal mode analysis is a powerful method to discover an instability, but it has lim- 
itations. In some cases, normal modes may not exist, as in the inviscid plane Couette 
problem, where only a continuous spectrum of modes is found. Taken at face value, 
the exponential in time character of a normal mode amounts to a statement about 
its asymptotic stability only. More general responses to perturbations, including 
transient growth may, nevertheless, result from a superposition of exponentially 
decaying non-orthogonal modes (see below). The interest in re-examining shear 
instability from the perspective of an initial value problem (IVP) analysis was 
motivated in part by pipe Poiseuille (a.k.a. Poiseuille-Hagen) flow, predicted to be 
always stable by linear normal mode theory, but which can be unstable in practice. 
The axi-symmetric parallel flow inside a cylindrical pipe is both of great practical 
interest and attractive in its simplicity. Consider a cylinder whose radius is given 
by r, with its centerline along the z-axis. Incompressible viscous fluid of uniform 
density flows through the cylinder driven by a gradient of pressure (the pressure 
defines also IT) P, = p,1,, dependent only on z and having a constant gradient. The 
equations governing this system are (7.98—7.101). If we identify the steady base flow 
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as having velocity along the axis, w,, then the base pressure satisfies dP, /dz = P,. = 
constant. Assuming that the steady axial velocity depends on r only, we Gn it “by 
solving 


ae aw, 1dw a: 
0O= . +v( aa a; 2) => Wo(T) =Wy (4-1), (7.135) 
subject to no-slip boundary conditions for w, on the cylinder wall, r = r,. 
We assume perturbations that are, in general, not axi-symmetric. Substituting the 
dependent variables plus the perturbations in the relevant equation is equivalent, as 
usual, to the following replacements: 


urs, vey, weyw,(r)+w', +3 T1,(z) +1’, (7.136) 


for which 
(u’,v/,w!, II’) = [a(r), 007), (7) T(r) eimorike—ikV pt 4 oo (7.137) 


The azimuthal wavenumber m is an integer, axial wavenumber k is real, and 
we write kV, for w. The perturbations are nondimensionalized using for the 
length and velocity scales r,, and w,,, respectively, thus defining a Reynolds 
number Re = w,)r, /V. These nondimensional perturbations are substituted into the 
nondimensional form of the governing equations (7.98—7.101) and upon linearizing 
we find: 


adit 1 [da da 1+m? 2i 
ik(w) —Vp)&@ = ——— + | ete ( > +2) a2) 


dr dr? dr r 
(7.138) 
. imIT | 1 [a0 | d¥ l+m a Vc, ates 
Big Va)" = r | Re F ' dr ( r “ ceaeroa. 
(7.139) 
7 7 L[@’w dw (m 4\. 
ik(w, —Vp)0+W,,f = —ikIT 4 sel al” ae atk) wy, (7.140) 
di tt 
oe ae + eit. (7.141) 
r 


In nondimensional form, the pipe boundary is located at r = 1 and the mean axial 
velocity profile is simply w, = 1 — > with W,, = dw, /dr. Perturbations are subject 
to no-slip boundary conditions at r = 1 together with a regularity and symmetry 
condition at r= 0. 

There are no known analytical solutions for normal mode perturbations of pipe 
Poiseuille flow when the viscosity is non-zero. Numerically computed solutions 
are, however, easily found. These show that the flow is asymptotically stable 
for all values of the Re, irrespective of k and m. The prediction of stability is 
puzzling because this system is well documented as becoming unstable and even 


7.6 Instability Due to Transient Growth 463 


strongly turbulent in the lab. What is the origin of the instability if it is not due to 
normal mode dynamics, i.e., starts from a linear instability? One suggestion that is 
attractive, but remains unproven, is that pipe Poiseuille flow is unstable as a result 
of the, so-called, non-normal growth, which we discuss next. 


7.6.2 Energy Growth Due to Non-normality 


Open flows, such as boundary and mixing layers or pipe Poiseuille flow, are known 
to act like FD noise amplifiers. Might it be possible that small amplitude noise in 
a fluid be amplified enough to cause a global instability and ultimately perhaps a 
transition to turbulence? In the 1990s, it was identified that the non-normal character 
of the linearized differential operator, generating the equations of motion for the 
perturbations equations of motion, could cause temporarily large growth in the 
perturbation energy, referred to as transient growth or as non-normal growth due to 
the fact the eigenvectors need not be orthogonal to each other. It has been suggested 
that such growth may be large enough to promote nonlinear interaction among 
modes or to move the system to a new base state, perhaps less stable than that which 
was originally perturbed. As an explanation for certain turbulent flows, this is the 
idea known as bypass transition route to turbulence (see [8] in the Bibliographical 
Notes). 

The non-normality of systems arising from perturbing shear flows can be inferred 
from a cursory study of an example set of equations (7.18—7.20). For the rest of 
this discussion, we shall consider the IVP version of these equations, starting from 
the assumption that all the disturbances are periodic in both the x and 2 directions. 
Specifically, 

v = 0(y,pelertHk2 + cc, C= ia nee ee, (7.142) 
remembering that ¢, is the vorticity component in the Y direction. Similar expres- 
sions are found for the uv’ and w’ velocity perturbations. Equations (7.18-7.20) can 
now be restated as 


af e a\s oO Norn Be A Toa 2 
5 (a-#) 9 = ~wik (Sa-#) ot typihd+ = (55-8 ] V, 


(7.143) 
ag, Or ee ee eee 
Sr = Uoyik.8 wit += (55 -#) & (7.144) 


Written using matrices, the above pair of equations is 


R-a@/ayr0\oq_ ( Ly, 0 
( 0 1) SE= —iBu,, lies _ ies 
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where gq = (9,6) and the matrix on the right hand, M, is easily shown to be 
non-normal, or MM" — M’*M # 0. Due to the non-uniformity of symbols in the 
literature, an adjoint matrix is usually marked by two symbols (often different in 
different textbook). As a result we have chosen to introduce and original notation: 
the superscript 44 indicates in this book adjoint which is transpose (superscript T) 
and complex conjugate (*) at the same time. An adjoint operator is usually defined 
with the help of inner products of a particular Hilbert space, as should be known to 
the student of this book; we do not wish to devote space to the related mathematical 
details in this book. 

Define E’ to be the volume integrated kinetic energy of the perturbations. We 
assume for the rest of this discussion that the domain is finite and is restricted to 
—1<y<1.No-slip boundary conditions imply ¥ = 0¥/dy = ¢, =O at y= +1. For 
perturbations of the periodic form, it is a short exercise to show that nondimensional 
kinetic energy of the perturbation is 


1 pee ple pl 1 1 
E'(t)=— 12 12 P)dxdyde = 5 | 
(t) a [ Le +v* +w'*)dxdydz 72 |, 


in which L, and L, are the wave lengths associated with the wavenumbers k, and k_, 
respectively, and where we have assumed that the density is 1. 

An evolution equation for E’ may be constructed directly from Eqs. (7.143) and 
(7.144) upon multiplication by 0* (the complex-conjugate of ”) and integrating in y 


dP flee? . cap 1 ov" 
=f (E +k |? dy=2f ugk, (s  ) ay 
*) a 


(7.147) 


ov 


oy 


2 
velo Ie) dy 


(7.146) 


v 


a9) as 
dy| | 


The same procedure may be executed on Eq. (7.144) and, upon combining it with 
Eq. (7.147), we arrive at: 


dE! k, ov kof ie 
“dt pf] 3 (S)a- Bf M8 (so") a 


2 2 4 

: ae 1p! flaé 
->=— ely dy — — * 
k?Re ie ( is Is = Re /-1 oy 


+21? 
This is similar in content to the Reynolds—Orr equation developed for the Orr— 
Sommerfeld equation (7.47). The last two integrands on the right-hand side of Eq. 
(7.148) include only positive definite quantities and represent the decaying action 
of viscosity. Perturbation energy growth may arise from the first two terms on the 
right-hand side: the first of these is the integrated Reynolds stress, cf. Eq. (7.48), 


ay 
ay? 


ov 
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2 
vie dy. 


(7.148) 
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while the second represents a correlation between the shear of the basic flow and the 
helicity, a concept to be defined in a general way in Chap. 9, in one of Eqs. (9.137). 
It is possible to find, accordingly, the expression ?¢, to be the helicity of the 
perturbations. In the literature these two effects are commonly identified as: 


Orr tilting mechanism : a8 / Uy, S () dy 
jy” oy , 
k i A 
Lift up effect: —75 / MyS (0 *) ay. (7.149) 


Orr tilting is associated with ideally closed streamline perturbations, or vortices, 
initially tilted against the background shear, leading to algebraic growth in time as 
these vortices are tilted by the shear. Lift-up, on the other hand, leads to the growth 
of horizontal velocity perturbations as a result of a normal velocity disturbance, v’. 
In the presence of a mean boundary layer type shear, normal velocity perturbations 
with span-wise wavenumber k, will lift low speed fluid upward and push high speed 
fluid downward, leading to alternating high and low speed streamwise streaks that 
are also associated with streamwise oriented vortices. Qualitatively, Orr tilting is 
present in disturbances that are two-dimensional owing to the presence of k, in its 
definition. On the other hand, lift-up is primarily a three-dimensional effect since it 
requires k, # 0 for it to operate. In most shear flows, transient growth of disturbances 
is primarily driven by lift-up. 

Most importantly, further analysis of the perturbation energy, whether in inte- 
gral form, using matrix exponentials, or by numerical computations, reveals that 
transient growth in shear flows exhibits scaling relations in the Reynolds number. 
In particular, the maximum value of the energy at any time, E/,,,, scales as 


Eovax = C Re” (7.150) 


for some constant, C, while there is a similar scaling relation that predicts the 
three-dimensional wavenumber of maximum energy growth. This result has been 
validated in experiments and in numerical simulations and supports the role of 
transient growth as a noise amplifier. In astrophysical problems, where Re values 
are very large, transient growth may be of even greater importance. These topics 
form the subject of optimal growth a topic that we do not examine here (but may be 
learned from references, e.g., [8] in the Bibliographical Notes). 


7.6.2.1 A Transient Growth Model 


To more concretely demonstrate non-modal growth we return to the system (7.11) 
and develop this model problem in more detail. In this example, one can think of 
the parameter € as representing Re~!. The structure of the matrix associated with 
this model is the analog of the equations as similarly expressed in matrix form in 
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Eq. (7.145). Recall that normal mode analysis found the two eigenvalues p = —1, —2 
and nearly parallel eigenvectors. According to our definitions, the system is both 
stable and asymptotically stable. For initial conditions given by u(0) = uo and 
v(0) = vo, the general solution is 


u(t) = (up t+e—!vo)e* — e 1 voe77*, v(t) =voe"~. 


Defining the symbols U and V corresponding to |u| and |v| scaled by their initial 
values, we reexpress the solution quoted above in terms of the variable y(t) =e‘, 


such ¥ has the value 1 at t = 0 and approaches value 0 as t + ©, finding 


1 


———— 
|Q-1| 


E 
l~O-x?\, V=7’, where Q=—* +1. 


Looking at V, we see that its maximum value of | occurs at y = 1, or t= 0; 
V then monotonically decreases to zero as tf —> oo. This is expected of a quantity 
that is asymptotically stable. Similarly, U is also asymptotically stable, but closer 
inspection of its time evolution shows that although it has initial value U = 1, it can 
achieve a value much greater than one for times ¢ > 0. A local extremum of U is 
easily found to occur at %¥max = Q/2 for which the maximum value is given by: 


The significance of this can be appreciated almost immediately: non-normality may 
lead to arbitrarily large growth in the amplitude of u before it asymptotically decays 
to zero. If transient growth is large enough, the amplitude achieved from a tiny 
perturbation could be sufficient to push the system a nonlinear regime. 

In this example, growth in the amplitude is controlled by the value €, which 
plays the role here of Re~!. This type of mechanism leads, in shear flows, to the 
Zi (Re*) energy scaling. The above is an example of transient growth resulting from 
the non-normality of the linear operators of the system. The normality of matrix J 
is assessed, as was mentioned above by evaluating whether or not J commutes with 
its adjoint. In the above example it is a short exercise to show that J is non-normal. 


Problems 


7.1. 
Consider the linear system 


u 
= = —-Ou+y 
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dv 

a Bu (7.151) 
in which a, 8 > 0 and with initial conditions v(0) = vo, u(0) = uo. Examine the 
transient growth properties of this system. In particular, define Y% = |u/uo| and 
determine (i) for what conditions transient growth is possible and when it is possible, 
at what t = ty does this occur? (ii) What is the maximum value attained by Y at 
t = ty? Lastly, examine the behavior of the solution when a — B > 0. 


7.2. 
Complete the steps leading to Eq. (7.107). Make sure to expand out to second order 
in powers of £.. 


7.3. 

The inviscid Goldreich-Schubert-Fricke instability is the analog of the axi- 
symmetric Taylor—Couette instability. It had originally been invoked to study the 
possibility of instability in rotating stars whose profiles show gradients along both 
the rotating star’s (cylindrical) radial and vertical (aligned with the star’s rotation 
axis) coordinates. In such cases the mean swirling state is a function of these 
coordinates, i.e., V) = V,(7,z). Following a similar energy argument like that found 
in Sect. 7.4.3.1 show that linear stability is expected if 


£, O(TVy) 
719 dz 


oe ; (7.152) 


or 


r 


where ¢, and £, are the corresponding radial and vertical length scales of the system. 
Conclude that if the vertical gradient of the swirling flow is weak that instability is 
expected only for very short radial wavelength disturbances. The criterion found 
in Eq. (7.152) is the condition for the Goldreich-Schubert—Fricke instability in the 
limit of no viscosity and no stratification. 


7.4. 

Prove the Toomre stability criterion for a self-gravitating gaseous thin disk Q7 = 
os > 1, where is the surface density. Consult the book of Binney and Tremaine, 
Galactic Dynamics, Princeton 2008, especially Sect. 6.2.3. k is the epicyclic 


frequency defined earlier in this book. 


7.5. 

Assuming normal mode type solutions in and 7 = 0 show that the solution é of 
(7.25) is always damped in time, i.e., 3(Vp) < 0. Construct the solution for the case 
of impenetrable and no-horizontal slip boundaries at y = +1. Construct a similar 
argument for the case where the boundaries extend to y —> tee. What additional 
caveats are there upon the mathematical form of the structure function ¢, (y) as this 
limit is approached. 
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7.6. 

Consider a plane-parallel sheared fluid lying between walls located at y = +L. 
Suppose furthermore that the shear profile is similar to the Rayleigh problem in 
which 


Uy ,H<y<L 
uy=\ Ay ,pl<A (7.153) 
Uy , ~-L<y<—H, 


where 0 < H < Land with A = u,,/H. Using the techniques developed, show that 
this profile supports normal modes only if L > 3H/2. 


7.7. 

The “density confined” Rayleigh problem: Consider a shear layer a profile like the 
Rayleigh one (7.42). However suppose that the density is constant except for sudden 
“Jumps” across y = +H, ie., 


— J Poo ly| <A (7.154) 
Po i Dl >A 


and where p,, and p,, are constants greater than zero. Assume that in the mean state 
the global pressure is constant. Find the normal modes of the system by imposing 
the continuity of the total pressure of the system across the moving boundaries. 
Determine the growth rates and comment on how results compare to the classical 
Rayleigh shear problem as some function of P,) — Pp,- Are there conditions in which 
normal modes cease to exist in this case, similar to the plane-Couette problem? 


7.8. 
Consider the problem on the finite domain |y| < H in which the mean velocity field 
is zero. Explain how Orr—Sommerfeld equation (7.24) simplifies into 


a a 
& e) & kK 4 itvRe ) v=0, 


together with boundary conditions that 7 = dW/dy = 0 at y = +H. Argue that due 
to the symmetries along y the solutions of this system may be analyzed in terms of 
even and odd symmetric modes. Show that 


i(k? + K? 
(sinuous modes) V, = Jee ktanhk = —Ktank 
kRe 
i(k? + K? 
(varicose modes) Vp) = aay kcothk = kcotk 
e 


with K? = ikReVp — k?. (Hint: examine the space of possible solutions for each 
relationship shown.) 
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7.9. 

Starting from the inviscid equations of motion for a plane parallel shear flow, 
show that the total kinetic energy of the flow (composed of basic background 
velocity shear plus its perturbations) is, both linearly and nonlinearly, conserved. 
Assume that the perturbations are zero on the boundaries y = +1 and that they 
are otherwise periodic in the streamwise and spanwise directions. Given that the 
perturbation energy shows fluctuations due to the lift-up effect and Orr tilting, 
identify the other energy quantity that is the source of the energy fluctuations driving 
the perturbations. Convince yourself that this is the energy reservoir discussed in 
the text. Note that it involves the streamwise perturbation velocities. 


7.10. Consider gas at T = 10°K and particle density of n = 10? cm~3. What is 
its Jeans wavelength A,? If a sphere of such gas has the radius R = A,, what is its 
mass, M,, referred to as the Jeans mass. Give a general expression of the Jeans mass 
as a function of temperature and density. Find its value for average approximate 
conditions (TJ ~ 10° K, p=l1 gcm~>) as well as those in a molecular cloud 
(T ~ 10K, n~ 10° cm~?). 


7A1. 

Starting from the inviscid equations of motion for a plane parallel shear flow, show 
that the total kinetic energy of the flow (composed of basic background velocity 
shear plus its perturbations) is, both linearly and nonlinearly, conserved. Assume 
that the perturbations are zero on the boundaries y = +1 and that they are otherwise 
periodic in the streamwise and spanwise directions. Given that the perturbation 
energy shows fluctuations due to lift-up and Orr tilting, identify the other energy 
quantity that is the source of the energy fluctuations driving the perturbations. 
Convince yourself that this is the energy reservoir discussed in the text. Note that it 
involves the streamwise perturbation velocities. 


7.12. 

Infinite plane Couette flow in which u, = Ay can be analyzed in the so-called 
shearing sheet setting often invoked in astrophysical problems. It means analyzing 
Eqs. (7.18—7.20) in a new coordinate frame defined by 


X =x—Ayt, Y=y, L.—=%, T =t. 


With this in hand, and assuming all perturbations are periodic in the new (X, Y,Z) 
coordinate system with scales L, = 27/k,, L, =2n/k,, L, =2n/k,, show that the 
total energy of the system E,, integrated over the volume is given by 


L,L,L - 
ae Weve w) ain = Sr {lie Kade] +e) +E Pb. 


vol — > 
2 J stretched volume 


(7.155) 


Start this calculation by proving to yourself that the Jacobian of the coordinate 
transformation is a constant, i.e., dxdy = dXdY. 
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Bibliographical Notes 


Sections 7.1 and 7.2 


The general principles of stability can be found in wide variety of books on 
dynamical systems and applied mathematics, too numerous to list here. We shall 
mention here at the outset just the classic book 


1. S. Chandrasekhar, Hydrodynamic and Hydromagnetic Stability (Dover, New 
York, 1961) 


Section 7.3 


The study of the stability of sheared hydrodynamic flows covers a hundred (plus) 
year span of time. The following three books are the most relevant in our opinion, 


2. P.G. Drazin, W.H. Reid, Hydrodynamic Stability (Cambridge University Press, 
Cambridge, 1982) 

3. P.G. Drazin, Introduction to Hydrodynamic Stability (Cambridge University 
Press, Cambridge, 2002) 
The narrative in this section largely follows the organization found in these two 
studies. Finally, a comprehensive and modern monograph on stability is 

4. F Charru, Hydrodynamic Instabilities (Cambridge University Press, Cam- 
bridge, 2007) 


Section 7.4 


The discussion regarding Rayleigh-Bénard convection and the Taylor—Couette 
systems analysis is a modernized retelling of this story based Chandrasekhar’s 
classic book [1]. 

Some of the astrophysical discussion is taken from another important book, by 
Kippenhahn and Weigert 


5. R. Kippenhahn, A. Weigert, Stellar Structure and Evolution (“study edition’) 
(Springer, New York, 1990) 


Section 7.5 


Lyman Spitzer’s indispensable Diffuse matter in space has fortunately been 
re-edited by Wiley’s classics. It is a short but very clever treatise: 


Bibliographical Notes 471 


6. L. Spitzer Jr, Physical Processes in the Interstellar Medium (Wiley Classics 
Library, New York, 1998) 
In addition to the above and S. Chandrasekhar’s work, we recommend the book 
by F. Shu: 

7. FH. Shu, Gas Dynamics (University Science Books, Mill Valley, 1992) 
The physical discussions found therein are especially revealing. 


Section 7.6 


The text listed below (and references therein) possesses a detailed examination of 
initial value problems and non-normal growth. Readers are encouraged to use these 
resources for further study. Additionally, a slightly more pedestrian account (but no 
less mathematically rigorous or enlightening) may be found in both [3] and [2] listed 
above. A wide class of exercises on eigenvalue analysis as well as the [VP may be 
found in both those books. 


8. PJ. Schmid, D.S. Henningson, Stability and Transition in Shear Flows 
(Springer, New York, 2001) 


Chapter 8 
Weakly Nonlinear Instability 


And speak not of anything with certainty without adding, 
Allah be willing! 


The Quran 18:23—24 (Surah al-Kahf) 


8.1 Introduction 


In the preceding chapter, we examined the stability of a wide range of flows, most of 
them steady solutions to their governing fluid equations. In every case, our approach 
was to perturb the steady flow in order to define a new problem for the evolution of 
the perturbations themselves, or in other words the robustness of the steady base 
flow. We then drew conclusions about the stability properties of the original flow 
based on the evolution of the perturbations. To make these problems tractable, we 
assumed that the perturbations were small, neglecting all nonlinear terms, that is, 
terms involving products of the small perturbation quantities. As a linear instability 
grows, it will eventually become large enough in magnitude that nonlinear terms can 
no longer be neglected. In this case, nonlinearity plays several roles, but their main 
role, and of greatest interest to us, is the ability to saturate the exponential growth. 
It is the saturation of an instability that leads to the pattern of Taylor—Couette flow 
depicted in Fig. 7.3a, itself a steady, spatially periodic flow that can be considered a 
large amplitude manifestation of the unstable linear mode. Recall that the instability 
in Taylor—Couette flow arises as the Taylor number exceeds a critical value, a 
bifurcation point at which the eigenvalue of the least stable mode passes through 
zero, leading to an exchange of stabilities. Thus, the word “bifurcation” illustrates 
the appearance of a “fork” in the abstract route delineated by the change of a 
parameter. The Rayleigh—Bénard convection undergoes a similar stationary-type 
instability as its control parameter, in this case the Rayleigh number, passes through 
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a critical value, the value of which depends on the boundary conditions. When a 
control parameter, A, say, is varied to pass from a stable to an unstable state, we 
refer to this situation as being near the instability threshold. From here on, it will be 
useful to introduce a dimensionless control parameter 


aK 
ie 


; (8.1) 


where A, is the critical value and € = 0 defines the instability threshold above which, 
for A > A,., we may examine the onset of instability. Since the onset occurs at the 
critical value of control parameter(s), a “near onset” situation is synonymous to 
“near criticality.” 

Aside from laboratory or numerical experiments, there are no general 
mathematical techniques that are broadly applicable to nonlinear flow stability, 
by which we mean when deviations from steady flows are of large amplitude 
and/or the parameters are far from threshold values. The nonlinear stability that we 
examine in this chapter is confined to the neighborhoods near onset and to small 
amplitudes, a case known as weakly nonlinear theory. In spite of its restrictions, 
weakly nonlinear theory is a powerful tool that may provide an accurate description 
of the finite amplitude stage of linear instability, thus offering insight into the 
physical mechanisms for the quenching of exponential growth. Furthermore, weakly 
nonlinear theory provides a framework for the description of spatiotemporal patterns 
and for the study of the stability of saturated nonlinear states, which may become 
unstable to the so-called secondary instabilities. As we have seen in the example 
of Taylor—Couette flow, further increase of the control parameter may lead to the 
eventual destabilization of all available stationary and periodic states. In a dynamical 
system, this behavior leads to chaos as first proposed by D. Ruelle and F. Takens. In 
a fluid flow, this scenario leads to spatiotemporal disorder characterized by a broad 
spectrum of fluctuations and may therefore explain one route to turbulence. This 
will be discussed in considerable detail in Chap. 9, whose title is simply Turbulence. 

At this point it is important to preview some of the important questions and goals 
that motivate a weakly nonlinear stability analysis. First is the issue of wavenumber 
selection. As we have seen from linear stability theory, the onset of an instability is 
characterized by both a critical control parameter value and a critical wavenumber, 
k.. What determines this scale in the nonlinear regime and is it unique? In many 
cases, these questions lead to the issue of pattern formation, a topic too vast to 
include in this chapter, but covered in detail in some of the references of the 
Bibliographical Notes. We may also examine a saturated nonlinear state in turn 
for its stability to small perturbations of generic form. Finally, there are important 
practical issues, such as the effect of a nonlinear instability on transport or the impact 
of a nonlinear mode on the control properties of a flow. We will breach some of 
these topics here, but the main aim of this chapter is to provide a solid foundation 
for performing calculations and understanding their limitations. 

This chapter is organized as follows: in Sect. 8.2 we introduce weakly nonlinear 
stability by presenting three examples of amplitude equations, followed by a 
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description of the multiple scale method of weakly nonlinear analysis. In Sect. 8.3 
we perform a weakly nonlinear analysis on Rayleigh—Bénard convection. This 
is followed by an analysis of amplitude equations and a discussion of nonlinear 
instability. In the final section of the chapter, we present several other examples 
of systems amenable to weakly nonlinear analysis and present a brief survey of 
well-known model nonlinear equations. 


8.2 Amplitude Equations and Multiple Scale Analysis 


We begin our study of weakly nonlinear stability with three examples from ODE 
theory. While elementary, these examples illustrate several important concepts and 
serve to introduce terminology. 


Supercritical Pitchfork Consider the first-order ordinary differential equation for 
the quantity u: 


er =€u-u, (8.2) 
in which € is a control parameter and u typically represents the amplitude of an 
unstable mode. This equation is commonly known as the Landau equation, bearing 
the name of the acclaimed physicist L.D. Landau (1908-1968), who contributed to 
virtually all branches of physics pursued at his time, and is one of the simplest and 
most common examples of an amplitude equation.! The general solution depends 
on the parameter, €, so we write it as u(t;€) and solve for steady solutions, denoted 
by i, by solving e” — a = 0. Clearly i = 0 is the only real solution when € < 0, 
while for € > 0 there are three solutions, 7 = +./eé and u = 0. In this way the 
point € = 0 corresponds to a bifurcation of the solutions; this type of bifurcation is 
commonly referred to as a supercritical pitchfork bifurcation. 

The linear stability of each steady solution may be evaluated by introducing 
perturbations u = 7+ u'(t) and assuming the normal mode solution form uv’ = 
ite?’ + c.c., for which we find 


p—€+3” =0. (8.3) 


We see that for the state i = 0 the growth rate is simply p = €, indicating that this 
steady state is stable for € < 0 and unstable for € > 0. On the other hand, the states 
i = +\/é are stable, since for real 7 we must have € > 0, leading to p = —2e”. 
We conclude that for € < 0, perturbations away from u = 0 return to the state u = 0, 
while for € > 0, perturbations drive the solutions towards the steady states 7 = +./€ 


'The Landau equation first appeared as a model for first-order phase transitions for which u 
represents an order parameter. 
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Fig. 8.1 Illustrations of the solutions of various types of bifurcations of one-dimensional ampli- 
tude equations: (a) supercritical pitchfork, # = eu —u3, (b) subcritical pitchfork # = eu +u> — yu, 
and (c) Hopf bifurcation, i v+(e—w —v?)u, v= ut (€—u? — v?)v. In (a) and (b) linearly 
stable steady states are denoted by a continuous line, while linearly unstable ones by dashed lines. 
(c) depicts a stable limit cycle 


depending upon the sign of the perturbation at the initial time. This behavior is 
sketched in Fig. 8.1a. The qualitative behavior sketched in this example is supported 
by an exact solution (Problem 8.1). 


Subcritical Pitchfork The behavior of previous example is referred to as super- 
critical because the instability of the steady solution # = 0 occurs for € > 0, in 
other words when the control parameter exceeds the critical value. The next example 
demonstrates a richer behavior thanks to the presence of a higher order nonlinearity. 
Consider the model system 


du 3 
= EuUt+u 


7 —yw, where y> 0. (8.4) 
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The steady states of this system are a bit more complicated and are given by 


1 
0, eS aay 
; ‘ 24 
7 0, ott 1+4e7) “aoe (8.5) 
; 1/2 
Oc: le (t+ Tey) . €>0. 


Again, the i = 0 state is linearly stable for € < 0 and unstable otherwise. The 
complication occurs when —1/4y < € < 0, for which there are five possible steady 
states, as illustrated in Fig. 8.1b (see also Problem 8.3). Of these, the upper branches, 
which are selected by choosing +./1 + 4€y in Eq. (8.5), are stable, while the middle 
branches, associated with the choice —,/1 + 4€7, are unstable. As a result, a large 
enough perturbation of the 7 = 0 state may drive the system towards the upper 
branch. This is an example of a subcritical pitchfork bifurcation of which there are 
many examples in fluid dynamics, including wave trains in water flowing down an 
inclined surface. The possibility of a subcritical bifurcation is limited to the narrow 
range of € values given above, since for € < —1/4y the system is stable no matter 
how large the initial perturbation. Because a finite amplitude perturbation is needed 
to move from one stable solution branch to another, the model described in Eq. (8.4) 
may also exhibit hysteresis as € is moved across the interval —1/4y < € < 0, the 
solution not switching between simultaneously stable branches until the varying 
parameter forces a switch to occur (can you think how this might happen?). 


Hopf Bifurcation In two dimensions different forms of bifurcation are possible. 
Consider the system 


du 2 


ao (eo a" jy, (8.6) 
dv _ 4 a 
a ut+(€—ue—v~)v. (8.7) 


The only steady state possible in this system is “7 = V = 0. Introduction of 
perturbations around the zero state yields a system whose linearized matrix M is 


e—l 
M= j 
le 
which has eigenvalues given by p = € +i. In the event that € > 0, the system is 
unstable with growing oscillations. Thus, as € passes through zero from below, 
the system undergoes a bifurcation: a quiescent state at € < 0 executes growing 


oscillations when € > 0. The amplitude at which this oscillatory instability saturates 
can be found by means of a transformation into polar coordinates: 


u=A(t)cosO(t), v=A(t)sinO(t), 
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which puts Eqs. (8.6)—(8.7) into the form 


dA 2 
a =A(e-A*), =I, 

which are decoupled. With © = f, it is evident that uv and v oscillate with frequency 1. 
The amplitude A > 0 is governed by a Landau equation, as examined in the first 
example above. We can thus form a picture of the fate of small amplitude linear 
perturbations when € > 0: the amplitude rises from nearly zero and approaches 
the steady amplitude A = \/é as t +> ~. As the amplitude rises, the functions u 
and v cycle as they asymptote to their limiting amplitudes, illustrated in Fig. 8. Ic. 
Similarly, if the basic state were given by A = ,/€, a linear stability analysis 
about this state predicts exponentially decaying oscillations of u and v. The stable 
oscillatory solution A = \/é€ is an example of a limit cycle. 


8.2.1 Multiple Scale Analysis Near Onset 


Once a control parameter exceeds its critical value and a linear instability sets in, 
the resulting exponential growth will usually violate the assumption of linearization. 
Nonlinear terms then become important and, in the cases of greatest interest here, 
determine a new state according to their growth limiting mechanism. In Rayleigh— 
Bénard convection, for example, the static conduction state transitions to a state of 
steady rolls. In general, such a transition may lead from one steady state to another, 
perhaps of different form, as in the pitchfork examples, or it may send the system 
into a state with time variability but whose spatial structure is nearly uniform and 
regular, as for the Hopf bifurcation. The general picture is more varied than these 
few cases and may include the interaction of multiple modes at onset, controlled by 
more than one parameter. In these more complex cases, we may see transition to an 
unsteady pattern, weak chaos, or even turbulence. 

For chaotic or turbulent states, there are few analytic tools and generally little 
hope of developing useful approximate descriptions. However, when the linear 
growth rate is modest, as is true close to the instability threshold, a natural 
small parameter is available in which to perform an expansion of the nonlinear 
amplitude. In this approximation, the lowest order nonlinear term is small, but not 
negligible with respect to the linear one. We refer to this as the weakly nonlinear 
case. In this chapter we restrict our attention to transitions to new steady or spatially 
regular states when the nonlinearity is weak, meaning than the nonlinear terms are 
significantly smaller than the linear ones. We focus on the question: what amplitude 
the instability grows to as a new state is achieved? In addition, we seek to understand 
the mechanism of amplitude saturation when the latter occurs, a result that is 
inaccessible from linear theory, where the amplitude is indeterminate. 

In the next section, we use the example of Rayleigh—Bénard convection to 
demonstrate the implementation of weakly nonlinear analysis and its application to 
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saturation mechanisms. As we shall see, the technique allows one to unambiguously 
identify the physical effect that leads to saturation. In the case of Rayleigh—Bénard 
convection, the vertical advection of the background temperature gradient adjusts 
the temperature profile so as to shut off the linear instability. 

But first we must outline the method of weakly nonlinear multiple scale analysis. 
Consider the nonlinear evolution of a state vector, V(x,t), dependent on space and 
time. The evolution of this vector is prescribed by the set of coupled PDEs valid on 
some domain J, 


ov 
= P(V:A), (8.8) 
with boundary conditions on V enforced on .Y = OY, the boundary of Y. The 
operator P may involve any combination of spatial partial derivatives and is 
nonlinear. The solution V also includes the tunable control parameter, 2, which 
will become the focus of much of our attention. Suppose that there exists a state Vo 
which is a steady solution of the system, viz., P(Vo;4) = 0. In the remainder of 
this discussion, we will examine the behavior of such a system using perturbative 
expansion about this steady state. The method is sufficiently general that it may be 
equally applied to states which involve time periodic behavior. 

Let the solution of (8.8) be comprised of the steady state plus a perturbation, 
which may be time dependent, V(x, ¢) = Vo(x) + V’(x,f). In this case the evolution 
equation reads 


y 

ae =L(Vo,W;2) +N (Vo, VA), (8.9) 
where we have deliberately written P as a sum of two operators, L and N, where the 
former is a strictly linear operator on the state vector V’ and the latter is a nonlinear 
operator acting on the same. Note that in this formulation, the sum Vo + V’ satisfies 
the requisite boundary conditions on .”. In Chap.7 we have captured the linear 
stability of a given system in terms of normal modes, solutions whose spatial and 
temporal dependence is separable. In these terms, the linear system is an eigenvalue 
problem described by the sequence of eigenvalues p = {p;}, which depend upon the 
value of the parameter A, viz., 


Ul 
oY =1(Vo,V:A) = pV =L(Vo,V;A) where W=Ve". 
(8.10) 


Suppose that the sequence {p;} is ordered according to a decreasing magnitude of 
the real part of p, such that R(p1) > K(p2) > R(p3) > --- and that associated with 
each eigenvalue is a structure function, its eigenvector, with the same label, Vj. 
We will refer to the leading eigenvalue and associated eigenvector, both labelled by 
the index j = 1, as the least stable, or most dangerous mode. In writing a solution, 
the mode labelled by j would be written as AjVjeri" , where the amplitudes, A;, are 
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> 
= 


> K(p) : : > Rp) 


=Ko A=\g +2, 


Fig. 8.2. A schematic plot of the spectrum of eigenvalues p;. The left panel shows the situation 
where the parameter of the system has its critical value, A = /,, and the least stable eigenvalue 
resides on the imaginary p-axis. On the right panel, the parameter is slightly increased to A = 
Act £7A, , So that the least stable mode now has growth rate of order e? 


arbitrary.2 The presence of this arbitrary amplitude in the solution of the normal 
mode problem is very important for what follows. 

We now define the critical value of the parameter 7, which we denote by 
Ac, such that R(p;) = 0 and R (pj) < O for j > 2. We suppose that a small 
deviation of A from A, destabilizes the least stable eigenvalue while leaving all 
remaining eigenvalues stable. That is, for A = A, + €7A2 with Ay = @(1), we have 
R(p1) > 0, while R(p;) < 0 for j > 2. We assume that the growth rate associated 
with this deviation from the marginal value of the parameter A scales as some 
power of € and we shall, in this discussion, assume that it is €2. The choice of 
€* follows from a trial and error that ultimately gives rise to correctly balanced 
equations. Figure 8.2 graphically depicts the eigenvalue behavior described above. 
The least stable eigenvalue has a positive real part (is unstable) and is separated by 
a finite distance difference (in its real part) from all the other eigenvalues, which 
are situated to the left of the imaginary axis. To describe the saturation of the 
linear instability, we seek an approximate solution V'(x,y,z,t;2) for A deviating 
from A,, as just described. Under these circumstances, we write more precisely 
V' =V'(x,y,z,t5Ac, €), indicating explicitly that the solution is a function of €. The 
weakly nonlinear multiple time and space scale approach demands that the solution 
for V’ be written as an asymptotic series of the form 


/ ‘ / 2 : 
Vv (4, 9,2, 0c, €) =v (4,¥,Z)8%, £9, £7, 61,€ Tyee 5A.) 


a(e)A(X,Y,Z,7,T) V(x,y,z,t)+HOT ine. (8.11) 


2 


?In an initial value problem, the amplitudes A, would be determined through projection of the 


initial condition V‘(x,0) onto the set of eigenvectors Vj. 
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The key feature of this ansatz is that the amplitude, A(X ,Y,Z,T, Lr), now depends 
(implicitly) on the parameter €. For generality, A is also scaled by a(€), a function 
of €. Usually, the functional form of a(€) will be some power of €, for instance, 
€ or €”, although in some cases the leading order dependence may be € Ine. These 
forms are problem specific and are usually found through trial and error. 

The amplitude A now depends also upon the newly defined space and timescales 
X = ex, Y = ey,Z = €z,t = et,T = €7t, which are slowly varying by definition. 
Reminiscent of the modulational amplitude familiar as “beats” of nearby acoustic 
frequencies, the nonlinear amplitude restricts the growth of a linear instability to 
an envelope function. Based on this framework, we must now derive an evolution 
equation for the amplitude A in terms of these new variables X,Y,Z,t,T and use 
the result to estimate the amplitudes achieved by this unstable mode. The steps that 
are required to define a PDE for A almost always require that we ensure the existence 
of higher order solutions (HOT) at each order of the perturbation series. 


8.3. Stationary Rolls in Rayleigh-Bénard Convection I: 
Fixed Temperature 


Employing the nondimensionalization used to examine classical linear RB convec- 
tion, detailed in Sect. 7.4.2, leads to the following equations of motion: 


aa Cae aye u = —VI7+PrV*u+RaPr@Z = (8.12) 
oy dz 


ot Ox 
00 re) ra) ra) _ 9 
ey + (us tvs +5.) @ = +V9 (8.13) 
V-u=0. (8.14) 


Recall from Sect. 7.4.2 that the vector u = (u,v, w) represents deviations from a 
mean steady state of zero velocity, while © represents thermal deviations from 
a steady thermal state T = 1 — (Bd/T,)z. In the convection problems examined 
in this section and in Sect. 8.4, we require that the fluid remain confined between 
z= 0 and z= 1, that is, there is no flow across the bottom and top boundaries. The 
characteristic dimensionless parameters are the Rayleigh and Prandtl numbers, Ra 
and Pr, respectively. But only the Rayleigh number serves as a control parameter in 
determining the linear instability. The state vector for this system is V = (u,v,w,@)* 
and the steady state, of no motion, is V, = 0. 

As a first example, we shall present in detail the calculation of the weakly 
nonlinear description of unstable rolls, that is, cylindrically shaped convection 
cells having axis of symmetry along one of the horizontal directions, ¥, say, (see 
Fig. 7.9). Thus, the spatial dependence of the system is on x and z only. In this 
case we may also set v = 0 in Eqs. (8.12)-(8.14). The equations of motion may 
be simplified by introducing a stream function. In this case we define the stream 
function yw = w(x, z,t) via 
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oy oy 
= —t = 8.15 
WH-5 HE (8.15) 
with the continuity equation automatically satisfied. If we define the ¥ component 
of the vorticity by 


where the Laplacian, V2, is understood to be of two-dimensional form, in the 
coordinates x,z, for the remainder of this analysis. Now operating with Vx on 
Eq. (8.12), we find 


ov’ 
ot 


00 
+{V?w,y} = PrVty— PrRa—_, (8.16) 
x 
where {-} is here, and in what follows, the classical Poisson bracket operation for 
canonical coordinates x and z: 


_ oOfdg of dg 
Wish = oa 5055: (8.17) 


Equation (8.16) is supplemented by Eq. (8.13) rewritten in terms of the stream 
function: 


28 + (0,y)=-H evo. (8.18) 

To keep the calculations relatively simple, we will consider here the fate of 
roll solutions under stress-free, fixed temperature boundary conditions, i.e., w = 
du/dz = O = 0 on z= 0,1. In the previous chapter, this case was referred to as 
{“‘free-free,” fixed temperature}. In the present stream function formulation, this 
amounts to enforcing that 


of =§ £820, 6=0, on = 6,1, (8.19) 


Thus, the equations which will concern us for the remainder of this subsection 
are (8.16) and (8.18) together with the boundary conditions (8.19). Recall that 
in Sect.7.4.2, the minimum value of Ra required for the onset of convection 
using these boundary conditions was found to be Ra, = 272*/4, occurring at a 
critical horizontal wavenumber k =k, = 7 / \/2. The reader is invited to review the 
calculations presented there for details. We are now interested in the behavior of the 
least stable mode in the vicinity of these critical values. A Taylor series expansion 
around the critical values results in the following expression for the least stable 
growth rate: 
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Ra Ok? 


0p, _ 302 Pr 4/3 
( ok = - 2 (sr) 2Ra, 
We may now identify precisely our slow time and space variables. As discussed 
in Sect. 7.4.2 and depicted in Fig. 7.10, the growth rate, near onset, scales by the 
greater of (k—k,)” /k2 and (Ra—Ra,) /Ra,. Accordingly, we define a new control 
parameter € < 1, assuming that the departure from the critical wavenumber scales 
approximately as € and that the departure from the critical value of Ra scales as €7. 
In this way, the two terms comprising the right-hand side of (8.20) are comparable 
in their influence on the magnitude of the growth rate p (i.e., appropriate balance, 
sometimes referred to as “distinguished limit,” is achieved). This insight is the crux 
of the weakly nonlinear approximation that we shall apply. Thus, we may formally 
define € via 


— Ra. 2 
pvstnP 42) ( Pr ) Ra—Rac € et (k—ke)? (8.20) 
k=ke 


Ra, = 5 (= - 1) => Ra=Ra,(1 +e7Ra,), 
additionally defining the new @(1) control parameter for the instability, Ra,. 
The assumption of small departures from the critical wavenumber k, leads to the 
two distinct, but coexisting, length scales x and X, where x ~ 27/k, is the primary 
scale associated with the critical wavenumber and X = ex is the long horizontal 
length scale. The long length scale can be interpreted as an amplitude variation 
of the primary waveform of wavenumber k,, just as in our discussion in Chap. 4 
on the derivation of the KdV equation. Functionally we write this dependence upon 
the secondary length scale as f(x) +> f(x,ex = X). It is implicitly assumed, of 
course, that the long length scale is not larger than the horizontal size of the physical 
domain, L,. 

In a similar fashion, we observe that the only timescale available to the system, 
near instability onset, scales as T/e” where T is also @ (1). These observations lead 
us to the ansatz in which the evolution of the system depends on these multiple 
space and timescales. Or, in terms of the stream function, y: 


w(x, z,t;Ra,Pr) 1H (x, €x,z, €74;Ra, ,Ra— Ra, , Pr) = w(x,X,z, T;Ra,,Ra,,Pr,€). 


There is now explicit dependence on ex and €7t, indicating that these new 
dependencies are felt once x ~ 1/e and t ~ 1/e. Generally, any error in these 
assumed dependencies will be revealed during the development of the perturbation 
solutions as an inconsistency. 

We are compelled to now express the partial derivative operators, appearing in 
Eqs. (8.16), (8.18), and (8.19) as follows: 
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7] 0 7] 0 7] 2 2 00 x0" 
t V V* + 2e€— —.- 
ae aT’ ax’? ax ax’ ee a ax © OX? 
(8.21) 
and apply the newly defined operators in the governing equations (8.16), (8.18), and 


boundary conditions (8.19), which become: 


2 2 
oe (v2y-+26 eM ee ) {ves He yt 


oT Ox OX ox? ox OX ox? 
d0y 40° 00 00 

2 2 
ref wt ate Serv} +peRaS? + eponaSo 


dow ay 
_ 4a Ae? 992172 
=Pr (Viv +4ev? SS tH 2e°V? 


a ay 0 o'yw aty 
2 3 4 
+4e a2 a? +4e ax OX € at) (8.22) 
00 
eo + {Ov} +e{0,V}x 
2 
oY go Voge 22 ae 2 (8.23) 


Ox Ox Ox OX OX2’ 


where the subscript X on the Poisson bracket indicates the use of X,z rather than 
x,Z as canonical coordinates. The equations are supplemented by the boundary 
conditions 


=@=0, on z=0,1. (8.24) 


8.3.1 The Amplitude Equation 


The strategy now is to write the desired solution as an asymptotic expansion. The 
expansion must be constructed so that nonlinearities are introduced at the correct 
order of the expansion scheme. There is no general prescription for choosing the 
correct leading order scalings, as this will vary from problem to problem. As we 
saw at the beginning of this chapter, trial and error will usually yield the correct 
relative scalings. The guiding principle is to arrange the relative scalings so that the 
simplest nonlinearity gets introduced at some order of the perturbation expansion 
beyond the lowest one. For this classic Rayleigh—Bénard convection problem for 
rolls, we find that the asymptotic series solution ansatz that works is 


w(x,X,z,T) = ew, (x,X,2,T) +e, (x,X,z,T7) 


8.3. Stationary Rolls in Rayleigh—Bénard Convection I: Fixed Temperature 485 


+e>y,(x,X,z,T) +HOT (8.25) 

O(x,X,z,T) = €O, (x,X,z,T) +7, (x,X,z,T) 
+90, (x,X,z,T) + HOT (8.26) 
Ra = Ra,(1+€7Ra,). (8.27) 


It is based on our scaling of the departures from the critical values of Ra. The first 
nontrivial nonlinearity, the vertical advection of the perturbed temperature gradient, 
will appear at order €7. Following the spirit of the calculation that led to the KdV 
equation at the end of Chap. 4, we substitute expansions (8.25)-(8.27) directly into 
the governing equations (8.22)—(8.24) and solve the resulting equations order by 
order in powers of €. Next, we summarize this procedure for the first three orders of 
the expansion. 
At order € the equations to be solved are: 


PrRa, 70 = PrV‘y, (8.28) 
ov =v’, (8.29) 


which are, by construction, the same system that we encountered in Sect. 7.4.2, 
albeit in vorticity-temperature form, as opposed to the vertical velocity-temperature 
form. Combining these into a single equation for y,, we find 


2 PY @ 
Ly = (+3) aes Me 


where we have defined L, as the lowest order linear partial differential operator. It is 
no surprise that L, is independent of the slow variables X and T. The underlying 
mode of the solution has horizontal wavenumber k, and the system is separable, 
allowing us to write the solution to y, as 


Vv, =A(X,T)y,, (zel** +e.c., (8.30) 


where the amplitude A(X,T) is, as yet, an unknown function of the slow variables 
(X,T). It will be determined at order €*. We now have the ODE 


& : 
LiYu = (z k) tak y,, =9, (8.31) 
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and the boundary conditions 


ay, =0, dy, 


ie rz =0, on z=0,1. 


y,, =9, 


As we expect, the solution to this system, with Ra, = 272*/4 and k. = 1/ V2, 
is simply y,, = sin7zz, as we have already found. The corresponding temperature 
solution is 


O, =A(X,T)O,, (z)e** +c.0. with 0, (2)=- sintz. (8.32) 


IK 
mn? + ke 


At the next order in €, the governing equations are 


prea, 2% + PrRae 2. op {V-w,.u,}= = PrV* YW, +4PrV* a ud (8.33) 


ox dx0X’ 
aW, a 2 a ot, 
3, tay T18e MI =V ay (8.34) 
and the corresponding boundary conditions at this order are 
OW, | OW OW, 
= —— = => 1 . . 
oe +€ OX 0, a2 0, 0, =0, on z=0, (8.35) 


The first of these simplifies to dy, /dx = 0 since y,, = 0 on z= 0, 1. Following the 
same procedure used at the previous order, we may combine the two equations into 
a single one for y,. We begin by noting that the solution for y,, found in Eq. (8.30), 
implies that {V? WoW, } = 0. We then combine Eqs. (8.33) and (8.34) into a single 
equation for y,, by operating on Eq. (8.33) with V? followed by replacing V0, 
using Eq. (8.34). The result may be expressed in the form 


_.. ave, vO, Ow, 40-W, 
a ae uaa 5, (nw) Berea Se oY Fae 


aW, 4OW, \ 0{0,,y,} 
ox ax} a ox 


(8.36) 


0°O, 
© ax? 


= a (n0.V70, 2Ra + Rac 


Ox 


One can show that the right-hand side of the above expression is equal to zero. Using 
the solution found for y, and O, in {©,, y, } indicates, after a short calculation, that 


Qken 
RR +2 2 


{9,,w}= |A|* sin (2772) (8.37) 
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which is clearly independent of the coordinate x. We shall see below that {0,, wy, } 
is the sole source of saturation in the system near instability onset and that this term 
indicates how the convective roll flattens out the mean temperature gradient. But 
first, we note that insertion of the solutions for y, and ©, into the expression 


0°O, 


ay 40V, 
a.>3 1_4V | 


Ra.V7O, —2R 
Be , Be Ox Ox’ 


+R 


yields 0, since Ra, = 2424/4, and k, = 2/2. The vanishing of the right-hand 
side of (8.36) is no accident: it is indicative of the fact that we are considering the 
dynamics of the Rayleigh—Bénard system in the vicinity of onset, that is, at values 
of Ra and k where the system is extremal, so that the rate of change of the linear 
growth rate is necessarily zero. Thus, we find that y, vanishes at this order® and it 
is easy to check that the solutions are 


Y%=0, GO =O,(z,X,T)+ [O,, (z,X,T)e* +c.c.] , (8.38) 
where 
k2 2 ke—-n* OA 
RT) eA LF) ss 
Onl%T)=— Fea ACM — Onl XT) = Gop ax 
(8.39) 


The first nonlinear corrections appear in the expression for ©,. Suppose we are 
interested in calculating the horizontal average of the total temperature profile T, 
that is, the horizontal average of the combination of the base temperature profile 
plus the disturbances. We have seen that this horizontal mean will be modified by 
nonlinearity only at order €7, that is, 


| Z 


ae ) ke|A(%7) sin (272). 


Peet) ( Ra, 2n(n* +k2) 
Inspection of the above equation’s form shows clearly that the base temperature 
gradient 1 — (Bd/Tp)z will be reduced in the region around z = 1/2 due to the 
—sin(27z) form of the correction, no matter what the form of A. Once we know 
A, then we may estimate by how much the temperature profile is flattened as the 
system reaches saturation. 


3It is true that L, ¥, = 0 implies that there is a solution of arbitrary amplitude, say, B(X,T), which 
is of the same form as expressed in (8.30). We are not concerned with these solutions, because 
they do not influence the evolution equation for A that is determined later. It is common practice to 
absorb this solution implicitly into the one appearing at the previous order. 


488 8 Weakly Nonlinear Instability 


Next, we turn to the task of finding the amplitude A, which requires analysis of 
the order €? system. At order €* the equations are the following: 


av, i ary, 2 1 00, \ 90, 
oT a a a rl ger 


00, ‘4 12 O° W 10° oy, 
+PrRa, = + =Pr (v yw, +2e°V ; ° 52 ; 


“ax aX? 
000, »40°O, 


00, -_ OW, 2 2 
op Tt Vi +O Vite =— x +V @, + 26—- aX +€ 5x2” 


(8.41) 


+4e (8.40) 


with the boundary conditions 


Meng 2% 
ox” 02 


=0, oO, = 0, on z=0,1, 


in which we have applied that y, = 0. Once again we repeat the same procedure as 
for the previous orders, combining the two partial differential equations into a single 
one for the quantity y,, inserting solutions for y, and ©, and simplifying to find 


L, W, =N,(X, 7) sin (272) + [N,, (X, T) elke 4 c.c.] sin (72) 
+ [N,; (x Te + ac, | sin (322), (8.42) 


where the quantities N,, are explicit expressions involving operators acting on A. 
We are interested here only in N,,(X,7), which is given by 


OA a°A 
N,, (X,T) = (a? +42) Ss HA-a~>4 plata). (8.43) 
where 
9. 49, PY 42 Pr V3 _kR Pr 
=(n°>+k Ra,, =3 aS 
= oT ypr Mo oe (Fe) Ra, 21+Pr 


The equation for y, indicates that we should seek solutions of the form 


Wy = Ago (X, T) Wyq (z) + [As (X,T) Ws, (zee + c.c,| + [Ax (X,T) Ws; ger + c.c,| ’ 
(8.44) 


where A,, (X,T) are unknown functions to be determined. Substituting the above 
solution into Eq. (8.42) leads, after equating like powers of e“<* to zero, to a series 
of ordinary differential equations for each of the functions y,,, W,, Y4,. Our main 
concern is with a solution for y,,. The associated ODE for it is 
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A,, (X,T)L,, W,, =N,, (X,7) sin (zz). (8.45) 
The boundary conditions on y,, must satisfy 


a da‘ 
y,, =9, oo = 0, aa =0, on z=0,1. 


We note that these boundary conditions and the ordinary differential operator acting 
on y,, are identical to those for the function y,,. Because we are considering 
the growth of a mode at onset, the linear operator clearly has a zero eigenvalue, 
the growth rate, and thus the operator has a non-empty null space. In solving 
an inhomogeneous equation like (8.45), it is a general result that finite solutions 
exist only when the inhomogeneous term has no components in that null space. 
Usually, this is expressed by the so-called solvability condition statement that the 
right-hand side must be orthogonal to the null space of L", the operator’s adjoint.* 
The more general statement of the solvability condition is a direct result of the 
so-called Fredholm alternative for linear operators, LL, acting on functions, f,g, 
in a Hilbert space with inner product (f,g).° The Fredholm alternative says that 
either Lf = 0 has no nontrivial solutions or the adjoint homogeneous equation, 
.'g = 0, has a nontrivial solution g 4 0. If the latter condition is met, it follows 
that Lf = b can have a solution if and only if (b,f) = 0 for all nonzero g satisfying 
'g =0. A more in-depth exposition of the Fredholm alternative can be found in 
many graduate-level PDE texts or in B. Friedman’s excellent book, reference [6] 
in the Bibliographical Notes. Returning to our problem, we multiply Eq. (8.45) by 
y,, = sin (12). Integrating by parts and applying the boundary conditions leads to 
the result N,, (X,7) = 0 which leads directly to the Ginzburg—Landau equation: 


OA aA 
ap HAT as — B\Al7A. (8.46) 


Because the coefficients 4 a and f are real, this is the real Ginzburg—Landau 
equation, or RGL for short. Steady solutions of the RGL for > 0 may be found 
once horizontal boundary conditions are specified. When the X domain is infinite, 
but A remains bounded at infinity, we find the steady solutions: 


5 tanh re x-x,)| ; (8.47) 


“Because we are dealing here with differential operators, the definition of L* has to include a 
choice of a Hilbert space with a well-defined inner product. In the current calculation, the relevant 
operators are self-adjoint; the reader is referred to references in the Bibliographical Notes for more 
detailed discussion of adjoint operators. 


3 
I 


5A typical inner product for square integrable functions f,g defined on the interval [xz,xr] is 
(ie =f fed. 


490 8 Weakly Nonlinear Instability 


where the positive root may usually be selected without loss of generality. The pres- 
ence of the constant X, in the solution is a consequence of the translational 
invariance of the RGL. It is this invariance that also accounts for the lack of 
quadratic nonlinearities in RGL (use complex exponentials to show why!). The 
transition region of the tanh has a length scale given by AX ~ ,/2aB/p. There 


are also X-independent solutions given by A, = +\/u/B = +Aj,, which are also 
valid on a periodic domain with periodicity L,, say. We may test the linear stability 
of these solutions by examining the RGL subject to linear perturbations of the form 
A(T) = +A, +A’(T) where A’ is small. A simple analysis shows that for solutions 
of the form A! « e’7 +, the growth rate 


r=—2u—ka 


indicating linear stability. This suggests that the final state for the pattern of constant 
relative phase rolls will have maximum amplitude given by 


nm? +k2 1 Ra 
max(|A]) < Ao) = V3 = ats =i /6(# 1), 


where we have explicitly replaced ke = x7 /2 and the expression of Ra, has been 
restored in terms of deviations from the critical value of Ra. 

We may now complete the full solution for the rolls and write the leading order 
solution for y by restoring variables in terms of their original definitions. Doing this 
for the tanh solution, we find modulated rolls of the form 


(x,z,t) = €A,(X)e"* sin (27z) +c.c.+ 6 (€”) 


Ra X—Xy u P 
~ a6 (= - 1) tanh ( Ax ) X cos (=) sin (xz), (8.48) 
ee 


slow envelope variation fundamental roll profile 


where the transition scales are related by AX = e€Ax = €,/u/2a8, defining the 
scale in physical units. 


8.3.2. Patterns in Three Dimensions 


The laboratory study of three-dimensional convection shows that roll solutions are 
selected when the horizontal dimensions are disparate in size. However, when this 
restriction is relaxed, that is, when the horizontal scales L, and L, are comparable, 
patterned states may emerge, such as the squares and hexagons seen in laboratory 
and numerical experiments (Fig. 8.3). Under these conditions a weakly nonlinear 
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Fig. 8.3. Experimental depiction of convection cells in a Rayleigh—Bénard experiment. This image 
shows the pattern of convection cells in the NOAA exhibit. The fluid is silicone oil with a density 
similar to water. Pearl essence, a shimmery powder, is mixed in to the oil so you can see the 
movement of the fluid and the patterns formed by convection Public Domain, courtesy NOAA, 
Earth System Research Laboratory; 


analysis becomes more involved especially if one is interested in multiple space 
and timescale dynamics. By considering horizontal scales similar in magnitude, 
however, each of order A, in size, the weakly nonlinear analysis may be simplified 
to introducing only multiple timescales. This is what is shown in Fig. 

A linear analysis of the problem shows that the onset of stationary convection 
occurs for the same values of Ra, and k, as in the two-dimensional case. We assume 
small departures from Ra;, as before, given by Ra— Ra, = Ra,€*, and assume, for the 
sake of this example, that the two horizontal scales of the domain L,,L, are of the 
same order of magnitude as the critical wavelength 27/k.. This latter condition 
means that we do not need to seek solutions involving long spatial variables, 
simplifying the calculation. As before, however, the system responds temporally on 
a scale ~ 1/e?. We expect, therefore, that a set of coupled Landau-type equations 
will describe the resulting dynamics. Based on the weakly nonlinear solution 
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for steady rolls, the leading order solution for, say, the temperature perturbation 
representing squares may be given by 


Owe [{A(T)e** +c.c.} + {B(T)e* +c.c.}] +e? : : | +8 : . | + HOT 
(8.49) 


where A, B are amplitudes depending on the slow time variable. Similar expansions 
would apply to the velocity fields u,v, and w. The leading order terms above appear 
as squares, and it is our task to calculate their amplitudes. We anticipate that this 
evolution will involve cross-amplitude interactions but otherwise follow a similar 
strategy as in our examination of rolls. The detailed calculation is not shown here, 
but the result leads to the coupled system: 


dA 


ap = HA- BIA) — 1B)°A, (8.50) 


dB 
ap = HB NAl’B— BIBI’B, (8.51) 


where UU, y, and B are real coefficients and m is the control parameter. It is a 
straightforward exercise to show that stationary squares are stable and have equal 
amplitude, |A| = |B|, when the cross-mode coupling constant is less than B, or 
\y| < B. For values of |y| larger than this, the system becomes unstable and returns 
to a roll state of one orientation or the other. 

Similar considerations involve the analysis of hexagons. It is important to 
remember that the hexagon pattern involves three wave patterns k,, i = 1,2,3, in 
which lk, | =k, and the three wave vectors add to zero: k; + kz +k3 = 0. Assuming 
that at leading order the perturbations have a form like 


[A(T)e™* +c.c.] + [B(T)e™* + c.c.] + [C(T) eS * +-c.c.] (8.52) 


a similar procedure leads to the following coupled amplitude equations: 


dA 
G = HA-BIAPA— (|B +ICP) A, (8.53) 
dB 
G = HB BIBPB—y(\CP +IAl?)B, (8.54) 
dC 
— ue-BicPc—7(lAP +1BP)c. (8.55) 


Further analysis can be done on these equations as well, and this is left as an exercise 
for the reader (Problem 8.6). 
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8.4 Stationary Rolls in Rayleigh-Bénard Convection IT: 
Fixed Flux 


We now examine Rayleigh—Bénard convection under fixed thermal flux boundary 
conditions. The equations of motion that we shall investigate are the same, 
Eqs. (8.16)-(8.18); however, the boundary conditions are now 


My, C8 ae | gm: b20K, (8.56) 
Ox 


We shall consider the same departure from Ra, viz., Ra = Ra,(1 + €’Ra, ).This 
corresponds to the case {“rigid-rigid,” fixed flux} in the previous chapter. 

The expansion procedure is similar to that of the previous section. Recall from 
the linear stability study in Sect.7.4.2 that the onset of instability in this case 
occurs at nearly infinite horizontal wavelength. The weakly nonlinear study of fixed 
flux convection must therefore proceed in a slightly different manner. We make 
the following ansatz regarding the solutions: © = O(z,eX,e*t) = O(z,X,T) and 
similarly for y. This reflects the fact that we do not consider the dynamics of @ (1) 
values of a horizontal wavenumber, instead; we restrict our attention to the largest 
horizontal scales. Notice how in this case the timescales are much longer than those 
assumed in the previous example (~ 1/ e*). It follows that the operators now take 
the forms 


Bc chit a a Gis 
°° OT©6=6 an ax? ge ox’ 


Applying these to the governing equations reveals the following scaled equations 
governing the evolution of rolls under conditions of fixed flux: 


a ay a oy ay ay 

4 a4 rid 

“OT dz | dT aX? 153 ie av} 

(FV 52 VW 40tw 

= (3 Iman © a 
2 2 

,00 dy FO. 00 


og OV RS Oa oa axe 


) ePrRa, (1 + ena, 22, (8.57) 


(8.58) 


In setting the relative amplitude scalings of the dependent variables, it turns out 
that the expansion which produces a consistently balanced (of distinguished limit) 
approximation for small €? is the following: 


© = 0, +¢°0, + €*0, + HOT (8.59) 
y = ey, +e°y, +HOT. (8.60) 
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As we have done before, these expansions are substituted into the equations of 
motion (8.57)-(8.58) and separated into a sequence of equations in powers of €. 
At @ (1) of (8.58) and order @ (€) of (8.57), we have 


a*y, iene 9 _ OW, _ OY, 
Ie oe ME oe x ee 


= 0, 


0 on z=0,1. 
(8.61) 


The first of the above equations indicates that the lowest order temperature perturba- 
tion must be a constant in the vertical direction, viz., @, = A(X,T), a consequence 
of the zero flux perturbation condition at the bottom and top boundaries. Physically, 
we must infer that a vertically uniform temperature perturbation results from the 
thin layers where the perturbations are insulated. We may now find that the solution 
for y, is a fourth-order polynomial in z, given by 


Ra, 0A 
24 dX" 


Vy, (z,X,T) = 2(z? —2z+1) (8.62) 


Moving now to @ (e7) terms of the temperature evolution equation (8.58), we obtain 


2. | 
ae a? ax Ox oe 08) 


with boundary conditions 0@, /dz=0onz=0, 1. This expression may be integrated 
and simplified to find the solvability condition: 


027A Ra, 
ax2 (F 7 1) = ee 


Thus, the asymptotic procedure has elegantly determined the critical value of the 
Rayleigh number for these conditions, Ra, = 5! = 120. As an exercise, one may 
repeat the same calculation for a problem with rigid kinematic boundary conditions 
and fixed flux boundaries to find that the corresponding critical value becomes, 
instead, Ra, = 6! = 720. The equation for y at order ¢* becomes 


a*y, _ {ou } aty, 
1 
a 


ae 00, 
Be? ae” 


ae 


R. + Ra,.Ra, 700 : (8.65) 


dz Pr 
with boundary conditions y, = 07y,/dz? = 0 on z= 0,1. It is a straightforward, 


but tedious, calculation to show that the solution for y,, which satisfies the requisite 
boundary conditions, is 


A aeA 1 © »,) a (aA\’ 
Vi (&.X,T) = Ra, oo(2) 59 + Yul) 555 ++ | SV (2) + ey | a (=) 
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where the functions y,,(z) for (j = 0,1,2,3) are polynomials in z of varying degree 
(see Problem 8.5) and the superscripts (0) and (e) indicate an odd and even function, 
respectively. 

To reach the point where we may determine a weakly nonlinear evolution 
equation for the amplitude A(X,7) requires examination of the order e+ terms 
resulting from the expansion of (8.58). At this order we find 


0°O, = 20 ov, a0 
on ap tl Mile tHlO Wily te eo 3x2” 


(8.67) 


together with the boundary conditions 0O,/dz = 0 on z = 0,1. As before, our 
interest lies mainly in the solvability condition for the existence of solutions, more 
than in finding a solution for ©, itself. Integrating over z = [0,1], we find this 
solvability condition governing the evolution of the amplitude A, namely, 


(8.68) 


OA 9, A, 37 HA 155 0 (OA - 
aT “9x2 * [68 axt 189 ax \ax 


This amplitude equation is one form of the Cahn—Hilliard equation, an equation 
used to model phase separation.° A number of insights into the behavior of fixed flux 
convection may be uncovered from the properties and solutions of this equation. One 
feature that is immediately notable is the linear behavior of the amplitude around 
A = 0. Assuming solutions of the form « e?7*+'* Jeads to the following leading 


behavior of the eigenvalue p 
37 
mi fe a2 
" (x 2 168 ) 


as is depicted in Fig. 8.4. The maximal growth rate occurs at a horizontal wavenum- 
ber k,, = \/42Ra, /37. Steady solutions of this equation on a domain of scale Ly 
are expressed in terms of elliptic functions of the first kind, which can support 
any number of roll solutions. However, the ultimate nonlinear fate of these rolls 
is a steady sequence of transitions in which neighboring roll states consume each 
other, ultimately resulting in a single roll state filling out the whole of the domain 
with horizontal length scale Ly. This behavior is precisely the coarsening dynamics 


commonly seen in phase separation and which motivated J. Cahn and J. Hilliard. 


®A similar equation would have been found had one adopted, instead, rigid boundary conditions 
throughout. 
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Fig. 8.4 Graphical representation of the growth rate associated with the linear perturbations 
around A = 0 of the amplitude equation (8.68). Growth occurs in a band out to a maximum 


wavenumber = V2k,,, with maximum growth rate at k,, = , /42Ra,_, /37. Despite the fact that the 


maximal growth rate occurs at k, 


‘m> the ultimate configuration is for a roll of horizontal scale equal 
to the horizontal domain size L, 


8.5 Additional Systems 


In this section, we quote, without performing the full necessary calculations, some 
qualitative nonlinear behavior of additional example systems and circumstances. 
The discussion below is by no means exhaustive and is meant to give merely a 
flavor of the mentioned systems. 


8.5.1 Subcritical Transitions 


Much of our discussion in Chap. 7 addressed cases where the linear instability leads 
to a supercritical transition. There are, however, many examples in fluid dynamics 
in which the linear instability indicates the presence of a subcritical bifurcation. 
A classic example is the transition to instability of Tollmien—Schlichting waves 
in plane Poiseuille flow. Plane Poiseuille flow is the plane-parallel analog of pipe 
Poiseuille flow, discussed in Sect.7.6.1, having a base velocity profile, directed 
along the x-axis and given by 


u(y) =1—y’, (8.69) 


for a flow confined between the values of y = +1, in dimensionless form. The 
stability boundaries for plane Poiseuille flow show the same qualitative shape as 
that for Blasius boundary layer flow (see Fig. 7.7a), but for plane Poiseuille flow, the 
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critical Reynolds number is given by Re. = 5774. Experiments, on the other hand, 
show that there exists a transition into an unstable state for values of Re around 2000. 

J. T. Stuart and J. Watson, independently in 1960, undertook a weakly nonlinear 
analysis to examine the amplitudes and nonlinear coefficient in a corresponding 
Landau equation, without investigating the effects of long trains like we have done 
for RB rolls by invoking multiple spatial scales. The marginal curve plots for 
plane Poiseuille flow feature a “nose,” such that for values of Re > Re, there exist 
two marginal wavenumbers k,,. One can compute amplitude equations in terms of 
powers of small departures from this marginal state, € = Re — Re,,, at either k,, value. 
Specifically, if A represents the amplitude of the marginal mode, then an amplitude 
equation is found of the form 


0A 
Ot = 0: (Re _ Re,, ) Kn )A _ B (Re, 2 ky.) |A|7A. (8.70) 
For values of Re,, in the vicinity of Re. ~ 5770, the sign of the real part of the 
function f is negative, indicating that a supercritical transition is not saturated by 
the cubic nonlinearity. The instability is therefore subcritical and one expects that 


the series expansion must be expanded to at least quintic terms, giving, instead: 


0A 
Ot 


= o(Re—Re,, sk, )A— B, (Re, ky } |A\2A — B, (Re, kn} JAfA+s. (8.71) 
under the assumption that the next Landau coefficient, i.e., B,, is greater than zero. In 
Sect. 8.2 we saw how the quintic term plays a stabilizing role in the Landau equation. 
Extensive examinations of this problem (see relevant references in the Bibliographic 
Notes) for situations where the basic state is not even linearly unstable, as when 
Re < 5774, showed that the value of B, does not become positive again until about 
values of Re ~ 2000. 

Given the difficulty of obtaining a stable steady amplitude profile, investigators 
cleverly asked the question of whether or not there might exist stable propagating 
wave solutions to describe subcritical transition for this problem. After much effort 
a class of stable and unstable traveling wave solutions were discovered, while 
further investigations showed that even the stable propagating wave solution may 
undergo a secondary three-dimensional instability known as an elliptic instability. 
We do not discuss elliptical instability further, but references to it are found in 
the Bibliographic Notes of this chapter while secondary instabilities of steady 
Rayleigh—Bénard rolls are briefly discussed in Sect. 8.6. 


8.5.2 Faraday Instabilities 


M. Faraday first observed crispations on the surface of a vertically vibrated layer of 
fluid, recognizing these as standing wave deformations of the fluid—air interface. 
These parametrically excited surface waves exhibit a rich variety of wave crest 
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patterns, including striped, square, hexagonal, and circular patterns, depending on 
the properties of the vibrational forcing and of the experimental design, including 
the liquid itself. Faraday experimented with both ordinary liquids, such as water 
and alcohol, and more exotic liquids, such as egg white and mercury, in which he 
reported patterns of “extreme beauty.” 

In an actual experiment, when a shallow fluid layer in an open container is 
vibrated vertically with amplitude 6 and frequency @,, such that the effective 
gravitational acceleration felt by the layer is g(t) = g,(1+ dcos@pf), where go is 
the acceleration due to gravity. For forcing of small amplitude, the surface of the 
liquid remains flat. Crispations begin to form once 6 increases beyond a threshold 
value, 6., determined by the point at which dissipation, mainly due to viscosity, 
is overcome. The response is subharmonic, meaning that the surface waves, which 
oscillate at frequency @,, do so at half the driving frequency, or @, = 2@,. A full 
calculation of the linear and nonlinear Faraday instability is complicated, although 
we may employ the methods demonstrated in this chapter. Instead, we consider 
a linear time-dependent model equation for a surface displacement function 1, 
describing the propagation of linear surface gravity waves (Chap. 4): 


2 
sal 1 +eo-(k)n=0,  w7(k) =g(t)ktanhkL, (8.72) 


where @*(k) is the frequency behavior in a uniform layer of fluid with depth L and 
horizontal wavenumber k. We have introduced a crude model for damping using the 
nae a and we further define a wavenumber ko and frequency @p such that 


Mp = a(k, 4/8 Ky tanhk,L. The above model equation has the form of a Mathieu 
equilions: 

0? 7) 

Sante +0" (k) [1 +26 cos(20,1)] 1 =0. (8.73) 


When both a and 6 are zero, then the above system exhibits oscillations with 
frequency w. Olheise. we may take k =k, +k, and assume that k, 7 ' 6, and n 
are all equally small quantities scaled by the parameter € < | and use a two-term 
perturbation series for 7 = No + €11. If we further assume that 


1, =A(et)e 10’ +c.c. (8.74) 


and carry the procedure out to second order, we are led to a solvability condition 
which, in turn, generates the following equation for the amplitude A: 


= (—17!+i@, )A—i5A*, a= (37) k,. (8.75) 
k=k 
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Solving for A’s real and imaginary components, separately, and assuming « e?1' 
behavior of the solutions gives, for the growth rate, 


p, =—-t,'+,/8?-o?, (8.76) 


clearly indicating that there must be a minimum vertical driving amplitude 6 
to trigger an instability. Generalizations of this equation can be found to study 
two-dimensional patterns, much in the same way that we discussed earlier for 
Rayleigh—Bénard convection. If the system is sufficiently horizontally extended, 
further increase in the driving amplitude 6 may induce transverse secondary 
instabilities and, eventually, chaos. 


8.5.3 Model Equations 


Model equations refer to dimensionally reduced or otherwise highly simplified 
mathematical models of typically much more complicated systems. The Navier— 
Stokes equations themselves are a model for the collective behavior of a large 
number of molecules, such as those which make up a liquid or gas on macroscopic 
scale. In this book we have largely pursued approximate or highly simplified forms 
of solutions, themselves models of Navier-Stokes. 

In Chap. 4 we used asymptotic methods to derive the KdV equation, a description 
which is asymptotic to the original Euler equations describing surface water waves. 
Despite the success of the KdV model, its validity breaks down for high-frequency 
wave disturbances, for which short length scales violate the asymptotic ordering 
assumed from the outset. In the case of the KdV equation, the term that causes 
problems is the triple spatial derivative dispersion inducing term 0... We can 
modify this term by noting the symmetry observed for solitary wave structures 
propagating at some phase velocity, viz., 0,7 +cd,n ~ 0. From this, one of the 
three derivatives in the problematic dispersive term may be replaced by a time 
derivative generating the Bona—Benjamin—Mahoney (BBM) equation describing 
the amplitude propagation of water waves: 


on On  3VgL_ on 1,40 (0?n\ _ 
VE a +a on Vay 6" al ae) =O BM) 


a variation of the original KdV equation, cf. (4.107). The advantage of this equation 
is that it has clear bounds on the group and phase velocity of short wavelength 
waves. The one-dimensional version of BBM has single solitary wave solutions 
(Problem 8.10). 

Another type of model equations may be found by a truncated approximation. 
Perhaps the most well-known example of this are the Lorenz equations, a truncated 
model of Rayleigh—Bénard convection. A complete Fourier/Galerkin expansion for 
the stream function and temperature fluctuations may be represented by 
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w(x,z,t) = py Wi (t)e™ sinjaz+c.c., O(x,z,t) = py 6, (the"* sinjaz+c.c. 
, (8.78) 


Substituting these expansion into the governing Boussinesq equations of motion 
generates an infinite set of coupled nonlinear ordinary differential equations for 
the time-dependent amplitudes y,, and 0... This procedure is referred to as a 
Galerkin projection. By retaining a large enough number of these modes, we end 
up with an acceptably accurate approximation of the complete system. Historically, 
E. Lorenz, mathematician and meteorologist, chose in the early 1960s to focus on 
three amplitudes: the k = 1 and j = 1 components of the temperature and stream 
function fluctuations and the k = 0 and j = 2 temperature fluctuation. The resulting 
truncated set, appropriately rescaled, is 


dé dé. 
=06(8,,-W,), 27 =py, 91, Wi, 99; ae = —B6,,+6,,VW,,. 


(8.79) 


where o,p, and B are positive constants.’ The Lorenz equations exhibit deter- 
ministic chaotic solutions and are historically one of the first nonlinear dynamical 
systems, along with the Moore-Spiegel oscillator, used to study the properties of 
chaos in natural systems. We refer readers to examine some of the reference texts at 
the end of the chapter, e.g., Regev’s book [10], for a more detailed examination of 
Lorenz and similar systems. 

Several other model systems have been used to study pattern dynamics in 
Rayleigh—Bénard convection. One of these is the well-known Swift-Hohenberg 
equation for the real variable u(x, y,t): 


dy,, 
dt 


a se (V" Hei. (8.80) 
ot 

Similar in form to the amplitude equations derived for describing square and 
hexagon patterns, Swift-Hohenberg equation has the advantage of including spa- 
tially extended dynamics via the V” operator and is much simpler to deal with than 
a three-dimensional system. The disadvantage, of course, is that much physics has 
been lost in the construction of this model. Another equation frequently encountered 
model is the Kuramoto—Sivashinsky (KS) equation: 


oT) 
ot 


=-V’9-V*o 3(Vo), (8.81) 


one of the simplest models exhibiting spatiotemporal chaos. The Kuramoto— 
Sivashinsky equation is often used to study the phase dynamics of nearly steady 
but obviously chaotic patterns in convection. For example, @ (x, y,t) would be phase 


7In the literature these equations often appear in the following form: «= o(x—y), »=px—y—xz, 
z= —Bz+x. 
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field of long train of rolls, as used by Kuramoto to study Eckhaus instability 
(see below). Independently, Sivashinsky used (8.81) in a slightly different form to 
describe patterns of a combustion front. The above equation has also been found in 
studying surface waves on a thin liquid film flowing down a sloped surface. Notice 
the similarity of this equation with the Cahn—Hilliard equation. 


8.6 Beyond Weak Nonlinearity 


In this chapter we have studied aspects of the nonlinear development of instabilities 
in fluid systems, primarily involving buoyant convection. We have chosen the 
perspective of weakly nonlinear theory, focusing on growth near the threshold of 
a linear instability, as controlled by a parameter, for instance, Ra in Rayleigh— 
Bénard convection. In this way, we have found a solution that is asymptotically 
correct as the distance above marginality is reduced, or Ra — Ra, — 0. Many 
interesting instabilities in fluid dynamics do not conform to this restriction and 
these require alternate approaches, while other instabilities demand numerical 
simulation. The main purpose of this chapter was to provide, through examples, a 
computational framework for weakly nonlinear theory of instability near threshold 
and the derivation of amplitude equations. It is the nature of weakly nonlinear theory 
to build a low dimensional model that, while easy to manipulate, is physically highly 
approximate. The hope is that, by following a formal approximation procedure, the 
relevant physics is not only preserved but lends itself to being studied. 

We have only touched on the issues of pattern theory and secondary instabilities, 
both rich topics which demand far more attention than is space for in this book. 
In the case of Rayleigh—Bénard convection, for example, it is clear that to determine 
the physical relevance of any steady nonlinear state, we must also test its stability 
with respect to all forms of perturbation. One of the most important secondary 
instabilities involves resonant, or side-band, perturbations of a trio of unstable 
waves. The resulting process, known as Eckhaus instability, leads to a changed roll 
wavelength. Other examples of secondary instabilities include the zigzag instability, 
to perturbations acting only along the rolls’ axes, and the cross-roll instability of 
two distinct roll patterns aligned at an oblique angle to one another. Taken together, 
the secondary instabilities help define a region of nonlinear stability in (Ra, Pr, k)- 
parameter space known as the Busse balloon, named following the extensive work 
on this topic by F. Busse and collaborators. For a more detailed description, see, 
e.g., reference [10]. 

As we first saw in Chap. 7, instability is the first step on the route to turbulence. 
Far beyond the power of weakly nonlinear analysis, turbulent flows force us to rely, 
in part at least, on statistical tools even for their description. Turbulence is our next 
destination. 
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Problems 


8.1. 
Show that the solution to the Landau equation (8.2), with € > 0 and with initial 
condition u(0) = uo, is given by 


() = sgn(up) EE 
u(t) = uo) ==>}, 
8 At e2ét 

and find A. 

8.2. 

Consider the model equation for transcritical bifurcations: 
d 
; =eu—u’. 


Analyze the steady states and stability properties, including a sketch of the form in 
Fig. 8.1. Show that solutions of this system can be unstable depending upon the size 
and sign of the initial perturbation. 


8.3. 
Show that the steady states of (8.4) are correctly given by (8.5). Test the linear 
stability of each of these possible steady states. 


8.4. 
Consider the system 


d 
= = eu—w +, (8.82) 
dv 
—=- 8.83 
ee! (8.83) 


with u(0) = uo and v(0) = vo. Are there conditions in the parameters of the system, 
including the initial conditions, in which transient growth might cause a transition 
from one steady state to another? 


8.5. 
Complete the solution process going from (8.65) to (8.66). Show that the structure 
functions y,,(z) are given by 


VW, (Z) = —2W,, (z) = -2/2 +52 /6-2/24-2°/6,  Wyy(z) = 5z— 102? +52", 


Wa. (2) = —52/504 +523 /84 — 52° /12 +527 /7 — 2528 /56 + 2529 /252, 


we (2) = -292/252 +523 /28 — 2°/6 + 52! /42 — 529/252 + 219/252. (8.84) 
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Verify that y is an odd function with respect to the point z = 1/2 and that y is 
similarly even. Use this observation to explain why there is no explicit dependence 
of the amplitude A upon Pr in the case of fixed flux convection, yet the appearance 
of the aggregate solution will depend upon Pr. 


8.6. 
Analyze Eqs. (8.53)—(8.55) assuming the coefficients appearing are real. What are 
the stability boundaries designating the transition from hexagons to rolls? 


8.7. 

Assuming a small aspect ratio of a rectangular convection container and a weak 
Couette shear u = €A,z, with € < 1 develop the amplitude equation for fixed 
flux convection in the case of rigid boundary conditions. Do this by following 
the derivation procedure of Sect. 8.4. Derive the following modified Cahn—Hilliard 
equation: 


dA ( os) 5 9 a (4) 17 aA 10 0 (4) 
= Ra, A : 


oT 120] 0X2 ~128ax \axX 462 0X4 7 0X \ AX 
(8.85) 


Recast the above equation into a friendlier form by defining t = 17 T/462, X = 
(17/462)!/2 €, F = (17/660)~!/? A, and A, = (9/56),/7/10 A, together with the 
new redefined control parameter 1? = Ra,—A : /120. What does this equation look 
like in these variables? 


8.8. 

Show that the fixed point y,, = 0,, = 9,, = 0 of the Lorenz equations (8.79) is 
stable to infinitesimal perturbations if p < 1. Develop an approximate solution in 
the near vicinity of p = | and demonstrate that the system collapses into a Landau 
equation, i.e., 


dé = 

=F ~(p—1)6, -B-'@3. (8.86) 
Convince yourself that the Lorenz system is mathematically consistent with weakly 
nonlinear theory of classic Rayleigh—Bénard convection only in the limit where 
lp-I|<l. 

8.9. 

Identify all fixed points of the Lorenz system (8.79) assuming the constant 


parameters p, 8,0 are all positive. Examine the stability of each fixed point and 
categorize them according to the types discussed at the beginning of the chapter. 


8.10. 
Show that the following is a solution of the BBM equation (8.77): 


where 6 is an arbitrary constant and A is the (squared) amplitude. 
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8.11. 
Consider the following nonlinear model of a parametrically excited system like 
surface water wave. The surface position variable 1 evolves according to the 
following model PDE: 

an 
Ox?” 


an 


ra) 
5p +24, ' 5; ul 


oa (8.87) 


(1+ 6, sin2@,¢) sinn = 


Analyze this system by considering linear perturbations around the 7 = 0 state. 
Show that the dispersion relation for « exp(ict— ikx) types of modes is @? = 1 +k? 
for negligible values of the linear damping t and driving amplitude 6,. Suppose 
there exists a value of k =k, such that w(k,) = @), i-e., half the driving frequency 
of the time-dependent driving found above. Assume that the domain is periodic on a 
length scale L, (much larger than 27/k,) and perform a weakly nonlinear analysis on 
the system. Assume that the parameters 6, and c are scaled by the small parameter 
€? and assume a series solution for uu = Eu, + BiG, + eu, + HOT, where 
u, =A(ex,et,e71)eo™ + Blex, et, e*t)eoT™ 4 cc, 

Recalling our terminology from Chap. 4, A and B are the amplitudes the correspond- 
ing carrier wave moving with velocity c, = +@,/k, (respectively). Show that by 
taking the calculation out to order €, one gets the coupled amplitude equations 


a =-1,'4+6,(B aS (Bir +r(\B"))4, (8.88) 
a a ~171B+ 8, (4) —ia 8 (B*BP +7°(l4|")) B, (8.89) 


with 


*) (32) 1 i 
=| — », a=|= ‘ and ep=— e dx, 
( ok ie Ok? i ( ) L, Jo 


— where T = et and X, = e(x+Z,), together with L, = L,/e, 6, = €76,, and 
e = Serr Note that the derivation implies that A(ex,€t,e7r) + A(T,X,) and 
B(Ex, €t, € 21) +» B(T,X_), which indicates that each amplitude function drifts at the 
group velocity in the local frame of the basic carrier wave with which it is associated. 
Analyze the spatially uniform state and show that the supercritical transition is a 
Hopf bifurcation of the oscillatory waves. 

This is only a model not to be confused with proper analysis of the original 
equations of motion—for more references on this, see the review article by Cross 
and Hohenberg listed in the Bibliographical Notes. 
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Bibliographical Notes 


Section 8.1 


The main focus of this chapter has been on the techniques of weakly nonlinear 
theory. This is covered in several texts, but the two main ones that provide deeper 
development of the ideas and extensions to several problems include the important 
work of Maneville and the monograph of Cross and Hohenberg: 


1. P. Maneville, Dissipative Structures and Weak Turbulence (Academic Press, 
Boston, 1990) 

2. M.C. Cross, P.C. Hohenberg, Pattern formation outside of equilibrium. Part II, 
American Physical Society. Rev. Mod. Phys. 65(3), 851 (1993) 


These above texts are highly recommended for the reader interested in much 
deeper analysis of pattern theory and in the development of the techniques used in 
this chapter. 


Section 8.2 


In addition to Drazin’s and Reid’s book on hydrodynamic stability (see the previous 
chapter’s Bibliographical Notes), which has a very good introduction to nonlinearity 
and weakly nonlinear analysis, there is also Drazin’s stand-alone book on nonlinear 
systems: 


3. P.G. Drazin, Nonlinear Systems (Cambridge University Press, Cambridge, 
1992) 
From the perspective of ordinary differential equations, the study of nonlinear 
systems and its analysis and various classifications is discussed with consider- 
able mathematical rigor in the text: 

4. J. Guckenheimer, P. Holmes, Nonlinear Oscillations, Dynamical Systems and 
Bifurcations of Vector Fields (Springer, New York, 1983) 


Sections 8.3 and 8.4 


The presentation of the weakly nonlinear techniques is inspired by the chapter 
entitled “Pattern Forming Instabilities” authored by S. Fauve in 


5. C. Godreche, P.C. Hohenberg (eds.), Hydrodynamics and Nonlinear Instabili- 
ties (Cambridge University Press, Cambridge, 1998) 
The theory of linear operators and in particular the Fredholm alternative 
property of these operators, which is the basis of solvability conditions, can 
be found in the very valuable concise book: 
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6. B. Friedman, Principles and Techniques of Applied Mathematics (Dover, New 
York, 1990) reprint of the original Wiley book from 1956 (in particular, Chap. 1) 


Section 8.5 


Nonlinear instability in shear flows is reviewed in 


7. BJ. Bayly, S.A. Orszag, T. Herbert, Instability mechanisms in shear-flow 
transition. Ann. Rev. Fluid Mech. 20, 487 (1988) 
This reference also has a very thoughtful discussion of subcriticality, including 
references to the original discussion of the plane Poiseuille flow problem, 
separately in the papers by Stuart and Watson: 

8. J.T. Stuart, On the non-linear mechanics of wave disturbances in stable and 
unstable parallel flows. Part 1. The basic behavior in plane Poiseuille flow. 
J. Fluid Mech. 9, 353-370 (1960) 

9. J. Watson, On the non-linear mechanics of wave disturbances in stable 
and unstable parallel flows. Part 1.The development of a solution for plane 
Poiseuille flow and for plane Couette flow. J. Fluid Mech. 9, 371 (1960) 


Section 8.6 


A discussion of chaos and model equations can be found in the first part of 


10. O. Regev, Chaos and Complexity in Astrophysics (Cambridge University Press, 
Cambridge, 2012) 
The solitary wave solution of the BBM solution is found in the original work: 
11. PJ. Olver, Euler operators and conservation laws of the BBM equation. Math. 
Proc. Camb. Philos. Soc. 85, 143 (1979) 


Chapter 9 
Turbulence 


Don’t despair, not even over the fact 
that you don’t despair 


Franz Kafka (1883-1924), ‘Diary’ 


9.1 Introduction 


The Oxford English Dictionary defines turbulent flow of a fluid as one in which 
the velocity at any point fluctuates irregularly and there is continual mixing, rather 
than a steady flow pattern. As the first example of the use of this adjective, the 
dictionary quotes a sentence from the classical book by H. Lamb, Hydrodynamics 
(1895): “The resistance, in the case of turbulent flow, is found to be sensibly 
independent... of the viscosity of the fluid.” 

Nowadays, a substantial number of scholarly books exist, devoted entirely to 
fluid turbulence, the noun derived from the adjective turbulent and thus indicating 
the phenomenon itself. We shall mention several of them in the Bibliographical 
Notes. The phenomenon, as it appears in nature, has been known for many 
centuries—probably already since ancient times. The Latin word turbulentia orig- 
inally refers to the disorderly motion of a crowd (turba), but Lucretius, a Roman 
poet and philosopher, who lived in the first century BC, mentioned it not by this 
name in his masterpiece De rerum natura. Over five centuries ago, Leonardo da 
Vinci was probably the first to use the Italian word turbolenza, when observing 
and describing the slow decay of eddies formed behind the pillars of a bridge. 
Turbulent flow appeared depicted masterfully in Leonardo’s celebrated drawings as 
well as in the paintings of Japanese masters (nineteenth century). Despite the fact 
that significant experimental, observational, and theoretical efforts have been made 
to gain understanding of this classical physics phenomenon, much has remained 
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unknown. According to an apocryphal story, Sir Horace Lamb once said: “I am an 
old man now, and when I die and go to heaven there are two matters on which I hope 
for enlightenment. One is quantum electrodynamics, and the other is the turbulent 
motion of fluids. And about the former I am rather optimistic.” Lamb considered 
turbulence a subject of “outstanding difficulty” (1895), and Richard Feynman, a 
Nobel laureate for his work on quantum electrodynamics, stated in the 1960s that 
“turbulence is the most important unsolved problem of classical physics.” In spite of 
over a century of ever-growing insights from theory, experiment, and computation, 
Feynman’s assessment is unfortunately still largely with us. In addition to the 
quest for a theoretical understanding of turbulence’s fundamental aspects and an 
appropriate mathematical formalism to describe these aspects, the phenomenon is 
associated with some important practical problems in engineering: aerodynamics, 
hydraulics, combustion, acoustics, as well as astrophysics and geophysics—in 
particular, the “hot” topic of climate change. Thus, there seems to exist an urgent 
need to develop models that can allow the understanding of experiments and 
observations, as well as provide tools for the prediction and control of turbulent 
flows. 

Fluid turbulence usually arises following the onset of a hydrodynamical or 
magnetohydrodynamical instability in a laminar flow, which itself occurs as a 
control parameter changes so as to pass through a critical value. Chapter 7 
discussed, in detail, some such linear instabilities, and we have seen at its outset 
(Sect. 7.1) experimental examples of two different transitions. The development of 
turbulent flow from an instability is not a trivial matter. Some instabilities saturate 
and give rise to a new laminar flow, while others develop secondary instabilities as 
they transition to a turbulent flow. According to the once well-regarded L. Landau’s 
conjecture, these transitions may give rise to an infinite sequence of unstable modes, 
which is the essence of turbulence. D. Ruelle and F. Takens showed in 1971, in 
contrast to the above, that only a limited number of unstable modes may be needed 
for turbulence to arise. They found that even as few as three unstable modes may 
be sufficient to be involved in the emergence of turbulence, as long as they have 
incommensurate frequencies and lead to quasiperiodic behavior. Additional “roads” 
(or “routes”) to turbulence have been proposed, and we have already mentioned 
most of them in this previous chapter. They are still referred to a “scenaria,” a word 
whose meaning hints that the theoretical understanding of the mechanisms is not 
complete, to say the least. Another way of producing a turbulent flow and learning 
about its experimental properties is to allow a laminar stream of fluid, usually gas, 
to flow past a grid of solid bars. What is obtained is usually regarded as freely 
evolving turbulence, but closer scrutiny shows that FD instabilities are induced close 
to the obstacles of the grid. Similarly, appropriate stirring, shaking, or sloshing of 
a quiescent fluid may produce turbulence, but once the forcing is stopped (or in the 
case of the grid, far enough from the disturbance), the turbulence freely decays. Its 
energy is being dissipated with the smallest irregularities (eddies) decaying first. 
We would like to stress at the outset that we shall be dealing with incompressible 
turbulence (except if stated explicitly otherwise). This assumption simplifies the 
problems posed by the topic, and we shall adopt it because of the considerable 
difficulty of the subject matter. 
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9.1.1 The Origin of Turbulence, Its Ubiquity, 
and Some Basic Properties 


As we have seen, turbulent motion may appear first in patches and only later, 
with a further change of the control parameter, do these patches merge and fully 
developed turbulence engulfs the flow, as in Reynolds’s experiments. Another type 
of transition is when spatiotemporal chaotic behavior, i.e., turbulence, occurs when a 
certain threshold is exceeded. It may start as an instability of the mean flow, leading 
to development of a secondary flow, which subsequently loses its stability with 
appropriate change of the control parameter until reaching a state of fully turbulent 
motions, as in the Taylor—Couette experiments. 

In any case, without formally defining what a turbulent flow is, we may safely 
state some of its properties. Turbulent flow is invariably spatiotemporally complex. 
Focusing, for a moment, on the velocity field in a turbulent flow, we may say that 
the velocity fluctuates seemingly randomly, in time at any fixed position, and, in 
addition, it is highly disordered in space at a given instant, say, with a multitude 
of length scales. Another typical property of the velocity is that it is chaotic, in 
the dynamical systems sense of this word, that is, a very small change in the initial 
conditions will produce a very large change to the subsequent motion. An alternative 
definition, involving vorticity, is probably better—turbulence may be “defined” as 
a flow in which a spatiotemporal complex vorticity field is advected in a chaotic 
manner. An important point worth stressing when trying to characterize turbulence 
is that in many flows laminar regions exist alongside turbulent ones and there is 
a clearly apparent separation between the two. Another point worth making at the 
outset is that the early studies of turbulence focused on its emergence in shear flows, 
which, as we already know, are essentially flows in one direction with the magnitude 
of the velocity changing in the direction perpendicular to the flow. 

Turbulent flows are not restricted to the laboratory or just human scale and appear 
in nature on a wide variety of scales, from the truly vast scales encountered in 
extragalactic astrophysics through the turbulent flows on the surface of stars and 
our Sun and, in particular, in the atmosphere of our Earth and its oceans. Turbulence 
is all around us and is instrumental in shaping the climate. It appears also on smaller 
scales, from the turbulent “pockets” encountered while flying on a jetliner down to 
turbulent winds created by obstacles to air or water flow, such as buildings or bridge 
piers. Engineers must deal with turbulence and their concern is less theoretical and 
more practical, from the design of automobiles and airplanes, through manufactur- 
ing internal combustion engines and to the challenge of minimizing the dispersion 
of pollutants. 

It is tempting to speculate that turbulence originates due to some nature-imposed 
upper limit on the content of disordered kinetic energy that may be contained in 
a flow with given microscopic fluid viscosity. If such a limit does indeed exist, 
the flow will develop so as to dissipate and increase the entropy as effectively as 
possible for any kinetic energy beyond this limit. Assuming that the microscopic 
viscosity of a fluid is constant, the only way for the fluid to achieve dissipation is 
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to lower its effective Reynolds number, so to speak. Flows without solid boundaries 
have no ability to create boundary layers, so the only option for emergence of very 
small scales is spatial (and thus also temporal) fluctuations in the flow, so that an 
effective “turbulent” viscosity, which may be written Vig ~ OCsliurp, Will arise. 
Here /iup is some effective scale for turbulent transport, presumably linked to the 
large turbulent eddies, those responsible for transport, and ~@ = @ (1) is a constant. 
Thus, Viurb will be the approximately correct viscosity coefficient for turbulent 
momentum transport, instead of the microscopic one. This viscosity coefficient is 
orders of magnitude larger than the molecular one and therefore also allows for 
highly increased dissipation rate. All this provided that the flow somehow creates 
fluctuations on a small scale. This “somehow” is the heuristic essence of turbulence. 
Obviously, to maintain turbulence, there must be a source of kinetic energy in the 
flow. This may be, for example, the mechanical source driving the flow (shear 
flow, say) without which the instabilities would be unable to feed the field of 
steady turbulent fluctuations. Although the idea behind this conjecture is crude and 
imprecise, we feel that it may one day be refined by correct statistical considerations 
for systems out of equilibrium to a general statement, perhaps similar in spirit to the 
celebrated fluctuation—dissipation relation. The latter is a powerful tool in statistical 
physics for predicting the behavior of nonequilibrium thermodynamical systems. 
Such systems involve the dissipation of energy into heat from the reversible thermal 
fluctuations at thermodynamic equilibrium in irreversible microscopic statistical 
physics. Of course, the above relation relies on the system of microscopic particles 
being in thermodynamic equilibrium and involves the Boltzmann constant and thus 
is applicable to systems that seem very different from turbulent fluids. However, we 
are aware of recent efforts to obtain instead a fluctuation—response relation, which 
could be applicable to turbulence theory. Details of the progress towards such a 
relation are outside the scope of this book. 

What is our expectation when we look for a theory of turbulence? The obvious 
hope is, probably, to find something resembling the tremendously successful statisti- 
cal mechanics theory. There we dealt with a system in which the small (microscopic) 
constituents behaved apparently randomly. From this grew the theoretical edifices 
of kinetic theory and statistical mechanics which ultimately offered a macroscopic, 
well-defined, physical theory. The result of such efforts for turbulence, conducted 
for over a century, was largely disappointing. To be sure, there exist a multitude 
of pieces of theory, applicable to particular cases, e.g., stratified flows, boundary 
layers, etc. The two exceptions, which, despite being applicable to a particular 
case, do offer some universal, or at least nearly such, laws, are shear flows 
near a smooth wall and the Kolmogorov’s analysis of isotropic, fully developed 
turbulence. The eminent mathematician, A.N. Kolmogorov (1903-1987) who made 
significant contributions to the mathematics of probability theory, topology, classical 
mechanics, algorithmic information theory, and computational complexity, also 
found time to tackle turbulence. This state of affairs pushes the applied researcher, 
say, an astrophysicist or engineer, to either parameterize the turbulent contributions 
or use numerical studies, which are often unable to resolve the full range of scales 
and still require some turbulence modeling of the smallest scales. In this chapter of 
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our book, we would like to review for the interested reader some of the new and 
not-so-new ideas on turbulence, so that he or she will be able to see at least what 
is available. Our descriptions will often be short and uncomplicated, by necessity, 
but the Bibliographical Notes, at the end of the chapter, list some very good books, 
in our view, for further reading. Among the many topics discussed in this chapter, 
three topics will be merely summarized in the final section of the chapter together 
with references to the best, in our opinion, sources for reading on them. 

We move now to some of the basic properties of turbulent flows, stressing 
at the outset that the discussion here and indeed a large majority of the chapter 
concerns only freely evolving turbulence, e.g., as a result of instability—that is, 
not forced by mechanical energy injection (e.g., grid, stirring). Turbulence, as we 
saw, is perhaps best defined as a spatially complex distribution of vorticity which 
is being advected chaotically by the flow. The vortices interact with each other 
until they create what is called a fully developed turbulence, containing a variety 
of length scales (vortex sizes). The vortices go under the name of turbulent eddies, 
which can be perceived as the basic entities of a turbulent flow, an image evoked 
beautifully by L. F. Richardson (1881-1953) in his famous poem: Big whorls have 
little whorls/That feed on their velocity,/And little whorls have lesser whorls/And so 
on to viscosity. The “whorls” were later called eddies, and Richardson’s poem of 
1920 elegantly captures the view of turbulence as a cascade. The biggest eddies, 
which are considered to be the ones from which the cascade starts, have a linear 
dimension of the order of what is called the integral scale and denoted by £0. 
According to Richardson’s vision, the cascade terminates at the smallest size eddies, 
measuring what is called the Kolmogorov microscale, this consisting of eddies so 
small that the microscopic viscosity is important. This microscale’s typical length 
will be denoted by 7) or 7x, on account of its being sometimes called Kolmogorov’s 
microscale. We shall use these two symbols interchangeably. 

Decompose now the flow variables, notably the velocity field, into an average 
part and a fluctuating part. The word mean is sometimes used instead of “average,” 
and in what follows, we shall use these two expressions interchangeably. Thus, the 
velocity is written as 


u(x,?) = O(x)+u' (x, 7). (9.1) 


This definition of an average is done essentially over time, thus the mean is steady. 
As mentioned above, we ask the reader to be patient with this definition of the 
mean, as will be made more precise later. We remind the reader that we denote 
averages by angle brackets, (-), or by an over-bar *. In this chapter the latter notation 
will be usually used. Later on, in Sect. 9.3 we shall give a more general discussion 
and definition of the average (9.58); in particular, an ensemble average will be 
introduced. Assume now a flow whose Reynolds number, characterized by typical 
large scales, 1 < fo, is Re = ul/v, with u being of the order of magnitude of the 
fluctuating part of the velocity, and let this Re ~ 10+, say. The idea behind the 
turbulent cascade is the following. The large eddies, most likely created by an 
instability of the flow, are themselves subject to instabilities and break up to eddies 
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of smaller scale. The lifetime of a typical eddy of this sort is of the order of its 
turnover time. For the large eddies, this time is t ~ //u, after which it breaks up to 
smaller eddies and the latter break up to even smaller ones and so on. Microscopic 
viscosity plays no part in this process since Re remains large. The cascade is driven 
by inertial forces. The process comes to its completion, the end of the cascade, 
when Rex = uy1)/V ~ 1, where uy is the velocity scale of the fluctuating velocity 
of the smallest eddies and the index K denotes the Kolmogorov microscale. This 
end of the cascade arises simply because we reach scales of microscopic viscous 
dissipation. Assuming now steady state, based on dimensional arguments only, we 
can easily estimate the rate at which energy is being transferred into smaller and 
smaller eddies, until ultimate physical dissipation by molecular viscosity; this rate 
is given by 
a 48 


Uu 


The units of this quantity are energy per unit mass per unit time, and it is based 
on the eddies just between the integral scales. The assumption of a steady-state 
cascade makes it valid for each scale. Denote the general typical scale value by ¢@ 
say, replacing u by uy and / by ¢ in Eq. (9.2), yielding what is called the Kolmogorov— 
Obukhov law: 


up = (€£)!/3, (9.3) 


Now, the viscous dissipation on the smallest scales follows from Rex = un 1) /v~l, 
giving 


Un 
ex ~V—. (9.4) 
K 7 


Using also this statement as above, and not forgetting that the energy cascade is 
steady, from which it follows that €x = €, we get 


n gy 

W 23h af 

i e > ( = ) (9.5) 
= ~Re 4 => uy ~ (ve)!/4. (9.6) 


9.1.2 Topics Discussed in This Chapter 


The formidability of our subject can be perhaps appreciated by the large number 
of existing books on turbulence, each giving the same basic dimensional arguments 
due to Kolmogorov (see above) but advocating its own approach to more advanced 
issues. Here we shall try to summarize what are, in our opinion, the essentials in 
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just one chapter. We think that we owe our readers a presentation of the different 
approaches to the problem, and consequently we shall first discuss the classical 
approaches, which developed from the Reynolds equations. Osborne Reynolds was 
active both as an experimenter and theoretician close to the end of the nineteenth 
century. The Reynolds equations and their associated closure problem will be our 
first topic. In the same Sect. 9.2, we also describe important results on shear flows, 
notably the logarithmic velocity profile in turbulent boundary layers. We shall then 
move to Sect. 9.3 and discuss the statistical and probabilistic approach to turbulence, 
leading to the ergodic hypothesis and the statistical formulation of the fundamental 
problem of turbulence. Correlation and structure functions will also be introduced 
in that section. The subsequent section will be devoted to the work due mainly to 
Kolmogorov and his followers, containing several basic topics like conservation 
laws, definition of Fourier spectra, and the energy contained in various scales. 
These topics will then be used in a review of Kolmogorov’s 1941 theory and some 
important phenomenological results, including the important spectral power laws 
and the dependence of the number of grid points needed to resolve the turbulence, 
which goes as o (Re) 34)/ 4 with d being the dimension. Section 9.5 is devoted to 
two-dimensional turbulence and its oddities, after which we shall make, in a short 
section, some comments on turbulence in astrophysics. The discussions in the final 
Sect. 9.7 are so brief that it would be fair to say that we merely list the somewhat 
more advanced topics of intermittency, dynamical system approach, and numerical 
methods and recommend bibliographical sources for each topic. 
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It is natural to approach a seemingly randomly fluctuating fields, like the velocity 
in a turbulent flow, in statistical way. Some assert that our ignorance in turbulence 
and the phenomenon’s complexity are so large that one does not even know what 
questions to ask. While this may be true in the context of a quest for a complete 
theoretical formalism, there are still many, perhaps somewhat naive, questions like 
“what is the spatial distribution of the mean velocity?” or “what are the transport 
properties of turbulent flows?” or “how does the intensity of turbulence vary from 
place to place in different flows?” or “what are the spatial spectra of turbulent 
fluctuations?”. Actually, the systematic statistical approach, discussed in the next 
section, will give rise to the (statistical) formulation of the so-called fundamental 
problem of turbulence. It is evident that to achieve progress one must start with some 
restrictive assumptions. One of the central assumptions is that we are dealing with 
statistically steady flows. This allows us to identify ensemble averages with temporal 
and spatial averages, in agreement with the ergodic hypothesis (see Sect. 9.3). 
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Consider the incompressible Navier-Stokes equations (1.53), with V-u = 0. In 
addition, we consider a case without any body forces, so that the main physical 
content of the equation is the fluid internal stresses: pressure and viscosity. In any 
case, writing the vector equation of motion (1.53) in component form brings us 
back to a form which may be easily derived from Eq. (1.50), with the condition 
of incompressibility, which in component language reads Ou, /AX = 0, where the 
Einstein convention of summation over a double index is applied here as elsewhere 
in this book. Actually it will be the simplest to posit here that the density is a constant 


(in time and space): 
Ou; Ou; _ oP OT 
p ( ot TH | i Ox; v Od; ; en) 


Here 7; is the viscous (or deviatoric) stress, and as shown in Eq. (1.42) it can be 
expressed, for incompressible flow, in the following way: 


tj =Vp ($4 +34). (9.8) 


We note, in passing, that the expression in parentheses is directly related to what we 
have called the deformation rate tensor (see Eq. (1.15)) 


% = 1 ($ ae x) (9.9) 


and thus we have tj = 2pv Fj. 

Assuming turbulent flow, we separate the variables into an average and fluctuat- 
ing part, as in Eq. (9.1). Here we simply understand average, denoted by overline, 
as time average, that is, for the velocity, say, 


a(x) =— u(x, f)dt, (9.10) 


where our interest in the system is between times fo, an arbitrary value, and tf) + T, 
with T being long enough interval in which we follow the system. The fluctuating 
part is time dependent, and we assume that its time average is zero, because the 
variable is perceived as changing randomly and on a much shorter timescale than T. 
After separating each variable into its average and fluctuating parts, we average the 
complete equations. Performing this average, as we have just explained it, on the 
equation of motion (9.7), the following equation for the averaged functions and 
the fluctuations emerges: 
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_ OU; OP 0 ai Tad 
pus =~ 55+ ay (4 pul) (9.11) 


This result follows from the fact that 2g = (2+ g’)(¢+4q') =8q+8"q' for any two 
functions g and q whose fluctuations average to zero. 

Focusing now on the term pulu, we see that this is the contribution from the 
postulated turbulent flow. The mean quantities behave as could be expected; how- 
ever, there is an additional quadratic contribution involving turbulent fluctuations. 
Formally, this contribution, which by its structure forms a flux of momentum density 
by the velocity fluctuations of the momentum density in the fluctuations, pu as 
a turbulent correction to the mean viscous stress 7,;. If we write Th =—pul Uu'., we 
obtain the definition of the celebrated Reynolds stress tensor, which, if substituted 
into the averaged equation of motion, gives 


7 a ee 
ag on og (9.12) 


This equation, supplemented by the incompressibility condition for the fluctuations 
(a result of averaging the incompressibility condition for the total velocity), that is, 


—4=0, (9.13) 


is usually referred to as the Reynolds equations. 

Even though this form may naively be interpreted as true progress towards 
formulation of the correct equation replacing the Navier-Stokes equation for 
turbulent flow (for constant density fluids and with no action of body forces), it 
is certainly not so because the Reynolds stress is not only unknown and requires an 
additional equation, but also it is not a stress in its usual meaning (see Problem 9.3). 
The nomenclature is perhaps not too important, but deriving an equation for the 
evolution Th is a necessity, if we want to make any progress using these ideas. In 
Problem 9.4 we derive: 


ga (MB) = Se a ag (OD) ~ 3 (PD) ~ PH) 


——— 2 — oul. ou’, 
2P'F!. ul) —2 er 9.14 
eae a (pujus) —2vp Te Ox a 
It is worthwhile to note that 
Die 2 
Di (put) — ia (pute i) (9.15) 


because the partial time derivative of an averaged quantity is zero. 
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As is apparent, the equation governing the Reynolds stress evolution is not only 
very complicated but also its derivation has introduced a new unknown: UUM. 
Thus, in seeking an equation for the Reynolds stress, which is an average of a prod- 
uct of velocity fluctuations, we find that the average of the triple product of velocity 
fluctuations is needed. If we try in a straightforward, but algebraically complex, way 
to derive an equation for this triple product, in the lengthy equation that follows, we 


shall have a term with averages of quadruple products of fluctuations: 


By (PH) = 5 (oi) =-—+ 5 (iit) ts O40 


where the ... indicate other terms, whose form is not essential to our discussion. 
What is essential is that the general tendency of having more unknowns than 
equations will continue without end. This is known as the closure problem of 
turbulence and is similar in principle to the problem encountered in kinetic theory, 
where the so-called BBGKY hierarchy of equations is obtained and is infinite, if not 
somehow truncated. We mention, in passing, that the above averages of different 
fluctuation products are a special case of correlation functions, a concept we shall 
deal with more fully in Sect. 9.3. The Navier-Stokes equation, from which we have 
started, is a deterministic equation, but it produces seemingly chaotically fluctuating 
solutions for some conditions. Utilizing a statistical approach, we turn the averages 
of different fluctuations products—the abovementioned correlation functions—into 
well-defined nonrandom variables; however, we pay the price of inability to find a 
closed set of equations for them. It is impossible to close the system by algebraic 
manipulation and additional information is needed. Several types of closures exist, 
and it seems that they are not more than ad hoc dimensionally correct statements that 
are reasonable for the problem, usually a physical or engineering application. This 
difficulty of a statistical approach appearing in the Reynolds equations had been 
realized quite early, and the first attempts were to introduce closure already at the 
first stage, that is, posit an expression for the Reynolds stress. Boussinesq proposed 
around 1870 a closure, written here in Cartesian coordinates as follows: 


Try + Ty > pvt Vien) (9.17) 
: y 

This total shear-stress relationship seems to be adequate for a shear averaged flow, 
containing a turbulent contribution to the viscosity with the so-called turbulent 
(or eddy) viscosity Vip, being unspecified at this point, but from the general 
understanding that turbulent momentum mixing is dominant over the molecular 
one, the reasonable assumption would be Viyry >> Vv. Now following formally the 
usual expression for the viscous stress in a fluid as in Eq. (1.42), but replacing 
the molecular stress tensor with the Reynolds one and the kinematic viscosity with 
the turbulent one, we get by analogy a three-dimensional expression 
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Ou; Ou 
a = pv (Se + “t) 4 2 (9.18) 


because the divergence of the average velocity is zero and therefore the terms, which 
in (1.42) contain (Oum/OXm), vanish. The question mark in Eq. (9.18) indicates that 
there must be some defect in this equation, which hopefully can be corrected by an 
additive term. Remembering that the trace of the Reynolds stress tensor must be 


te =-> p(u.)?, (9.19) 


we see that, in contrast to this, Eq. (9.18) gives for this quantity 0+ ?. This is 
so because the average velocity derivatives add up to twice the divergence of the 
average velocity, which is zero for incompressible flows. Thus, for consistency 
Boussinesq decided to write instead of the “?” in Eq. (9.18) the expression as below: 


Ou; Ot ——— 
of = P Viurb (= + =) + nil ik (9.20) 


This is called the Boussinesq equation, and we leave it for the reader to verify that 
the extra term satisfies the trace requirement. 

So far the analogy between microscopic transfer and that arising from random 
motion of turbulent eddies was exploited in order to express the Reynolds stress. 
The quantity Viy;» remained, however, unknown. In the early twentieth century, 
L. Prandtl proposed to extend the abovementioned analogy in order to write an 
expression for the turbulent viscosity as well. The kinetic theory of gases suggests 
the approximate size of the microscopic viscosity as 


v~ Amtp Urms; (9.21) 


where Amfp is the mean free path of the microscopic constituents (atoms or 
molecules) of the gas and Urms is their root mean square velocity. Exploiting this 
physical intuition, Prandtl reasoned that the turbulent viscosity should be expressible 
as a typical mixing length scale of the turbulence times its typical fluctuating 
velocity; he thus proposed 


Viurb ~ lm Uturb, (9.22) 


where Uturp is some measure of a suitably defined average of the velocity fluctuation, 


e.g., ~ \/(w’)?, and Im, called the mixing length, has to be defined in some way. 
In what follows we shall explain Prandtl’s mixing length model for the case of 
transport of linear momentum in one-dimensional average shear flow, that is, for 
a case in which u,(y), say, is known. Assume that we are interested in vertical 
turbulent transport of horizontal average momentum per unit mass. We choose a 
distance / smaller than the typical vertical scale height of the velocity, which is 
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|#,||0i%,/Ay|~', and then we may formally write the spread of i,(y) over J to be 
+1|0i,/dOy|. The approximate identification of the velocity fluctuations and their 
approximate equality u/, ~ Uys because there is no reason to assume that they be 
significantly different, are undoubtedly the “heaviest” assumptions of the procedure. 
We thus put 


diix(y) | (0.23) 


Worl ~ neon ~7] a 


where we would like to eventually identify / with the mixing length. The problem 
with this is that a Taylor expansion was assumed over a distance which is similar to 
the mixing length, that is, of the order of the largest eddies. There is also a difficulty 
to understand how blobs of fluid retain their momentum over a mixing length /m, 
and then they give up their momentum suddenly to their new surroundings. Indeed, 
Prandtl himself had doubted whether his theory was adequate, but because of the 
lack of alternative ideas, the mixing length theory began to be used for calculating 
turbulent transport in practical applications, and the results were not too bad. If one 
accepts Eq. (9.23), one next notes that if the derivative 0,i,(y) > 0, there should be a 
negative correlation between w/. and Uy, and conversely if this derivative is negative, 
it is very likely that this correlation be positive (can you see why?). As mentioned 
above, there is no reason to expect that these fluctuations should be different in their 
absolute value; thus, we can estimate 


Sat jz 
UU, = Ty 


(9.24) 


ditx(y) | Oit,(y) 
oy dy ’ 


where any constants have been absorbed in the definition of /,,. Remembering that 
on the left-hand side we have the Reynolds stress over the density, we find for this 
simple one-dimensional flow, using the appropriate one-dimensional Boussinesq 
equation 


Vier = 2, (9.25) 


oy 


ditx(y) ; 


where any constants have been absorbed into /n. 

This model is called the mixing length theory, and with suitably defined mixing 
length and turbulent viscosity, it remains a useful tool in approximating the effects 
of turbulence in real systems, among them astrophysical objects. For example, 
the turbulent energy transport in the convective regions of the interior of a star 
(discussed in Chap.7) and the angular momentum transport in accretion disks 
(discussed in Chap.5) are usually modeled based on the mixing length idea and 
a turbulent viscosity. Thus, this crude theory, based essentially on dimensional 
arguments, works reasonably well, at least better than it may be expected, in 
particular in engineering applications, where /,, may be determined experimentally. 
Prandtl’s mixing length theory is a one-equation closure. Two-equation closure 
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models exist as well and are somewhat more complicated. They are frequently used 
in engineering applications, in particular as a tool for numerical computations of the 
LES type (see below). Among them the most popular and influential ones are the 
k —e and k—@ models (see the book of Wilcox, referenced in the last section of 
this chapter). In engineering applications, the parameters needed for the models are 
usually inferred from experiments. 


9.2.2 Energy Transfer from the Mean Flow to the Turbulence 


The Reynolds stress is also responsible for the transfer of energy from the mean 
flow to turbulence. In laminar flow we have found that the rate of working of the 
viscous stress on a fluid element, whose surface is S(t), is according to Eq. (1.44) 


$ u-TdS (9.26) 
S(t) 


with T, the traction, being the force resulting from the stress, which can be expressed 
as Ty = On;. Since Ox = —Pdg + Ty, it is not difficult to express the rate of working 
of the viscous stress only on a unit volume fluid element as 


7] 
J 


Now, by analogy to the laminar case, we may write for the rate of working of the 
Reynolds stress on the average flow: 


ot 
1 + RG, (9.28) 
XxX 


We note here that the second term is not a contribution to the internal energy, but 
rather to the kinetic energy contained in the turbulent fluctuations of the velocity. 
Integrate Eq. (9.28) over a volume Y which contains the turbulent patch of the 
flow. On the left the integrand is a divergence and thus becomes a surface integral, 
which vanishes since the Reynolds stress on this surface vanishes. We are thus left 
with the two terms on the right side of that equation, which have to balance, viz., 


- ii 3 RGB 
a —ii; By d =] Tj Bid x. (9.29) 


We have already seen that atk /Ox; is the net force per unit volume acting on the 
mean flow as a result of the Reynolds stress, that is, turbulent fluctuations. Thus, this 
term multiplied by —i; is just minus the rate of working on the mean flow by the 
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turbulence. So this expression is simply the loss of the kinetic energy of the mean 
flow. On the other side, we get the gain of the kinetic energy of the turbulence. 
In laminar flow this would be the gain of the thermal energy, but here it is the gain 
of the kinetic energy of the turbulence. To gain deeper understanding, consider a 
simplistic situation in which we have a flow, say, through a pipe, that is steady on 
average and is governed by the averaged Navier—Stokes equation, which we write 


= oP OT; TViSC 
p(a-V)a; = ra Ax +E, (9.30) 


where the last term is the average viscous “force.” We shall also use the abbreviation 
fi= O(t}*) /dx;.- Using Eq. (9.28), we can express fii; as 


— fit = 1} Dy — o (tif)) . (9.31) 
J 


The second term above is a divergence and integrates to a surface integral, often 
zero, depending on the surface boundary conditions, as we have seen. The first 
term is the local rate of the increase of turbulent kinetic energy, as can be readily 
seen. It is also called the deformation work and expresses the fact that the mean 
shear tends to stretch and increase turbulent vorticity. From Eq. (9.31) it follows, as 
we have seen, that —f;#; and Th Di always balance globally, that is, kinetic energy 
removed from the main flow feeds the turbulent kinetic energy. Locally, however, 
the divergence term need not be zero. This means that the energy removed from the 
mean motion by the Reynolds stress need not appear as turbulent kinetic energy 
at the same location. There is here a subtle point—energy fluxes are involved. 
We conclude this section by obtaining the equation for the kinetic energy of the 
turbulence. For that we shall have to exploit the lengthy Eq. (9.14). Setting i = j 
yields after some algebra: 


1 —, 0 1 = wr 
a-V [| =o | Puy, — U;T 5 Putt + ORD — 2pv Fj Dj. 
(9.32) 
In Problem 9.7 the following equation is derived for the average kinetic energy: 


1 7 = 
a-V (50°) - 2 [—ieP + 4; (Ti + TR) | — THB — 2P Vit Die. (9.33) 
k 


Equations (9.32)—(9.33) allow a simple physical interpretation to the various 
terms. Noting that all the generation rates as well as sinks are everywhere per 


unit volume, we can write for the average mean flow kinetic energy the following 
interpretation: 
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rate of change influx 
of = of the 
mean flow kinetic energy mean flow kinetic energy 
loss of . 
aa viscous 
— ¢ mean flow kinetic energy >—-4 .. . : 
dissipation 


to turbulence 


while the terms in the turbulent kinetic energy equation (9.32) lend themselves to 
the following physical interpretation: 


rate of change influx (by transport) 
of = of 
turbulent kinetic energy turbulent kinetic energy 
generation : 
viscous 
+ of - { Ae has \ : 
dissipation 


turbulent kinetic energy 


Note that the term TR, appears in both equations with opposite signs. This is 
natural since this is the term responsible for transferring the mean flow’s kinetic 
energy to the turbulent one. This term enters the turbulence and is ultimately dis- 
sipated by molecular viscosity, progressing downward through the energy cascade. 
It is possible to mark the various terms in our equation of turbulent kinetic energy 
(9.32) by single symbols: 


T= <ul Bij Generation, 
€ =2vQY;D; Dissipation. (9.34) 
Notice that the flux of the kinetic energy that appears, with a minus sign, in 
the square-bracketed term can be defined to be p7;, thus giving the vector T (do not 


confuse with traction!) the meaning of kinetic energy flux, allowing us to summarize 
the turbulent kinetic energy equation as 


a-V| piu) | =-V-T+F—s. (9.35) 


In statistically homogeneous turbulence, the expressions after the V sign vanish (can 
you see why?) and we have then the simple, physically comforting, equation 


r=6, (9.36) 
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that is, the local rate of generation of turbulent energy is equal to the rate of viscous 
dissipation. We know that viscous dissipation occurs on the microscopic scale, while 
the generation of turbulent energy occurs usually on much larger scales. Thus, a 
cascade of turbulent energy from large scales (eddies) to smaller and smaller ones 
must take place. In a homogeneous and steady state, the rate that the energy “flows” 
through the cascade is IT, and in steady homogeneous turbulence, necessarily ° = 
TI = € and as we have already seen € ~ u>/I. Turbulence is often inhomogeneous 
and sometimes unsteady. This quality often also depends on scale. However, even 
though one might expect that IT is not equal to I” and to €, the following remains a 
remarkably good approximation I ~ IT ~ € ~ u>/1, which obviously is wrong when 
IT’ =0 (freely decaying turbulence). Still, even in this case, the other approximate 
relations seem to hold. 

As mentioned above there exist more sophisticated closures than the one- 
equation mixing length models, but they are often idiosyncratic and work well only 
in particular flows, for which there exist experimental data, that are then used in the 
model. Such is the aforementioned k — € model, the details of which can be found in 
specific literature, which can be found at the Bibliographical Notes. The dependence 
of these models on experimental data and their successful applicability to particular 
flows are often referred to as engineering models of turbulence. The underlying 
physical idea remains the turbulent viscosity. 


9.2.3 Wall-Bounded Flows and the Log-Law 


If a “wall,” that is, a flat motionless surface, say, for simplicity, bounds a flow, it 
forces specific boundary conditions on the solution, viz., zero velocity for a viscous 
flow. For inviscid flow, only the vertical velocity component has to be zero. As is 
well known, boundary conditions are often not less important than the differential 
equations themselves. Thus, the presence of walls has profound consequences, 
also on turbulent flows. Near such boundaries, boundary layers form. We have 
already discussed boundary layers in this book (in Chap. 2), stressing mainly the 
structure of a laminar boundary layer in a direction perpendicular to the wall, as 
well as explaining in considerable detail the mathematical approximate asymptotic 
technique of matching, which results in the formation of boundary layers. Here we 
would like to discuss a turbulent flow near a flat surface, which gives rise to the 
noted logarithmic profile, which, in turn, is applicable to turbulent boundary layers. 
But before doing so, we distinguish between internal flows, which are closed by a 
boundary, e.g., in a channel or pipe, and external ones, limited by just one boundary. 


9.2.3.1 Turbulent Flow in a Channel 


Let there be a one-dimensional, fully developed, turbulent flow, whose averaged 
velocity lies in the (x,y) surface, say. We assume that this time-averaged plane 
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parallel flow is in the x direction positing that the average y and z components 
of the velocity are zero. Let the flow a = (#,(y),0,0) be confined to a channel 
2w > y > 0. Assuming steady state and all the other conditions that led to the 
Reynolds equation (9.12), we may write the two relevant components (x,y) of that 
equation, substituting also the relevant fluctuations in the expression detailing the 
Reynolds stress. We thus have 


0 | du, ——] oP 
Poy VS ~ ia] => Be? (9.37) 
7] a; eP 
oy [ uu, —_ a (9.38) 


The assumption that the turbulence is fully developed implies that all fluctuations 
are x independent. Now we see that the value of P+ w/w, at y = 0 is P(0) = Py, ie. 
the wall pressure. Thus, Eq. (9.37) can be rewritten with Py, replacing P, all other 
terms being identical. The right-hand side of this equation is independent of x 


d| du —— 
oe ve = i =fily), (9.39) 
while the left-hand side is y independent 


uP, 

Be = fr(x). 

This way of writing separates the variables of the original equation and guarantees 
that both previous equations are equal to a negative constant —C = p~!dP/dx. 
Integrating Eq. (9.39) with the appropriate constant on the right-hand side, one 
may easily show (see Problem 9.8) that the average viscous plus Reynolds, or total 
stress, 1S 


t= by+=% (1-2), (9.40) 


where ty is the stress at the wall (y = 0). Define now what is called the friction 
velocity, ux, by the relation defining its square: u2 = Tw /p = Cw. The physical 
meaning of the pu is the x-momentum flux given to the wall by the fluid, and 
because of steady state, it is this flux that also flows in the fluid in the negative x 
direction. Straightforward algebra then gives 


ue . Cw t p (vt imi) =p (do). (9.41) 
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9.2.3.2 Turbulent Boundary Layer 


We shall now concentrate on the lower boundary and try to analyze the structure of 
the turbulent flow in its vicinity. Equation (9.41) as written above cannot be solved 
for ii,.(y), because the y-dependence of the Reynolds’s stress is unknown. This is 
a good example of the utility of a dimensional argument, which dictates that the 
gradient dit, /dy at any y must be dependent only on the abovementioned momentum 
flux, the density, and the coordinate y. To economize the notations, we define this 
flux pu2 to be written as the indexless o. Bearing in mind that our result is intended 
to hold for very large Re and that the momentum transport away from the wall is 
turbulent and not molecular, we refrain from using the fluid viscosity v as one of 
our dimensional building blocks of di, /dy. We have to remember, however, that v 
will become important very close to the wall. 

Since the only combination of the above building blocks which has the dimen- 


sions of velocity gradient is 
dix er? 
Be [(<) : oe 


where the square brackets denote here “the dimensions of... ,” we get 
dit, » I 
sis =; (9.43) 
dy «Kk y 


where xk is the von Karman constant and must be found experimentally. It turns out 
that k = 0.4 and the integration of Eq. (9.43) immediately gives the velocity profile 


iix(y) = “*log(y-+4), (9.44) 


where d is a constant of integration. This formula reveals the well-known logarith- 
mic profile of turbulent boundary layers near planar surfaces, but the determination 
of the integration constant d requires some nontrivial physical insight. The value 
of d cannot be found from the boundary condition at y = 0 because the formula 
(9.43) is mathematically singular there. Physically, that formula was derived for 
far enough distances from the wall’s surface. At sufficiently small distances from 
that surface, the microscopic viscosity begins to be important. Denoting this small 
distance by yo, we attempt to determine its value as follows. The length scale of the 
turbulence at such close distance to the wall is yo, while the velocity is of order u.. 
This gives for the Reynolds number near the wall Rey ~ uo /V. The microscopic 
viscosity is important when this Reynolds number is close to unity, and this gives 
yo ~ V/ux. At distances smaller than yo, we have a thin layer in which the mean 
velocity varies linearly with y, similarly to the boundary layer found in Chap. 2. We 
are not interested in this viscous sublayer, whose transition to the turbulent regime 
is gradual. We just have to ensure that for y ~ yp we get u ~ u,. This is achieved if 
we take d = — log yo, and this yields finally the logarithmic velocity profile 
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3 = 1 Ux 
ix(y) = wt. log (“*y) (9.45) 


which is correct for y substantially larger than yo, as defined above. 

Having understood that this approximate derivation, due to L. Landau, can have 
only logarithmic accuracy, we rewrite the formula by adding a constant term inside 
the logarithm, which in practice has the effect of adding a constant of the order unity 
times u,. Indeed the logarithmic mean velocity law, which holds for y >> yo and y 
much smaller than some external length scale L, is usually written as 


fig (y) = ts [Alog (=y) +B] (9.46) 


where A = x~! = 2.5 is the reciprocal of the von Karman’s constant and B can be 
determined experimentally as B = 5.1. The results of a proper matched asymptotic 
expansion, given in Problem 9.9, are summarized in Fig.9.1. We describe now 
in words this result: the outer region is for y‘ >> 1—the rightmost portion of the 
range. The viscous sublayer is for y* <5: the leftmost part of the range. The other 
two intermediate ranges constitute the inner region, 7 = y/w < 1, and the overlap 
regions, y* >> 1 and n = y/w < 1, are not marked in the figure but are easily 
identified around y*. The log-law of the wall is valid where indicated on the figure 
and obeys: 


1 Uxy 
AC) ee (= t). 9.47 
iiy(y) cle in{ = + cons (9.47) 
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viscous sublayer 
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Fig. 9.1 A plot of the averaged horizontal velocity in the channel d, in units of u,, as a function of 
the nondimensional coordinate y* (= yu: /v). The log-law of the wall and the region of its validity 
is clearly apparent 
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We should perhaps also mention that various alternative formulations of this 
problem exist, such as the velocity defect and the law of the wall, but we feel that 
these are beyond the scope of the present discussion and can be looked up in the 
references, mentioned in the Bibliographical Notes. 


9.2.4 Free Shear Flows 


Turbulent and laminar regions are sometimes found side by side in the same flow. 
Jets, wakes, and mixing layers are three well-known examples of free shear flows 
that lead to such heterogeneous states. Turbulent jets are found in many forms 
in the atmosphere, in industrial applications, and in astrophysics, but it turns out 
that astrophysical jets usually involve magnetic forces on ionized fluids and so 
their discussion is deferred to Chap. 10. Turbulent hydrodynamic jets obviously 
exist also, e.g., in the atmosphere or produced by machinery, including jet engines. 
We have also already seen one example of a wake, which may become turbulent, 
when discussing the flow past a cylinder (see Fig.2.2 and the description of 
transition to turbulence, in that case). This was a classical phenomenon known as 
separation, where one sees turbulent regions break away from a boundary to become 
interspersed with laminar flow regions. 


9.2.4.1 The Turbulent Jet 


This problem was first tackled by L. Prandtl, who started in 1925 to investigate 
its properties, using simple similarity arguments. We shall not follow Prandtl’s 
work, rather we shall consider a single description and treatment of a turbulent 
jet. Consider a turbulent jet of fluid emanating from a thin cylindrical pipe into 
an infinite space filled with the same fluid. This problem was solved in its laminar 
regime in Problem 3.13. We concentrate on distances larger than the diameter of 
the mouth of the tube, and hence we allow ourselves to assume that the jet is 
axially symmetric. We assume that for whatever reason (e.g., large enough Re) the 
jet is turbulent and proceed to determine the form of the turbulent region, using 
dimensional considerations. Let the x-axis be the axis of the jet, with x = 0 at the 
mouth of the tube, and denote by R(x) the radius of the jet cone. We wish to obtain 
the function R(x) but do not have at our disposal any significant parameter with the 
dimension of length and thus R « x and geometry dictates 


R=xtand (9.48) 
where @ is half of the cone angle, the one between x and the jet’s edge. Let r be the 


distance from the jet axis and a point. Clearly, for the same dimensional argument 
as before, the mean velocity distribution in the jet must be 
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iix(r,) = fio(x)f Fal . (9.49) 


where f is an unknown function and i#o(x) the velocity at the axis, and note that we 
are talking about time-averaged values of the velocity, hence the notation including 
the bar, since, as we know, in a turbulent flow the velocity fluctuates. Thus, we may 
say that the turbulent jet structure is self-similar, depending only on the similarity 
variable € = r/R(x). It turns out (experimentally) that f(€) = 1 for € = 0°, and it 
diminishes rapidly as the argument increases. We have f(0.4) = 0.5 but the value 
of f reaches 0.01 as the boundary of the turbulent region is reached. There is also 
transverse velocity which is responsible for the inflow into the turbulent region; 
at its inner edge, it has the value —0.025i0. The flow outside the turbulent region 
can be calculated analytically (see Problem 9.10). The dependence of the velocity 
behavior inside the jet as x changes can, however, be determined using simple 
physical considerations. The conservation of momentum implies, in steady state, 
the conservation of its total flux along the jet. Using spatial (on r) averages of the 
functions and averages with respect to time, here we have 


Oo ~ pw RS, (9.50) 


where he is the properly averaged total momentum flux in the jet, as explained 
above. We have seen an expression for such a flux in a sound wave in Sect. 6.2.4, 
but the expressions are obviously not identical. We leave for the reader to convince 
herself or himself that this is the correct averaged momentum flux in the jet. Now 
using Eq. (9.48), the velocity estimate becomes 


u(x) ~ —4]—. (9.51) 


That is, the surface averaged velocity diminishes like x! from the point of 
emergence. Obviously we have to avoid a singularity at x = 0 and this is physically 
guaranteed by the fact that we are looking at distances x >> d. Let Q be the mass 
transported per unit time, through a cross section of this turbulent jet. Clearly Q 
must be of the order ~ puR?. Substituting from Eqs. (9.51) and (9.48) for u and R, 
respectively, and understanding that the leading dependence of Q must be ~« x, we 
finally get 


Q=6 Qo (9.52) 


where Qo is the mass of the fluid that emanates from the aperture at unit time 
and 6 is a numerical coefficient depending only on the form of the aperture (for a 
circular aperture, the value is 6 = 1.5). Note that the amount of fluid in the turbulent 
jet increases with x; thus, it entrains fluid which flows in a laminar way into the 
turbulent zone (see Fig. 9.2). 


528 9 Turbulence 


Fig. 9.2. A submerged jet emanating from a very thin (of size ~ d < R, for R in any region of 
interest) opening; for details, see text 


9.2.4.2 Homogeneous Shear Flow 


Perhaps the simplest example of free shear flows is the one in which the shear is 
homogeneous on large scales. Such flows can be approximations to certain flows in 
nature, e.g., regions in an interstellar cloud, or in the lab. We take this opportunity 
to expound on the discussion of a turbulent homogeneous shear flow, in contrast to 
our description of jets, which was mainly based on dimensional arguments. 

Assume that the mean flow velocity field can be simply written as u = 
(ix(y),0,0) with a.(y) = Wy. SY, here, a newly introduced constant, is obviously 
the partial derivative of i,(y) with respect to y and is equal to 2Y,y, where Dap is 
the deformation rate tensor, as defined in general, for Cartesian indices in formula 
(1.15). Here, with this velocity profile, the constant .~ may be called the shearing 
rate. The turbulent fluctuations in ., denoted by .7’, are however not constant! 
Assuming that the spatial gradients in the turbulent fluctuations are negligible and 
that the rate of change of these turbulent fluctuation is small enough, we can suppose 
that time averages will capture faithfully enough what we may call “mean time 
evolution.” 

The quantities that we are interested to evaluate here are 


Ly and (u,)* for o = (x,y,z), (9.53) 
because our simplistic model, if useful for anything, is for expressing the energetic 
interaction between the mean shear and the turbulence and perhaps also for assess- 
ing the role that pressure forces play in this redistribution. Symmetry arguments 
allow us to neglect the Reynolds stresses whose components include z (do you see 
why?). For homogeneous turbulence, we can derive time-dependent generalizations 
of Eq. (9.14) as follows: 
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a|pWl)?| = 2P-F, 


— eee Ou’, oul, 
0; | p(u,,)?| = 2P. A) — 2pv—— —> 


Or p(w] = 2P' F!, —2pv- + 


ane Ox +p(u ) SF, (9.54) 


Or Est = 2P'-F! 4+2pv 


xy 


where k = 1,2,3 correspond to (x,y,z) and, as usual, summation over a double index 
is tacitly assumed. Now, assuming that the small-scale eddies, which contribute to 
the viscous terms above, are approximately isotropic, i.e., independent of direction, 
allows the viscous terms to be replaced by the isotropic values: 


“at agh 
Ge 8 (9.55) 


2: 
i Ox; Ox; 3 


Remembering that incompressibility of the turbulence dictates Sp c= 0 for B = 
x,y,z, Eq. (9.54) reduces to 


alt, | =p. (9.56) 


This immediately gives that the mean kinetic energy per unit mass of the turbulence, 
E, develops as 


dE Ty 


a ar e=T-e. (9.57) 


This means that the turbulence is driven by the rate of working of the Reynolds 
stress, I”, and destroyed, as usual, by viscous dissipation. When I’ = € we have 
steady-state turbulence, as it was expressed in Eq. (9.36) and the related discussion. 
Here we allow for the growth or decay of the turbulent kinetic energy, as the driving 
and dissipating terms are not necessarily equal. 
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9.3 Rudiments of a Statistical Description of Turbulence 


As we already know, a defining characteristic of turbulence is the presence of 
disordered fluctuations in the dynamic flow variables. The instantaneous spatial 
as well as the local temporal dependence of the fluid dynamical functions has a 
complex and seemingly random nature. Moreover, two turbulent systems prepared 
as identically as possible in the laboratory will develop differently. This property 
of sensitivity to initial conditions (known as SIC) is accepted as characterizing 
deterministic chaos. But the hope that the (re-)discovery of deterministic chaos 
in the 1980s will ultimately solve the turbulence enigma was largely premature. 
True, dynamical system theory and chaos have provided new tools and improved 
understanding, but it did not bring about a conceptual breakthrough (see Sect. 9.7.2), 
at least until some new ideas were proposed in 2004 by a number of authors 
(see reference [9] in the Bibliographical Notes). In this section we shall attempt 
to summarize the statistical approach to turbulence. As said before the obvious 
motivation for this approach is the analogy: randomly moving microscopic particles 
+> seemingly randomly moving turbulent eddies, and the unusual success to deal 
with the former by methods of statistical mechanics. 


9.3.1 Averaging 


The average, or mean, is a fundamental tool of statistical analysis. Averaging should 
produce smoother mean values of the dynamic fields, which can then be investigated 
by usual analytical methods. Although averaging does not have a unique definition, 
there is little question that the different methods should be, at the end, equivalent. 

In a homogeneous turbulent field, it is useful to consider a cube with periodic 
boundary conditions (PBC), as we shall discuss in Sect.9.4. Then averaging 
spatially over this cube may be a good prescription for spatial averaging in this 
case. On the other hand, following Eq. (9.1) a time average over a sufficiently 
long time may be an equivalently good definition of an average. As mentioned 
already several times, it appears that we are lucky that under a wide range of 
mathematical conditions, these averages are the same. This is the essence of the 
ergodic hypothesis. In what follows we shall touch upon a considerably general 
approach to the definition of the mean or average. 


9.3.1.1 Weighted Space-Time Average 


For the sake of generality, we may define a weighted space-time average of a 
function of space and time thus 


7%) = i / f(x—x),t- W(x, 1)dx'dr, (9.58) 
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where the integrals are from —oo to +o in all xi, (7 = 1,2,3) and in 7, W is 
a weighting function, generally nonnegative, with which one may change this 
definition in a desired way. It satisfies a normalization condition 


} / W(x',t)2xdt = 1. (9.59) 


It is unavoidable that this general definition (9.58) may give rise to many possible 
mean values, because it will depend on W and, through it, on the particular region 
in time and space over which the average is done. In choosing the averaging rule, 
we will opt for the one that is most suitable to the problem at hand, and in this 
chapter, we shall always remark what kind of averaging we are using. The need for 
idiosyncratic averaging leads to a lot of analytical difficulties that cannot be avoided. 
Moreover, for every problem a suitable weight function has to be found. Whatever 
the averaging procedure, we postulate after Reynolds that for any two functions 
f and g of space and time, the following five relationships, known as Reynolds 
conditions, are satisfied. Average is denoted here by overline: 


f+g=fr+3, (9.60) 
f=, if a=const, (9.61) 
a=a, if a=const, (9.62) 
of _ of aS 
as = as: for S = xj, tl. (9.63) 
fg =f. (9.64) 


It would be highly desirable to find a method yielding a well-defined unique mean, 
instead of worrying about its dependence on the method of averaging. As we already 
know, the ergodic hypothesis is the central tool in this direction. So let us proceed 
and clarify what we can about it, once and for all. A probabilistic approach is 
required, and we shall now sketch its basic concepts. 


9.3.1.2 Probability Average, Random Variables 


The central concept in a probability-theoretical approach to turbulence theory is 
that of an ensemble. Instead of considering a single flow, we imagine a collection 
of all similar flows, created by some fixed set of external conditions. Such a set of 
flows, a statistical ensemble, serves as the probability sample space, a necessary 
tool in probability theory. As an example, which undoubtedly may clarify this, 
consider a short and thin cylindrical probe, which we shall later put in a wind tunnel, 
containing a flow past a spherical obstacle. Now immerse our probe in a particular 
position x, say, of a laminar region of such a flow. It will record, after a time f, say, 
a velocity u(x,t). A second experiment in the same setting, or an identical one, 
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will also give a reading u,(x,t), by the identically placed probe after the same time 
which is identical to the first measurement. In principle, if appropriate initial and 
boundary conditions are applied, the velocity will simply be the unique solution of 
the Navier-Stokes equations, although such solutions are often not easily found. 
In contrast, in turbulent regions of the flow, small uncontrollable perturbations in 
the initial conditions lead to a situation that each identical experiment results in 
different values of the velocity u,(x,t) at the specified place and time. One may talk 
of an ensemble of values of u,(x,t), and also other flow variables, as will be seen 
below, at this point and time, which in laminar regions gives a unique value. Each 
result in the ensemble is referred to as a realization chosen, at random, from this 
ensemble. In principle, such identical experiments may be performed many times, 
giving the same values for the flow variables at a time and in a place when and 
where the flow is laminar, but in the turbulent regions and times, the results will 
be somewhat different, for each experiment, even though they are measured at the 
same (x,t). Performing now an arithmetic mean of the large number of the results 
in the ensemble, we shall get a value u,(x,t), which we may call the ensemble 
average or probability mean. There is one important proviso, however—the number 
of ensemble members is large enough so that the ensemble average does not change 
too much upon adding some more members. In practice, as the number of ensemble 
members increases, the ensemble average may oscillate somewhat around the true 
mean and finally converge to it. This definition of average or mean will from now 
on be used by us and denoted by an overline or (-). The averages of other dynamical 
variables can also be defined this way, if we can be confident that their means over 
large ensembles remain stable and deviate only slightly from some constant value. 
Consider, in the context of the previous discussion, what is called the indicator 
function Xy,(x,1)(u’,u") with u” > u'. The above indicator function is defined by 


Xu,(ul ,u") = { lifu'< ux a 
0 otherwise. 

Now imagine evaluating the indicator function for all values of u, in the ensemble. 
The number P(u’,w’) about which the arithmetic mean of the indicator function 
value oscillates is just equal to the frequency of the occurrence of those experiments 
in the ensemble, in which the value of u(x,t) is between u/ and uv”, that is, u’ < 
ux(x,t) <u". This number P(u’,w’) so defined may be called the probability that 
ux Will take the value between w/' and uw” in this particular ensemble. Under normal 
conditions, this positive number can be represented as an integral 


P(u',u") = I p(u)du, (9.65) 


of a nonnegative function p(u)—the probability density function of u,(x,t). It is 
assumed that this definition is normalized, i.e., the probability density is chosen 
so as to guarantee P(—°°,-+cc) = 1. Definition (9.65) expressed above can also be 
written in a differential form, assuming that the variable u is continuous, 
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P{u < ux(x,t) <u+du} = p(u)du, (9.66) 


where P{g9} indicates the probability of the condition marked by g is being 
satisfied. It is thus only natural to define the probability mean, or average, and denote 
it by an overline, say, as 


co 


met) = | up(u)du. (9.67) 


The knowledge of the probability density p(u) allows the determination of the 
probability mean of any function of the velocity F[u,(x,t)], as in 


Flux,))] = / _ F(w)p(u)du. (9.68) 


In general, variables w, say, having a definite probability density, are called in 
probability theory random variables, and the set of all possible probabilities 
p(w',w") = P{w' < w < w"} corresponding to the random variable w is called its 
probability distribution. 


9.3.2 Correlation Functions, Velocity Increments, 
and Structure Functions 


Our wish is to physically characterize the complicated, seemingly chaotic or 
random field of variable fluctuations. One of the most important notions in this 
characterization is the introduction of the concepts of correlation and structure 
functions, similarly to what is done in disordered macroscopic media in condensed 
matter theory and statistical physics. Consider some general turbulent field u(x, r). 
Sticking to our notation, we separate this field variable into a mean part and a 
fluctuation, where we do not specify the method of averaging, which nevertheless 
must obey the averaging rules (9.60)-(9.64). We shall divide our discussion into a 
general case, which will mainly be devoted to definitions, and the homogeneous and 
isotropic cases, in which simplifications and progress towards a theory can be made. 


9.3.2.1 General Case, Mainly Definitions 


We start by defining the longitudinal velocity increment 


du) (x,r) = [u(x+r)—u(x)]--, (9.69) 


r 
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where r indicates a vector whose magnitude is r. This allows us to immediately 
define an important characteristic of the velocity field, the so-called longitudinal 
structure function of order p. It is 


Sh(x,r) = [6uj (xn). (9.70) 


Similarly, a transverse velocity increment is a component of the vector increment 
ou = [u(x+r) — u(x)] that is perpendicular to the vector r. Obviously such a 
component is not unique, call a particular one of them du, but at least one of 
this kind exists, e.g., the following can be written 


du, = [u(x-+r) —u(x)] x ‘ 


(9.71) 


with the transverse structure function (of order p) defined, similarly to for- 
mula (9.70): 


st 


> (X,F) = [Ou (x,r)]?. (9.72) 


Any progress, more than just the definitions, is difficult in this topic of structure 
functions, when the turbulent flow is of general nature. So we turn now to the 
discussion of correlation functions and related topics. Following Taylor’s insight, 
we consider the averaged quantity 


Caw [(x,¢),(x+r,t)] =u'(x,rt)-u/(x+r,r) (9.73) 


and understand that it has to yield a number expressing some average measure of 
the mutual spatial interdependence between the fluctuations in the functions u(M) 
and u(M__), where, in this case, the functions’ arguments (the space-time points) are 
M ++ (x,t) and M,+> (x+r,f). It is interesting to see that in our example if r = 0, 
that is, the sought correlation function is between the same functions at the same 
point, the result is simply @ = |u’(x,1)|?, i.e., twice the average kinetic energy per 
unit mass in the fluctuations, that is, in the turbulence. Now we define a correlation 
function in a general form and examine some specific examples: 


Guy ({Mj}) = TP ui(), (9.74) 


where in this general definition we have a finite sequence of functions, which can 
be vector functions, and then the products between them are scalar {u;};-1,, and a 
finite sequence of space-time points, the functions’ arguments, {Mj}j-1,v. A simple 
example of a correlation function has already been discussed above—the case of 
Eq. (9.73), when we arrive at it from the general formula (9.74) considering the 
correlation of the full velocity vector perturbation between just two points with 
distance r between them where the “origin” point x is of general nature. We also 
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consider the velocity perturbations at the same time f and will do so from now on 
in all cases discussed, unless specifically indicated otherwise. Choosing to use the 
notation Q(x,r,t) for this correlation function, we have 


Q(x,r,t) = u'(x,t)-u/(x+r,7). (9.75) 


As it was already noted, for r= 0 we simply get twice the value of the average 
turbulent kinetic energy at the point x, i.e., the strength of the turbulence: 


O(x,0,1) = |u'(x,/)/?. (9.76) 
The opposite case, namely, if |r| >> |x| , is also of interest because then velocity 


fluctuations at distant points x and x+r should be very weakly correlated, if at all, 
that is, 


Q(x,r,t) =u'(x,t)-u/(x+r,¢) > u’(x,7) u/(x+r,7) =0, (9.77) 


since the mean of a fluctuation is zero. Thus, the correlation function has values that 
are appreciably different from zero if r = |r| lies within some range. An approximate 
length, whose order of magnitude is within this range, is called the correlation 
length of the turbulence. It turns thus out that the correlation function, as introduced 
above, contains information about the strength of the velocity fluctuations as well 
as about the distance over which these velocity fluctuations are correlated. 

We now drop altogether the time dependence from all the velocity fluctuations 
and will do so in all cases discussed, unless specifically indicated otherwise. This is 
exactly justified if we assume stationarity, as we will see also in the homogeneous 
isotropic case below. So far, the velocity correlation function examples we consid- 
ered were scalar, but originating from scalar products of vector functions. Another 
important example is obtained when we consider velocity fluctuation components 
at different locations: u/(x) and u(x +r), say. The velocity correlation will in this 
case become a fensor: 


Qij(x,r) = u;(x)uj(x+r). (9.78) 


The number of different components of the tensor obviously depends on symmetries 
of the system. Finally, we shall mention that there are more general possibilities, like 
a three-point correlation function, a tensor with three indices 


Qiu (X1,X2,%3) = Wj (X1 Jus (Xo ut, (X3), 


and even more general cases regarding the correlation functions and structure 
functions exist. We have, however, limited ourselves to what can be studied in the 
next section, when the turbulence is homogeneous and isotropic. 
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9.3.2.2 Homogeneous and Isotropic Turbulence 


When turbulence is homogeneous, no physical property depends on position. 
i.e., there is translational invariance. Isotropy guarantees that no such property 
depends on direction (rotational invariance). These nontrivial symmetries allow for 
significant simplifications in the understanding and calculation of various properties 
of the system. In our context, the first thing to note is that it is possible to show, due 
to homogeneity and isotropy, that the second-order longitudinal structure function 
does not depend on x and depends only on the absolute value of the vector r. Thus, 
we have 


Sh(r) = [uj (JP. (9.79) 


Similarly to the above, the independence on x and on r’s direction is correct for the 
perpendicular structure function. Moreover, it is also possible to show that it does 
not matter which 6u, is chosen and in the transverse structure function of order two 
the argument du, is a function of r = |r| only: 


Sz(r) = [6u,(r)/. (9.80) 


As not much can be easily deduced from the structure functions at this point, 
we move to investigate correlation functions, which, as we shall see, can lead 
to some progress in understanding when the turbulence is homogeneous and 
isotropic. We shall deal with Q;;, because its form in the homogeneous and isotropic 
turbulence will lead to important insight. Thus, consider the defining Eq. (9.78): 


Qij(x,r) = uj(x)ui(x+r). 


First, it should be noted that the existence of a mean flow, u(x,t) 4 0, which is a 
vector, is inconsistent with isotropy. We must have u = 0 and consequently the field 
consists of fluctuations only. Therefore, we may drop the primes from the velocity 
functions without risk of ambiguity. Next, since the correlation function should be 
only a function of r, as said before, homogeneity forbids its dependence on x and 
isotropy forbids its dependence on f, we may write 


Oj(r) = ui(x)uj(x+r), (9.81) 


which is formally valid for any x. Note that 


007, duj(x+r) 
ay ae 


=0, (9.82) 


because of incompressibility, as the second term is actually V,-u. The variable of 
the V operator is r as this is the variable of the function it acts on, and x may 
be considered as a constant shift. Also, because of the symmetries of isotropy and 
homogeneity, we have 
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OQ0; AQ; | 
Or; — Or; ~ 


(9.83) 


This result will be needed in the derivation of an important equation below (9.167). 
It can be shown that the most general form of a tensor function with the properties 
of symmetry, as given above, is 


Oj; =A(r)rir; + B(r) dj (9.84) 


where 6; is the Kronecker delta and A(r), B(r) are appropriate scalar functions. 
Trying now to express A(r) and B(r) in terms of two other scalar functions, because 
they are more appropriate to express as clearly as possible the correlation function 
in homogeneous and isotropic turbulent field, we consider two points at x and at 
x+r. Introducing a Cartesian system of coordinates, so that the index n denotes a 
vector component along r and the index m one of the components perpendicular to 
r, one sees immediately that r, = r and r,, = 0. So we can write 


Onn(r) = A(r)r? + B(r) = slr), 


Omm(r) = B(r) = =u2 g(r), (9.85) 


where there is no summation on n and m, as these are components. As noted in the 
above expressions, this is the definition of f(r) and g(r), consistently with Eq. (9.84) 
and with Q;;(0) = u2, where there is a summation on the double index. The latter 
is forcing the constraint f(0) = g(0) = 1, and where f(r) and g(r) are actually the 
longitudinal and transversal correlations, so to speak, and Q;(r) can be expressed 
in terms of the new functions, using Eqs. (9.85) and (9.84), thus 


Oi(r) = 5 OO ir + alo) ’ (9.86) 


Problem 9.19 shows that using incompressibility and symmetry, a relation between 
f(r) and g(r) can be found from this equation. Its form is 


en=f0) ror. (9.87) 


Already in the 1930s, von Karman and Howarth made this point and it became clear 
that only one function is needed. It is reasonable to assume that the longitudinal 
part, f(r), must be a function starting from 1 at r = 0, decaying slowly at first but 
ultimately developing an exponential tail, as correlation functions usually do. 
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Fig. 9.3. A physically motivated qualitative shape of the longitudinal correlation f(r) 


In Fig. 9.3 a function of this sort is shown. We now consider the spatial Fourier 
transform of the correlation tensor Q;(r), which reads 


1 
@j(k) = ny / Q;(r)e Tar. (9.88) 


Now, spherical symmetry of a function of r, that is, its dependence on r only, implies 
similar symmetry of its transform in the k-space (can you show it?). Thus, the 
inverse Fourier transform gives back Q;;(r), which has the form 


Oy(r) = ji Di(ke*a’k. (9.89) 
From incompressibility and symmetry (see Eq. (9.83)), it follows that 
ki Pi = kj i, (9.90) 


and similarly to the form (9.84) it is now possible to invoke the most general form 
of @;(k) as follows: 


@j(k) = C(k)kikj + D(k)6j. (9.91) 


Here one can immediately see from Eq. (9.90) that the scalar functions C(k) and 
D(k) are related in the following way: 


D(k) = —k°C(k). 
This implies that ®;; can be written as dependent on just one scalar function 


E(k) = —4nkC(k), (9.92) 
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as follows: 
2 


E(k) can be shown to be the energy spectrum, that is, E(k)dk is the turbulence energy 
between wavenumbers k and k + dk, if we calculate Q;;(0), which, as we know, is 


equal to u2. So 


i= 1 

rua = 5 Gii(0) = 2m | @i(k)RPak, (9.94) 
where the Fourier transform (9.89) has been used as has spherical symmetry in k. 
It remains to substitute ®;;(k) from expression (9.93) into this integral to get the 
important result 


a 
xi = [ E(k)dk, (9.95) 


relating the constituent of the correlation function in k-space (9.92) to the energy 
spectrum. 

We have already mentioned the contribution of von Karman and Howarth to the 
investigations of correlation functions. However, we have to remark that the material 
on the correlation functions, which has been reviewed above for the homogeneous 
and isotropic case, was based almost solely on geometrical arguments. The only 
physical consideration was incompressibility. Later on we shall derive the Karman 
and Howarth equation (9.167), as it is called, for the simplest case of homogeneity 
and isotropy. The equation is usually the equation of motion of scalar functions 
related to correlation functions and as such adds the element of dynamics to the 
theory. 


9.3.3 Random Fields 


From the probabilistic point of view, we may consider the value of a velocity 
component at a fixed point M, whose coordinates are (x,t), say, as a random 
variable, described by some definite probability distribution. There is no a priori 
reason not to apply the same approach to the whole field of a velocity component. 
Thus, we may look at (x,t) as a continuously variable coordinate. The statistical 
ensemble used is then the one of all possible fields u,(x,t). Now, for the entire field 
to be random, it is required that it has to yield a variable at any point M; — (x;,1;), 
say. Each has to have its own probability density, because we cannot expect that for 
even 2 points, u,(M,) and u,(M>), their arithmetic mean is statistically stable. The 
correct approach when dealing with only two points is to posit that there exists 
a two-dimensional probability density, py,m,(u1,u2), defined by the probability 
relationship: 
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Puy <ux(M)) <uyt+du, uz < uy(M2) < u2+du} = pum (U1, u2)dujdur. 
(9.96) 


The generalization to any number of points should be straightforward. The existence 
of a positive N-dimensional probability density justifies the statement that corre- 
sponding velocities are N random numbers, and the existence of all possible such 
probability densities, for all positive integers and all positive choices of N points in 
space-time, guarantees that the field u,(x,¢) is random. We cannot dwell here on a 
more rigorous definition of a random field, especially since it can be found in almost 
any probability theory book. The one suited best for us is, in our opinion, the two- 
volume expansive book of Monin and Yaglom (reference [7]), as it deals explicitly 
with the statistical theory as applied to fluid dynamics and hence to turbulence. 


9.3.3.1 Moments of Random Variables and Fields 


Even though a rigorous probabilistic definition of random fields is nontrivial, it 
turns out that in practice it is sufficient to restrict oneself to simpler statistical 
parameters which describe, in a way that is sufficient for our purposes, the statistical 
properties of turbulent flows. We shall discuss here the most important of those 
parameters—the moments of the random fields. Consider a system having NV random 
variables, uj, where i = 1,N, say, associated with an N-dimensional probability 
density p(u;,u2,...,uy). Then the moments of the variables are defined as 


My ko,.. dy = Ue uh 
=e ful He ct p(Uj,U2,...,Un)du;duz...duy (9.97) 


where k; are nonnegative integers whose sum is the order of the moment. Particu- 
larly useful are the central moments defined as 


cen 


ky,ko,..ky = = (uy — v))" (uz — uy)®. 


ae (uy — iin )kN a (9.98) 
A little reflection is sufficient to understand the meaning of the central moment. 
Moreover, Problem 9.17 uncovers some familiar statistical quantities: variance, 
standard deviation, covariance, etc., related to what we prefer to call here moments. 

Moving now to the discussion of moments of random fields, we consider 
functions of points Mj, in space time, and define first the K-order moment of such a 
field by 


Moy..u(M,Mo, 2 .Mx) = u(M1),u(M2) ae u(Mx), (9.99) 


where it is understood that some of the points M; may be identical. The number of 
different points M; defines whether the moment is a one-point type, two-point type, 
etc. Now, as before, there are higher order moments: the order is the sum of the 
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powers to which each field is raised. The averages of the product of values of several 
different albeit statistically related, random fields constitute ever more complicated 
entities: joint moments, which are, in general, tensors. A particularly simple but 
useful combination may arise if we consider two points, for example, but of one 
random field only. Then we have a symmetric tensor with respect to two indices 
i =j. It is easy to identify that this is a particular case of the general construction 
that we have called before the correlation function: 


Cuu(M1,M2) = u(Mj )u(M2), (9.100) 


with u = u; = uj. Note that this function is a two-point, second-order moment, using 
the nomenclature of the discussion here above. The two-point correlation function 
is evidently symmetric in its arguments and also it possesses the property, proven in 
Problem 9.18: 


Mz 
Maz 


Gu,u(Mi,Mj) = 0. (9.101) 


i=1 j=1 


nS 
Il 


It turns out, but we shall not show it here, that any function @,,(M1,M2), satisfying 
Eqs. (9.100)-(9.101), may be the correlation function of some random field. Finally, 
we should mention here the joint two-point moment @,y(M1,M2) = u(M1)v(M), 
called the cross correlation function of the two different fields u and v. The 
properties of the cross correlation function are very similar to those of the correlation 
function (cf. 9.100)-(9.101). We shall stop here, although higher order correlation 
and cross correlation functions may obviously be defined. Due to the limitations of 
space, we shall try to be brief yet comprehensive. 


9.3.3.2 Gaussian Fields: Random Fields with a Gaussian Probability 


Even though this section may seem like a diversion on our way to the ergodic 
theorem (or rather, ergodic hypothesis, in turbulence), the topic of Gaussian fields 
is very important not only in turbulence theory but also in any statistical study, 
e.g., of matter distribution in the universe. We wish, thus, to define this special and 
important case of Gaussian fields, which are actually random fields with normal 
probability distribution, defined for the random variables u; with i= 1,2...,N as 


1 N 
p(u1,u2,...,Un) = Cy exp 1-5 »y Bik (Uj — OF) (Uk — ao} ; (9.102) 
jk=l 


where oj and gj are real constants. The latter are such that the matrix G, whose 
elements are gj, is a positive definite one and Cy is a constant determined from the 
normalization of p, that is, 


/ ie p(u1,U2,...Un)dujuz....duy = 1. 
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It is not difficult to understand that the constants a; and gj are simply connected to 
the first two moments of the normal distribution (see Problem 9.21), and so we see 
that for a normal probability distribution, the first and second moments completely 
define the probability density. This property is a very strong one, as essentially 
all the statistical characteristics of the corresponding random variables may be 
determined by just those two moments, which are a single number each. 

We conclude this discussion of the normal distribution by considering Gaussian 
random fields, that is, in general u(M), where the probability distribution of any 
finite number of its values is normal. Here too, the complete statistical determination 
of the fields reduces to the knowledge of their means and correlations, for example, 
a one-dimensional field u(M), where we remind the reader that M denotes a point 
of space-time. It may be shown that if .@f"(M,,Mz2) denotes the correlation 
function of the field fluctuations, then for any choice of points M,,M2,...My, an 
N-dimensional normal distribution may be found with an appropriate probability 
density, giving the mean values u(M;) and the second moments -4,(Mj)(Mj) = 
MOA" (Mi, Mj) + u(M;)u(M;). This will also apply in multidimensional random 
fields. Finally, we would like to note that often the random fields of the FD variables 
are actually close to Gaussian in many respects. In general, the Gaussian random 
fields with their convenient properties often serve as a paradigm on which various 
hypotheses are checked. 


9.3.4 Sketch of the Proof of the Ergodic Theorem 
in Turbulence Theory 


We now return to the question of the conditions under which the appropriate time 
and space mean values of a random field u(x,t) will converge to the probability 
average as the averaging intervals tend to infinity. In short, this is the question of 
the applicability of the ergodic theorem in turbulence. The rigorous proof of the 
ergodic theorem in general turbulent flows is difficult and lengthy. We shall limit 
ourselves here to a survey of the considerations on the way to the proof. Moreover, 
we shall consider only a simplistic version of the theorem, valid for stationary 
random functions and homogeneous random fields. In the general case, we shall 
posit that the ergodic theorem is just a hypothesis and accept it. 

For simplicity we deal with time averaging only. Considering a field u(x,t), we 
limit the discussion to a function of time only, as according to our choice we deal 
with the case in which the dependence on x has no significance. We would like to 
investigate time averaging of u(t) over an infinite interval. Defining a new function 
of time, we shall call it ur(t), as it is, in principle, dependent on T, because it is the 
mean of the function over the interval T around 0, viz., 


1 7/2 
ur(t) = = gr (9.103) 
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Our interest is to investigate if wy(t) will converge to the probability average u(t) as 
T — ©. One relatively easy conclusion stems from the fact that u(t) is a bounded 
function, and therefore, for an arbitrary interval [r,t,], we have 


1 T/2 T/2 
ur(t)—ur(t)== 7 Pipa eiae— fon + nat] : (9.104) 


Shifting now the limits of the integrations by adding to the upper limit of the left 
integral t; — t— T and subtracting the same amount from the lower limit of the 
right integral should not change the result, but we may write the integrals in other 
appropriate variables 


en ae | i Oe devils / es) (9.105) 


T | st-1/2 t+T/2 


where ¢ and f, are fixed numbers. The expression (9.105) will thus become infinitely 
small as T — ce. Thus, in the limit as T — c, u(t) and ur(t)) must become equal. 
It follows that the time mean (9.103), which is, generally speaking, a function of f, 
must actually be independent of t. Therefore, for the time mean to be equal to the 
probability mean, u(t), it is sufficient that 


u(t) = U =const. (9.106) 


This line of reasoning is good for a particular case, namely, for stationary random 
fields, and proves the ergodic theorem for turbulence for this limited case. 

A similar idea may be used for homogeneous random fields. In this case we are 
looking at random fields following the same line of reasoning as for stationary fields, 
but with space variable instead of time. We wish that the space average 


A/2 B/2  pC/2 
dé\déod 
uA,B,C(X = FEC l and and on u(x1 + €1,x2 + €2,x3 + €3) dE dErd€3, 
(9.107) 


in a three-dimensional box whose sides are of sizes A,B, and C, with A,B,C > ~, 
will tend to the probability mean u(x) ). As in the temporal case, it turns out that for 
this to be true, it is sufficient that the fields are homogeneous, that is, satisfy 


u(x) = U =const. (9.108) 


It is evident that not all random fields in turbulent flows are stationary and/or 
homogeneous, but we shall be satisfied with these cases and their discussion, in 
order to justify the use of the ergodic hypothesis in the statistical approach to 
turbulence. The hypothesis is summarized as follows: usual time and space averages 
approach, for large averaging domains, the ensemble average. 

We conclude this section by citing, without proof, some important results of the 
ergodic theorem for random fields, in the stationary and homogeneous fields’ case. 
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The derivation is technical and lengthy and includes integral Fourier transforms, 
which will be discussed in some detail later, and also some probabilistic material 
not covered in this book. The results can be formulated simply and they refer to the 
case when the energy spectrum of a random, stationary or homogeneous, field is a 
power law in the Fourier space. The two results are: 


1. Stationary random field 
The temporal Fourier spectrum of the energy having the form of a power law 


E(@)<|@\-", 1<n<3_ yields [u(t’)—u(t)2 < |’ —1\""!. (9.109) 


2. Homogeneous random field 
The spatial Fourier spectrum of the energy having the form of a power law 


E(k)<k", 1<n<3- resultsin Ju(x’)—u(x)|?|x’—x|""!. (9.110) 


9.3.5 The Statistical Formulation of the Fundamental 
Problem of Turbulence 


Treating turbulent fluid mechanical variables as random fields, whose meaning is 
based on probability theory and statistics, which was initiated by Kolmogorov and 
his school, is now generally accepted. There is, however, one important problem 
related to this issue. In short, the theory has to be scrutinized experimentally, and 
in experiments, usually only one flow is observed and the spatiotemporal values of 
various flow fields measured. Thus, averaging over spatial and/or temporal segments 
is the only possibility in experiments. It is impossible to realize in practice the 
basic concept of an ensemble and define the necessary averages in the probability 
theoretical sense, as discussed in the previous section. 

This situation is analogous to the study of statistical mechanics, in which 
averages are defined with the help of different realizations of an ensemble of the 
same system. There it is usually asserted that for a system with a finite number of 
degrees of freedom, one may replace the ensemble average by a directly observable 
average over long time. This is based on the assumption that as the averaging time 
interval becomes infinitely great, the time averages converge to the corresponding 
ensemble averages. This assertion can be strictly proven under some well-defined 
mathematical conditions, yielding the ergodic theorem, proved by G.D. Birkhoff. 
If not all (but most) conditions necessary for the mathematical rigor of the proof are 
satisfied, the result is adopted as well as the highly likely ergodic hypothesis. 

Now we shall try to formulate, in principle, what we shall call the fundamental, 
or central, problem of turbulence. The necessary proviso is that the problem will 
be spelled out in statistical language. Let us accept the existence and uniqueness 
conjecture of laminar incompressible flows of the Navier-Stokes equations. This 
means that the same flow should be expected for the same initial and boundary 
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conditions, if all the parameters are the same. We can assume this to be correct only 
in some range of the parameters, including initial and boundary conditions. It is 
well known that some simple laminar flows lose the possibility of mathematical 
existence if the Reynolds number (Re) is above some critical value. In place 
of the laminar flow, we will see a turbulent one, in which, to the best of our 
understanding, the values of the variables, such as velocity, will depend considerably 
on extremely small, uncontrollable, disturbances in the initial and/or boundary 
conditions. Turbulent flow exhibits sensitivity to initial conditions (SIC) as we have 
mentioned above, which, as far we understand, is analogous to SIC of simple chaotic 
dynamical systems. We adopt the usual assertion that the fluid dynamical equations 
remain applicable in turbulent flow, as well. Still, because of SIC, the changes in 
the velocity and other variables in a turbulent flow are so complex that they are 
practically unpredictable. Under these circumstances, the flow will be best described 
by the probability distributions for the corresponding fluid dynamical fields, while 
their exact value, at a given point and time, and its connection to the equations are of 
no interest. Thus, the fluid dynamical equations will be used, in turbulent flows, only 
for investigating the relevant probability distributions or particular values thereof. 
Since fluid dynamics is described by PDEs in space and time, there are obvious 
mathematical requirements on the random fields, which must be applied to the 
PDEs. Also, since the random fields are defined by probability distributions, actually 
the mathematical requirements are that the probability distributions should be 
regular enough, so that the random fields they define are continuous and sufficiently 
smooth. Now we ask the reader for a little patience, we are about to try to define, 
in principle at least, what is the question of turbulence. How many times have we 
heard that in turbulence we don’t even know what to ask? Well, let us say that 
at some initial time fo, the unspecified, abovementioned, regularity conditions are 
obeyed by all the probability distributions. Thus, our necessary actual realizations 
of all relevant random fields will vary smoothly in time until any tT > fo. Thus, the 
whole set of the random fields will be a well-defined set of functions of space, at 
time t = 49 + T. This means that the probability density for any fluid dynamical 
function at any t > fo may be determined, in principle at least, from the initial 
probability densities. In other words, a choice of initial probability distributions, 
satisfying certain regularity conditions, will determine through the equations of 
motions applied to the suitable random fields the probability distributions at all 
times. We may thus summarize and formulate statistically the central problem of 
turbulence for incompressible flows in a semi-heuristic way, as follows: 
Given the probability distribution of the three velocity vector components at time 
to at various space points, so that the velocity function subspace is divergenceless 
(solenoidal), it is required to determine the probability distribution of the velocity 
and pressure functions at all subsequent times. In the case of compressible flow, 
we have to take into account the probability distributions of all the independent 
fluid dynamical functions. It is a very difficult problem—also in the incompressible 
case!—and there is no known way to find the solution. However, we thought that 
formulating the problem already constitutes some progress. 
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9.4 Some Theory, Mostly Kolmogorov 


9.4.1 Introduction 


We have already discussed briefly in Sect.9.1.1 in a qualitative way a possible 
general approach to fully developed turbulence. In this section we shall discuss 
this subject in more detail. Taylor, Richardson, and, of course, Kolmogorov were 
the main contributors to the subject. Here we shall try to explain some of their 
work. Along with the discussion of phenomenological and theoretical spectral laws, 
which constitute the greatest achievements of this topic, we shall spend some time 
on technical aspects and Fourier spectra in turbulence. 


9.4.1.1 Fourier Representation of a Flow 


When a turbulent flow is statistically homogeneous, it is useful to work in Fourier 
space. The simplest way to then introduce a Fourier representation is to imagine a 
fictitious box in real space, a cube of side size L, say, chosen in such a way that it 
contains all the physical spatial structures we want to study. Obviously this limits 
one to the ability to study structures not larger than L. We focus thus on the flow 
in the box and assume periodic boundary conditions (PBC) on its faces. One can 
then fill the whole space of a homogeneous turbulent flow with an infinite number 
of such identical boxes. Let u(x,t) be a periodic velocity field of the same period, 
L, say, in all three spatial Cartesian directions: x;, (i = 1,2,3). A theorem proved by 
J. Fourier guarantees then the validity of the expansion: 


2 3 Le 2n- 
u(x,t) = (=) y Gipox(n,t)et ™™. (9.111) 


L Ny} Ny ,N3=—% 


The constant in front of the expression takes care of the normalization, as we shall 
see, and the vector n is defined by its Cartesian components n = (11,72,n3) which 
allows to define the discrete normalized wave vector as follows: 


n. (9.112) 


The above discrete Fourier series (9.111) can then be written as 


foo 
u(x,t) = (Ak)? ¥ fibox(k, 1) e™**, (9.113) 


=e 

where Ak = (27)/L. Note that here the wave vectors attain only discrete values, 
integer multiples of 27/L, and so the Fourier transform fipox(k,t) of the periodic 
velocity u(x,t) is only defined for wave vectors whose components are integral 
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multiplies of Ak. To answer the question how can the discrete transform fipox (Kk, ¢) 
be calculated from the periodic function u(x,t), we consider a more general case. 

Moving now to such a case, we examine a flow u(x, 7), not necessarily periodic 
and defined in whole space. The integral Fourier transform &(k,t) of the above 
velocity field is defined, provided some mathematical restriction on the original 
functions are valid, in particular regarding their behavior at infinity, viz., 


3 
i(k, 1) = (=) ; u(x, t)e ™*dPx, (9.114) 


The relation between the function and its integral transform is given, as usual, by 
the inverse transform, so assuming that some sufficient conditions of mathematical 
rigor can be satisfied, we obtain the inverse transform as 


u(x,t) = fe XG (Kk, t) dk, (9.115) 


even though a homogeneous turbulent field may not decrease to zero sufficiently fast 
as |x| > co. These integral expressions for the Fourier and inverse Fourier transform 
hold also for scalar functions. In fact, one of the possible expressions of the (triple) 
Dirac delta function involves the Fourier transform (see Problem 9.22). We shall 
now deduce some conclusions relating transforms of discrete periodic functions to 
general functions. For example, if one uses Eq. (9.113) in (9.114), the following 
expression is obtained: 


~ 1 ° —ik-x ik’-x 3 
G(k,1) = | Je _ de ipo (Kt) d?x. (9.116) 


In Eq. (9.116) the components of the vector k are not necessarily integer multiples 
of Ak = 27/L; however, the components of k’ must satisfy this condition. Thus, it 
is easy to see that Eq. (9.116) may be written, exploiting Eq. (9.115), in the concise 
notation 


3 
Ah.) = (55) Lk -K'} fo), (9.117) 
k’ 


and can be visualized like a three-dimensional “comb” of nonzero intensities. 
Averaging this expression in Fourier space over the box proves (see Problem 9.23) 
that the discrete Fourier transform is the average of the integral Fourier transform 
over the box. This can be formulated mathematically 


A _ 1 1 ; 3 —k-x 73 
fbn (Kin, #) = (~) i (=) d k [ u(x,te dx, (9.118) 
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where k,, is the location, in Fourier space, of the mth cube. The latter is the box 
designated as bm, so that the integral over bm is over its volume in Fourier space 
and \/4, is the normalized box volume in real space: (27/L)>. 

Equation (9.118) connects the integral, continuous Fourier representations, 
which are the natural choice for analytical work, to discrete transforms. The latter 
must be used in numerical calculations and hence the importance of this equation. 
This book is not expansive enough to include all useful mathematical or physical 
formulae that may have application in theoretical efforts to understand turbulence. 
Still, we have decided to group here and in the problems several well-known results, 
relating mainly to the Fourier space, that may sometime and somewhere be useful. 
We shall denote a Fourier pair, that is, a function u(x,t) say and its integral Fourier 
transform in space only, #(k,t), where the Fourier operator F transforms between 
them. Thus, the pair can be transformed back using the inverse operator. Obviously, 
there are mathematical restrictions on the functions, especially their behavior at 
infinity, as well as demands on the existence of inverse transforms, but we shall 
not be bothered by such considerations. We shall use (9.115) and (9.114) for the 
case of a scalar function and equal normalization in both. Thus, our pair u(x,t) and 
ii(k,t) satisfies 


ai(k,t) = F [u(x,)], (9.119) 
u(x,t) = F~! [a(k,1)], (9.120) 


and the operation of the transform and its inverse is as explained above. 
Among the basic statements which we state now without proof is the Fourier 
integral theorem in one space and k dimension: 


u(x) = (=) - [fo weyeteag | el dk, (9.121) 


valid if the functions satisfy appropriate mathematical conditions. We continue by 
listing several statements that can be checked by straightforward inspection: using 
the definition (9.119), we readily get 


Ou id 

F EB = ik; fi(k,t), 
F [Vu] = ika(k,2), 

F [V7u] = —|k|*a, 


F[V-u(x,?)] = ik- a(k,7), 
F[V x u(x,¢)] = ik x a(k,7), 
F [u(x,t)v(x,t)] = {a« 0} (k, 0), (9.122) 


where * denotes the convolution product { i(p,t)?(k — p,t)d°p. 
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Examining now the incompressible Navier-Stokes equations, we see that V-u = 
0 together with the above fourth statement in the list implies that the Fourier 
transform of the velocity is in a plane perpendicular to k. We shall call this plane IT 
and, in words, the incompressibility plane. Noticing that 0ii(k,t) and vk’ also lie 
in this plane, while the pressure gradient transform Pk is perpendicular to it, helps 
to realize that the Fourier transform of 


(u-V)u+po VP, (9.123) 
is the projection of (u- V)u onto the incompressibility plane. Introducing the tensor 


kikj 


Xij = 5 — k2 


allows the projection of any vector a on IT to be written as a;7;;. As the index j is 
contracted (summed upon according to Einstein’s convention), this is the vector’s 
ith component. This discussion should suffice for the reader to be able to solve 
Problem 9.24. 


9.4.2 A Theoretical Simplification for Periodic Boundary 
Conditions 


It is probably safe to say that the Navier-Stokes equations (1.52)—(1.53) contain 
everything that is essential to obtain turbulent behavior. The reservation embodied 
in probably stems from the fact that the long-standing failure to understand and solve 
the problem of turbulence may have something to do with the continuum hypothesis 
itself, as given in Sect. 1.1, which leads to the Navier-Stokes equation. Singularities 
of various kind are perhaps the ignored culprit. 

Here we shall take a simple case of incompressible flow and no body forces, in 
which turbulence is observed, and try to achieve some theoretical progress, in this 
case an elimination of one variable, here the pressure. First, we write down the FD 
equations in indical form 


Oui OU; _ oP 1 02 u; 
ot i Ox; ax; Re OOK 
OU; = 
7 =o (9.124) 


All the symbols have their usual meaning, introduced before in this book, and we 
stress that the equation is written in its nondimensional form. Note that the relative 
magnitude of the nonlinear term, with respect to the dissipative one, grows with 
the Reynolds number, Re. This nonlinear partial differential equation will be well 
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posed only if suitable boundary and initial conditions are specified. Unfortunately, 
we cannot quote here any exact mathematical conditions, which would guarantee 
existence and uniqueness of a solution. The existing mathematical results on the 
subject, which is being continuously pursued, are clearly beyond the scope of 
this book. 

The simplest approach is to consider a maximally symmetrical system with no 
boundaries at all. Assuming it is homogeneous, that is, any two different points in 
space are indistinguishable physically, and isotropic, that is, any two directions in 
space are indistinguishable physically, we may avoid the difficulties that infinite 
systems pose by looking at the fluid in a cube of size L and imposing periodic 
boundary conditions on the cube surfaces. This allows the following simplification 
of Eq. (9.124). Taking the divergence of the first equation in indical form, and using 
the second one, we get 


(9.125) 


7] ( a 0? oP 


OX; i Ox; - OXjOX; (wits) =  Ax;OX; 
It is not difficult to see that this means that the pressure satisfies the Poisson equation 
VP=<, (9.126) 


where ¢ is defined as the second term of the above equation. It turns out that the 
above Poisson equation can be solved within the class of divergence-free L-periodic 
functions, provided that 


= c(x)d*x =0, (9.127) 
%, 


S 
where we shall henceforth denote the volume of the L x L x L box, over which 
integrals are performed, by %. Equation (9.127) shows that the spatial average of 
the integrand vanishes. Since ¢ satisfies this condition (see Problem 9.1), we may try 


to solve the Poisson equation by expanding both ¢ and P, which are both L-periodic 
in space, in Fourier series as 


é(x)elkT (9.128) 


Py (xe, (9.129) 


where |k| = 27/L. The Fourier coefficients are 


Cx = ¢(x)ke“**, (9.130) 
Py = P(x)e—*r, (9.131) 
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It may be concluded from Eq. (9.127) that ¢) = 0 (can you prove it?), and from 
the Poisson equation (9.126), it follows that 


P= -§, k£0. (9.132) 


Py is arbitrary and indeed its inclusion does not change the Navier-Stokes equations. 
This solution (is it unique?) will be denoted with the help of a nonlocal operator. 
Thus, V~*c, the explicit form of which in physical space involves a convolution. 
In any case, formally, the Navier-Stokes equation can be written without the 
pressure function; thus: 


Ou; a —3\ 0 1 07u; 
a. (3; areal ) OXk (uxiss) = Re Oxj0x;, Cea 


Since pressure is absent, it is sufficient to use an initial condition—an L-periodic, 
divergence-free, velocity function. Now, because Eq. (9.133) is an equation for this 
function only, if solved it will furnish the chosen solution. 


9.4.2.1 Some Definitions, Identities, Symmetries, and Conservation Laws 


We know from Noether’s theorem that symmetries induce conservation laws and 
this is, strictly speaking, correct only for Hamiltonian systems. The Navier-Stokes 
equations are dissipative, not Hamiltonian. Still the discussion of conservation laws 
is best done when symmetries are discussed, even though Noether’s theorem is not 
strictly valid. 

A few definitions are important and we give them here, before the identities and 
conservation laws: 


1 

E= 3 lar energy, (9.134) 
1 

Z= 3 lar enstrophy, (9.135) 
1 aa 

H= zu @ helicity, (9.136) 
1 ; si 

Hy = 72: (Vx @)_ vortical helicity. (9.137) 


In all these definitions, we should explicitly indicate that it is the mean energy, 
enstrophy, etc., but we drop this adjective for the sake of economy. Also, in the case 
of energy, it is actually the kinetic energy per unit mass, which is the same as per 
unit volume if we talk of fluid of constant density, set by choosing appropriate units 
to be equal to 1. We move now to a list of identities and conservation laws. 
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Periodic box identities: We shall focus first on the translational symmetry and list 
identities for periodic functions. Using the imaginary periodic box that we have 
already introduced in Sect.9.4.2, one may evaluate the average of a periodic 
function u over that fundamental periodic box to be 


1 
i=5 [, u(x,t)d?x, (9.138) 


where, owing to ergodicity, it is also the ensemble average. The following 
identities can also be shown to hold for any sufficiently smooth scalar u,v or 
vector u,v arbitrary function pairs, as long as they are periodic. All that is 
needed to prove the relations is integration by parts: 


u-(Vxv) =(Vxu)-v, 
u-(V2v) = —(V xu)-(V xv), (9.139) 


where the last identity is correct only for solenoidal v, i.e., V- v = 0. 


We can now write the three principal conservation laws of Newtonian physics in the 
form of 


Conservation of momentum 


d 
—u= 14 
quo: (9.140) 
Conservation of energy 
ss E=-—2vZ (9.141) 
dt , 
Conservation of helicity 
e H=—2vH (9.142) 
at = o- : 


The additional important quantity—dissipation rate, which was _ already 
mentioned—can now be written as 


e&=-—. (9.143) 


9.4 Some Theory, Mostly Kolmogorov 553 


The proof of all these identities and conservation laws is a technicality, and we 
leave it for Problem 9.25. Note that the time derivative here has its usual meaning: 
indicating the rate of change of a time-dependent function. 

We conclude with two remarks: 


1. As already mentioned in the text, the application of calculus techniques requires 
conditions of sufficient smoothness of the functions. We assume that these 
conditions are met. 

2. In two dimensions there is an additional balance equation for the enstrophy 


d 
“Z=~—2vP 144 
Gz = ~2¥P, (9.144) 


where P = 5|V x @|?, not to be confused with pressure, is called the mean 
palinstrophy. 


9.4.2.2 Energy Contained in Different Scales 


The energy conservation statement above does not distinguish between length 
scales. Note that statement does not include any contributions from the nonlinear 
terms of the Navier-Stokes equation, as can be seen during the solution of 
Problem 9.25. To include the effect of nonlinearity, we have to understand that the 
effect of the nonlinear term is to redistribute energy among the different scales of 
motion, without having any effect on the global energy budget. One of the ways to 
bring out the energy budget scale by scale is to define scale filtering of a variable 
function. Consider an L-periodic function of space u(x). Its discrete Fourier series is 


u(x) = > fixe™™. (9.145) 
k 


Define now low- and high-pass filtered functions, in the Fourier space, where the 
cutoff defining the filter is g, in the following way: 


= a _ik-x 
Ucg = »y me, 
k<q 


Usg = > iee™™. (9.146) 
k>q 


The wavenumber q defines a length scale ¢ = q7! 


Obviously 


which is the scale of the filtering. 


U(X) = Ug +Usq, (9.147) 
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but one should note that u<, or uy, are not Fourier transforms of u. If the function u 
is actually the three-dimensional turbulent velocity field, u, the functions u<g(Us,) 
are quantitatively regarded as eddies larger (smaller) than the scale @, as defined 
above. 

We shall now define some concepts and quote a few results without proof, leaving 
it to Problem 9.26. Let Py : u(x) ++ u<q be an operator which annihilates all Fourier 
components of wavenumber greater than q. Its properties, to be proven in the above 
mentioned problem, are listed below: 


1. 
P, [P,] = Pa (9.148) 

2: 
P,(V]=V([P,] and P, [V7] = V? [Pz] (9.149) 

3; 
eae<q) =0 orthogonality, for any f, g. (9.150) 


Turning now to the Navier-Stokes equation, our purpose is to find the cumulative 
equation budget, in other words its conservation, up to a certain scale. After 
rewriting here the equation, including a space periodic body force term b, and for 
constant unit density, for convenience, 


MuVo = —-VP+vV" +b, 


V-u=0, (9.151) 


we operate with P, on the equation and use (9.147) and the above item 1. The 
result is 


OU<g 


ot 


+ Pq [(W<qg +Usq)]-V (Weg +Usq) = —VP eg + VV-uKg +Deq, 


V-Ucg = 0. (9.152) 


This equation can be simplified by some nontrivial algebraic manipulations (see 
Problem 9.27 and hints therein), to obtain the cumulative, up to a scale ¢ = 1/q, 
energy equation: 


ae 
St +My = -2VZ, + Fy (9.153) 
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In this equation there appears the cumulative energy, between wavenumber 0 and q, 
that is down to scale é: 


1i—, 1 
E, = =|u,/?== > |ax|, (9.154) 
2 2 ia 
the cumulative enstrophy: 
1 1 
Z, = =|u,|* = -»¥ Kk? | dix|, (9.155) 
2 2 <a 


the cumulative energy input into the spectral range 0 < k < q, by the work of periodic 
force b: 


Fy =bogucg = > be Ox, (9.156) 
k<q 


and, finally, the average energy flux: 


Ng = Ucg(Ucg: Vusg) + U<g(Usg: Vusg). (9.157) 


This expression looks cumbersome, but we shall give, later on, another form of it 
that will be easier to perform calculations with. 

To sum up—we have reached the very important conclusion that even though the 
total energy balance does not depend on the nonlinear terms and thus it remains the 
same for each Fourier component (length scale), the nonlinearity, as expected, 
transfers energy from scale to scale. The definition of cumulative quantities allows 
one to find energy in different spectral ranges. In particular, the physical meaning of 
Eq. (9.153) has become evident: the rate of change of energy in all length scales 
down to ¢ = q~! is equal to the energy injected at these scales by a force, if 
it exists, F,, which can drive the activity, minus the energy dissipated at these 
scales (2vZ,), which is dominated by dissipation at the smallest scales fa ~ Nx 
and minus the flux of energy towards smaller than the current scales Ij. The flux 
results from nonlinearities. We finally confirm the traditional picture of a turbulent 
cascade, whereupon energy is injected at large scales, 9 say, as is reasonable for a 
large Re number, followed by its transfer to smaller and smaller scales, until scales 
la~ Nk < 0, where viscous dissipation degrades it to heat. 


9.4.3 Two Experimental Findings 


We shall now give two fundamental experimental laws of fully developed turbu- 
lence, They are: 
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1. In a very high Reynolds number turbulent flow the mean square velocity 
increment, i.e., second-order longitudinal structure function: [61) (r)]|? depends 
on distance to the two-third power, or Pls, 

2. In an experiment on turbulent flow, in which all the parameters are kept fixed, 
save the viscosity, which is lowered as much as possible, the energy dissipation 


per unit mass has a finite positive limit. 


9.4.3.1 The Two-Thirds Law 


Consider the second-order longitudinal structure function, as we have defined it in 
Eq. (9.79) for the homogeneous and isotropic case. In this case we can drop the 
dependence on the point x and get a function of the distance 7 only. Additionally, 
du (r) is actually the velocity difference between two points at a distance r 
projected on the line of separation. Thus, the velocity increment is scalar, and 
because of isotropy, the second-order structure function depends on the scalar r: 


Sh(r) = [5uj (JP. (9.158) 


As it was found experimentally, S2(r) behaves at least over ~ 2 decades of r 
(0.5 S logr < 2.5) as a power law S2(r) « r?/3, These experimental results refer 
to the work of Y. Gagne and E. Hopfinger in the late 1980s, using the S1 wind 
channel of ONERA with a very high Reynolds number, Re ~ 10’, as can be seen in 
reference [10] in the Bibliographical Notes. It is possible to see in experiments that 
the second-order transverse function shows a substantial r?/3 dependence as well. 
We now move to the way in which the 2/3 law is expressed in the energy spectra 
(frequency and wavenumber). Consistently with (9.109)-(9.110) when n— 1 = 2/3 
(our case), the energy and wavenumber Fourier spectra behave over a substantial 
range as o/3 and c k~5/3, respectively. Indeed experimental results display a 
region of a least two decades in which logE(k) and logE(f) both go like —5/3, 
where f = @/27 is the frequency (see reference [10]). 


9.4.3.2 Energy Dissipation in a Flow Around an Obstacle 


In Chap. 2 we have discussed potential flow around symmetrical obstacles in two 
and three dimensions, paying attention to the fact that the fluid may exert force 
on the obstacle and, as Newton’s third law dictates, the obstacle will then exert an 
equal and opposite force on the fluid. We have explained the d’ Alembert paradox by 
asserting that a totally inviscid fluid does not exist in nature, so that exactly potential 
flow around a body is an idealization. A boundary layer, however small, must form, 
and it is clear that energy is dissipated near the body and therefore the body must 
suffer a drag—i.e., work has to be done in order to move it at constant speed. When 
the Reynolds number is increased, the boundary layer will eventually separate, as 
we have seen in discussing the two-dimensional flow behind a cylindrical obstacle 
in Chap. 2 and a wake is created. 
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The description of such a flow can be assumed to be one of an ideal fluid flow 
everywhere else. The width of the wake depends on the position of the line of 
separation on the body. While it is true that this position depends on the properties 
of the boundary layer, it is possible to show by solving for the flow near the line of 
separation (see reference [1], Chap. 4) that it is independent of the Reynolds number. 
This is correct for large enough Reynolds numbers (Re = 1000). Thus, we can say 
that the whole flow pattern for large enough but not too large value Re (as long as 
the wake is laminar; see below) is almost independent of the viscosity. Having at our 
disposal only three different dimensional numbers—the fluid velocity of the main 
stream (unperturbed by the body, because of the distance), u., the fluid density 
p, and the body surface cross section S—we may define the dimensionless drag 
coefficient, Cp, by the force exerted by the fluid on the body: 


1 
F= 5 CDP SU. (9.159) 


One can easily calculate the work done per unit time by the fluid, in moving the 
object with velocity u.. against this force: it is simply Fu... Thus, the dissipation per 
unit time, per unit mass of the kinetic energy must, to maintain steady state, be 


ew tcp (9.160) 
5 D7’ . 


where d = \/S. The important thing to observe here is that the dissipation depends 
on viscosity only through the dependence of Cp on Re. 

In Fig. 9.4, which is a qualitative drawing based on experimental data, we see 
that there is indeed approximately a two-order magnitude (in Re) region, in which 
Cp is almost constant. For low enough Reynolds number, the independence of the 
flow, and hence the drag, on Re and thus on viscosity breaks down, and we enter 
the Stokes flow regime, which, as we have seen in Problem 3.7, gives the following 
result for the drag force in the present notation: F «< p vUoR, with R being the radius 


logRe 


Fig. 9.4 Experimental results of the log of the drag coefficient Cp as a function of logRe. These 
results are for a circular cylinder of radius d and thus a Reynolds number of Re = u..d/V 
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of the sphere and Up its velocity. Comparing with Eq. (9.159), we readily get that 
in this regime Cp « Re~!, which is consistent with the experimental results for 
small enough Re. For Re > 10°, the drag coefficient appears approximately constant, 
except for the drag crisis region. 

Thus, we can say that for 3 < logRe < 5.5, Cp is approximately independent of 
Re and thus the dissipation does not depend on viscosity. The sudden considerable 
drop in Cp for 5.5 < log(Re) < 6.7 is sometimes called the drag crisis. The reason 
for this drop is the transition to turbulence and a concomitant reduction of the 
wake width, hence the drop. After the drop, Cp rises again with Re and flattens 
out justifying (a posteriori) formula (9.4) for very large Reynolds numbers. Recent 
experimental results show that indeed the curve is approximately flat for Re > 10’, 
and this means that these results are supported by numerical simulation which are 
consistent with finite dissipation rate for v — 0. This result is nontrivial and is not 
fully understood, since as we have seen in Eq. (9.141), the mean dissipation rate of 
kinetic energy is equal to 2vZ. Thus, for very small v, the enstrophy Z must become 
large, i.e., vortex stretching should be considerable and rapid. 


9.4.4 Rudiments of Kolmogorov’s 1941 Theory 


As is well known, a full theory of turbulence is still missing. Nevertheless, it 
is possible to use hypotheses, which are compatible with the abovementioned 
experimental findings and even predict some phenomena. This is largely due to 
the Kolmogorov 1941 theory, which we shall try to summarize in this section, in 
an elementary way, by listing Kolmogorov’s hypotheses and then discussing briefly 
their consequences, mainly various power laws. Before going into details, we have 
to understand that the emergence of turbulence breaks all the symmetries of the 
macroscopic Navier-Stokes equations, but it is remarkable that when the turbulence 
becomes fully developed, these symmetries are restored in the statistical sense at 
small scales and far from the boundaries. This interesting fact is probably behind the 
hypotheses put forward by Kolmogorov. We shall try now to summarize the essence 
of these hypotheses, stressing that formally they were put forward for Re — oe: 


1. Homogeneity and isotropy on small scales 
Small scales are defined as ¢ < 9, where 9 is the integral scale—the scale 
characteristic of the turbulence excitation. As we shall see this is the largest 
scale of what we shall call the Richardson cascade. Let £ be the length of a vector 
increment which we shall use in the context that homogeneity will be understood 
in terms of velocity increments Su(x, 2) = u(x +) — u(x). Homogeneity is thus 
assumed if 


du(x+r,@) = du(x, 0), (9.161) 
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for all increments @ and displacements r, whose absolute value is also much 
smaller than the integral scale. This is therefore sometimes called microscopic 
homogeneity. By the same token, we can talk of microscopic isotropy which, in 
this context, means that the velocity increments are invariant under simultaneous 
rotations of du and & Do you see why both vectors have to be rotated 
simultaneously? 
2. Self-similarity 

This assumption seems plausible when the flow satisfies hypothesis | above. The 
fully developed turbulent flow is self-similar at small scales, that is, there exists 
a scaling exponent, call it s, such that 


= 


5u(x, Al) =A*Su(x, 0). (9.162) 


Structure functions would then scale, for example, as S,[du(AZ)| 
A*?S,[du(£)], for all real A. 

3. Finite constant dissipation rate 
In a turbulent flow, having the properties as described in hypothesis 1, there 
exists on the average a finite and constant rate of dissipation per unit mass, €. 
For the integral scale, it is € = ua /€o and similarly for smaller scales. This 
hypothesis is correct, in particular, for vanishing viscosity, but technically, € has 


to be nondimensionalized first by its integral scale value 


E 
End. = Jaya? 
= C/o) 


and it is this quantity that remains finite and fixed even when v > 0. 


One additional hypothesis, dealing with universality, has also been put forward 
by Kolmogorov, but it was not easily accepted by the community of turbulence 
researchers (notably by L. Landau) and raised a controversy. In this book uni- 
versality is introduced mainly for historical reasons and matters of principle, as 
we shall not use this hypothesis for any practical problems. One way to state this 
hypothesis is: 

Universality hypothesis: 

For co > Re > 1, the small-scale statistical properties are uniquely and universally 
determined by the energy dissipation rate ¢, scale /, and the dissipation or 
Kolmogorov microscale Nx. The quantities mentioned above were all defined in 
Sect. 9.1.1. 


9.4.4.1 The Karman—Howarth Equation and the 4/5 Law 


Kolmogorov used homogeneity, isotropy, and the hypothesis of the finiteness of the 
dissipation in order to exactly derive the so-called 4/5 law. We shall now sketch 
the Kaérman—Howarth (from now on KH) equation, which is essentially a relation 
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for time evolution of various functions related to correlation functions for ¢ 4 0, 
which Kolmogorov exploited. For the sake of simplicity, we shall consider only the 
isotropic case. The new ingredient in the KH equation is the inclusion of dynamics, 
using the Navier-Stokes equations. 

Before embarking on the derivation, we remind the reader of some notation 
that we have already used in our discussion of correlations in Sect. 9.3.2.1 and add 
some more notation. We dealt in considerable detail with the two-point correlation 
function or tensor Q;; and only mentioned the triple correlation tensor Qj. We now 
rename the latter, for the convenience of compatibility with the nomenclature of 
many books, in the following way Sj = Qjjx. The full definition is 


Sigk = u(x) uj(x) ue (x+r), (9.163) 
and we add now two more definitions, for the new quantities R and K, 


1 


R(r)= 5 


Qi and u°K(r) = u2(x) ux(x +r). 


We are now ready for the KH equation, stressing again that we shall derive it here 
only for the isotropic case. The Navier-Stokes equation, assuming constant density 
p = 1 and no body forces, can be written twice, in indical form, thus 


Ou; fa) (ujux) oP 


= 2. 
ot Ox, Ox; nw Na 
ae ane 
. = sae ne +vV2 ul, (9.164) 


where we have abbreviated x’ = x+r, u’ = u(x’) and likewise for P. Multiplying 
the first equation in (9.164) by ui and the second by u;, adding the two and averaging 
gives the complicated looking equation: 


duju, O(u'u,) A (ujux) dP’ oP 
i gd eat Vy! + u'V2u; 
ot (« OX, be OX, = Ox; =e es v (uve ui tuV2ui). 
(9.165) 


Significant simplification can be achieved immediately, noticing the simple facts: 
(a) the derivatives over x; and x, when operating on averages, may be pees by 
the derivatives over —r; and rj, TeSpesuely. and (b) V,.u; = 0 and V, ul, = 0; also, 


u;P’ = 0, because of incompressibility and isotropy (do you understand «igo Thus, 
Eq. (9.165) acquires a more compact form 


a 
£ Oy = =a ik + Siti) + 2VV? Oi. (9.166) 
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It is relegated to Problem 9.32 to fill in some nontrivial algebra on the way to the 
KH equation for isotropic turbulence, which is the following: 


= K 2vV-R. 9.167 
a1 soe [ran een eral) 

Other cases and formulations can be found in the literature, for example, in 
references [10] and [8] in the Bibliographical Notes. Kolmogorov used the isotropic 
version of the KH equation, and his derivation of the 4/5 law was very concise (see 
the second part of Problem 9.32). It reads 


ay 


(duy (x, £2)? = — Fel, (9.168) 


where € is, as usual, the dissipation rate and the result is formally correct for Re — ©, 
Nk < &<« &, and if the turbulence is homogeneous and isotropic. This is an exact 
and nontrivial result and may be used as an “acceptance test” for turbulence theories. 
They must satisfy this law in order to be correct, or violate the assumptions, and thus 
it constitutes a necessary condition for a turbulence theory. 


9.4.4.2 Some More on Kolmogorov’s 4/5 Law 


Equation (9.168), which may be written in the more compact form, 
4 
S3(£) = 5&4 (9.169) 


is invariant under random Galilean transformations, yet isotropy cannot be preserved 
because the Galilean boost introduces a preferred direction. To correct this, R. H. 
Kraichnan proposed in the 1960s to apply Galilean boosts to be random and isotrop- 
ically distributed. R. H. Kraichnan was perhaps the most prominent contributor to 
modern turbulence theory, from the second half of the twentieth century on. We 
also observe that in deriving the 4/5 law, several limits were taken: t — ©, to give a 
statistical steady state; v — 0, to eliminate any dissipation at any scales; and ¢ — 0, 
to eliminate large-scale forcing. Thus, the correct formulation of the 4/5 law should 
actually be 


lim lim lim 50 Eee (9.170) 


(+0 v0 t+ 5 


In your opinion, is the order of the limits important? Explain. 

We shall now show the consequences that the 4/5 law implies on the moments 
of the longitudinal velocity increments at the inertial range separation. The inertial 
range is the segment of scales between the integral scale and the dissipation scale, 
that is, 2 satisfying fo > £ > 17 is in the inertial range. Assuming homogeneity and 
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isotropy and that the following moments are finite, we look at the structure function 
of order p, written in a special way, which can be easily shown to be equivalent to 
our usual definition: 


S,(d) = [(a(x) + dF —uy) -f’, (9.171) 


where d is a distance variable and f a unit vector in an arbitrary direction. On the 
other hand, we have the scaling assumption (9.162), asserting that under rescaling 
in Eq. (9.171) if the distance d+ Ad, the structure function changes by a factor A?*. 
Using now Problem 9.28, we put s = 1/3, which as shown in the problem is the 
result of the 4/5 law. We readily obtain, replacing d by @, 


Sp x B/, (9.172) 
and since (e0)P/ > has exactly the same dimension as Sp, we have 
Sp(l) = Cpe? Pe’, (9.173) 


with the constants C, being dimensionless for various p. These constants cannot 
depend on Re as the limit of infinite Reynolds number was assumed before. The 4/5 
law is obtained for p = 3 and then C3 = —%. As said before, we shall omit here the 
discussion, mainly between Landau and Kolmogorov, on the question of universality 
of these and other results. A whole Sect. 6.4 of reference [10] is devoted to this 
interesting, but nontrivial, topic. Two observations are worth making, however. First, 
extensive experimental studies by K. R. Sreenivasen showed in 1995 that C2 = 2+ 
0.4 for a large range of the Reynolds number 50 < Re < 10+. Second, the expression 
for the structure function does not depend on the integral scale, nor on v. Thus, 
formally taking the limit of £9 > eo and v > 0, while holding € > 0 fixed, all the 
structure functions have finite limits. 

Returning now to the consequences of the structure function dependence given in 
Eq. (9.173) for p = 2, which is proportional to energy, we get that the energy obeys 
an €7/3£2/3 Jaw. It gives n— | = 2/3 and thus the energy spatial spectrum behaves as 


E(k) 0 €2/34-5/3 | (9.174) 


according to Eq. (9.110) and the above. At the beginning of this section, it was 
shown that a small viscosity gives rise to the emergence of an inertial range of length 
scales on which there is neither energy injection nor dissipation. It is obvious, e.g., 
using a dimensional argument, that the length scale on which viscous dissipation 
occurs is the Kolmogorov dissipation scale or microscale. For the sake of stressing 
the importance of this concept we repeat the expression defining it: 


y3 1/4 
n= (=) (9.175) 
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The range of scales comparable and smaller than 1x is called the dissipation range. 
In this range the energy input and viscous dissipation are in exact balance. Energy 
is input by external or other nonlinear macroscopic sources on the integral scale. 
It is transferred to smaller and smaller scales, without any source or sink in the 
inertial range as heuristically demonstrated in the Richardson cascade discussed in 
Sect. 9.4.5.1. Finally, when the dissipation range is reached, all energy arriving at 
the microscale through the cascade, as well as energy created by nonlinearities at 
this scale, is dissipated by viscosity. We stress here that assuming the existence of 
nonlinear sources of energy in the dissipation range is wrong. 

A historical remark is now in order. This section has in its name “mostly 
Kolmogorov,” but it would be wrong to attribute all findings described here to 
this influential mathematician. The k~5/3 dependence of the energy spectrum on 
wavenumber was actually found first by Obukhov in 1941, and Kolmogorov himself 
asserted that Obukhov’s derivation, using closure and dimensional arguments, 
is independent of his. Among the scientists, some very prominent who also 
independently found the Kolmogorov—Obukhov —5/3 power law, are Heisenberg 
and von Weissicker, who were, after the Second World War, detained by the British. 
They remained in Germany until the end of the war. The revered L. Onsager also 
found independently, in 1945, a k-|1/3 Jaw, but he worked with a three-dimensional 
spectrum E(k). For one dimension the power reduces to —5/3. Onsager’s discovery 
was only made in 1949, but independently of Kolmogorov’s and Obukhov’s 
findings, as well as those of the German detainees. 


9.4.5 Phenomenology Revisited, in View of Kolmogorov’s Work 


Phenomenological approaches to turbulence often yield the same results as more 
systematic approaches, e.g., the Kolmogorov 4/5 law discussed above, but the 
phenomenological approach is based more on conjectures, mental pictures, and 
plausibility arguments. The price for that is the lack of reasonably rigorous, physical 
and mathematical foundation.The main points in the phenomenological approach to 
turbulence can be listed as follows: 


¢ A particular length scale @ in the inertial range, which is below the integral scale 
£o can be chosen in forced turbulence—that is, created by outside intervention, 
like stirring or a grid. This is an injection scale, which has to be above the 
microscopic viscous dissipation scale 7) or 1k. 

¢ A typical velocity scale ug is associated with the length scale @. A plausible 
definition of uy is 


uy = [5u5(0)| a (9.176) 


an object familiar from earlier discussions. 
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Fig. 9.5 A circle of diameter d being distorted to roughly an ellipsoid by fluid motion. While some 
points (e.g., A and B) separate, other (e.g., C and D) approach 


* The typical timescale emerges as tT; ~ ¢/uy, typical for a structure of size @ 
to undergo a significant distortion because of relative motion, and is referred 
to as eddy turnover time. In Fig.9.5 we show this kind of distortion in two 
dimensions, suffered by a circular loop of diameter d which becomes of roughly 
elliptical shape after time: 


d 
Ga 
ju; — up| 
* The r.m.s. velocity fluctuation is plausibly taken as ~ ug, which is the flow 
velocity fluctuation on the integral scale. 


Note the use of the symbols ~ and ~ in the definitions and equalities in the 
phenomenological approach. While ~ means “of the order of,’ the best explanation 
of the meaning of © is perhaps “equal within a constant factor of order unity,” and 
it is only natural that we cannot aim at a better accuracy within a phenomenological 
theory. In the inertial range, as there is no energy input or loss, the energy flux is 
independent of @ and equal to the constant dissipation rate; thus, 


Nv ne, > wr~(ed)'?. (9.177) 


So we have found in a phenomenological way the value of the scaling exponent 
s = 1/3. From the definition of the eddy turnover time above and the second relation 
here, we get 


ne 3 P/3, (9.178) 


In the integral scale, near the top of the inertial range, when @ ~ fo the velocity 
becomes uo ~ (€f0)*, which gives € ~ ug! . /£9. This equation is actually used 
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frequently in the empirical modeling of turbulence. The smallest scales, where 
dissipation releases the energy, can be phenomenologically estimated as follows. 
The typical time to viscously attenuate activity at scale 0 must be Tyisc = ¢7/v. This 
times goes to zero with @ faster than the turnover time (9.178). Equating these two 
times shows that however small the viscosity, a length scale emerges 


3\ 1/4 
Lvise oe (=) ; (9.179) 


E 


which is nothing other than the Kolmogorov dissipation scale Nx, previously 
introduced. In fact viscous effects become relevant experimentally at scales larger 
than this by a factor of ten or more. It is to be expected that the phenomenological 
theory cannot be exact, and, in addition, this finding indicated that nonlinear effects 
are probably weaker than those predicted by a phenomenological turnover time 
argument. 


9.4.5.1 Richardson Cascade 


The phenomenology described so far may be neatly illustrated by a schematic 
drawing of the Richardson cascade. This is shown in Fig.9.6. The uppermost 
eddies are of scale &o and the injection of energy is on this scale. Let us denote 
by n=0,1,2,3.... the generations of eddies, starting at the top (n = 0). The nth 
generation of eddies is of size ¢, = €96", where 0 < € < 1. Obviously, the smallest, 
lowermost eddies’ scale is Nk. Even though this figure shows the essence, it should 
be remembered that it is only schematic and qualitative. The cascade picture brings 
out two important features of Kolmogorov’s 1941 theory: 


1. Scale invariance—this is correct for the inertial range and comes out from the 
space-filling property of the eddies. 

2. Locality—the meaning of this is locality in scale, not position. In other words, 
the energy flux in the inertial range at scales ~ @ involves mainly comparable 
scales, say, between €@ and £/€. This property follows from the fact that an 
inertial scale eddy, of size ~ £, will be swept by the energy contained eddies 
of scale £9 >> @. This induces no distortion because of the Galilean invariance 
of the Navier-Stokes equations. See however the work of R. H. Kraichnan 
(reference [11]). 


Consider now for a moment the eddies’ distortion. The typical shearing rate on 
scale is 


S + w el/3g-2/3 (9.180) 
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Fig. 9.6 The Richardson cascade. The space-filling eddies decrease in size downwards, in the 
direction of the constant energy flux 


where Eq. (9.176) has been used. It follows that the smallest shear is at the top and 
the largest at the bottom of the cascade. The shearing of an eddy by eddies very 
much larger or smaller is ineffective (can you see why?). So the main shearing 
action on an eddy of scale @ is done by eddies of scale @’ ~ @. 


9.4.5.2 Reynolds Numbers and Numerical Consequences 


It is trivial to express, using the phenomenological relations, the velocity and 
turnover time at scale @, that is, ue and Ty, in terms of these variables at the integral 
scale, ug and %, which themselves are related through the integral length scale 


lo = uot; thus, 
1/3 2/3 
up £ Te £ 
—~ {| — d—~{ — : 181 
iE (=) , an i (=) (9.181) 


Usually when one speaks of the Reynolds number of a turbulent flow, it is this 
quantity for the integral scale, that is, 


Louo 
Pt —————/ 


Re (9.182) 
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On the other hand, we easily derive the relation for the viscous cutoff: 


3 —1/4 
os Pe (3) ~ Re®/4, (9.183) 
K 040 


This is a very important result, asserting that in the Kolmogorov 1941 theory, 
the dynamical range, between the integral and dissipation scales (so including the 
inertial range), requires Ny) ~ Re?/4 grid points in one spatial dimension in order to 
have a faithful numerical resolution. In three dimensions, the numerical mesh has to 
have at least N3 ~ Re®/*. Here lies the bugbear of numerical simulation of huge Re 
turbulent flows. The storage grows like Re®/4, and since the timestep has usually to 
be taken proportional to the mesh size, the number of timesteps needed to integrate 
the equation in a fully resolved way for a fixed number of turnover times grows like 
Re*, so for Re ~ 10* we face an obstacle that is enormous N3~ 10° and Re? ~ 10/2 
to capture the dynamic range. Some problems of numerical fluid dynamics will be 
discussed briefly in Appendix B. 

An important remark here is in order. The habit to take the figure Re?/4 as the 
number degrees of freedom of the flow is justified within the theory that demands 
the flow in the inertial range to be totally disorganized. However, experiments with 
large Re often display patterns quite distinct from spatial disorganization. This 
perhaps points out that there are prospects to numerically simulate such flows more 
efficiently than the required Re?/* seems to indicate, but not necessarily on uniform 
meshes. In any case, this issue brings us to the topic of the application of dynamical 
systems theory to turbulence. We shall briefly discuss this later in this book. 


9.4.5.3. Energy Decay in Free Turbulence 


Turbulent flows demand persistent energy injection; otherwise, they are bound 
to freely decay. This is an experimental fact and is consistent with the steady 
Richardson cascade picture, demanding a steady transfer of energy from large to 
small scales. In his later work, still in 1941, Kolmogorov found, by conjecture and 
by using qualitative and quantitative arguments, that: 

If a turbulent flow is freely decaying, and initially possesses a self-similarity up ~ 
Cé’, as £ + © (this is a formal statement) with the scaling exponent —2.5 <s <0 
and C constant, then this law persists for all later times, with the same s and C. 
This a deep and nontrivial result. For example, if we assume that there is a time- 
dependent integral scale, we can now try to find it. The time-dependent Re ~ fyuo/V 
is assumed to be, as usual, very large. Using the above statement, we have ug ~ Clj 
and 


d(up) ui 
woe . 9.184 
dt : Lo ( ) 


The scaling statements quoted above help to obtain an ODE for the integral scale 
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d(C) 


+ aa -CB!, (9.185) 


This has the trivial solution, for constant C, 
gee (t+ 0)/O-9) = gece (t+. 0)9/(I-9), (9.186) 


and gives for the energy E o (t+ 9)?s/ (I-s) and for the Reynolds number Re « 
(t+ 0)('+5)/C-), Tn all the above, @ is a constant and s is negative, as in the 
above scaling statement. Thus, the energy always decreases and the integral scale 
increases. Examining two example scalings, we find that for 0 > s > —1 we 
have a Reynolds number increasing in time. Note that for s < —1, this solution 
breaks down when Re falls to ~ 1. For s > 0 > —2.5, we have, as we saw above, 
uz ~ C’?5, for € —> co which translates to the following relation in Fourier space. 
If initially 


E(k)~ Ck, h=-2s fork 30, (9.187) 


this scaling persists. However, it is difficult to guarantee rigorously the constancy of 
C’ and there are indeed values (like h = 4) for which it is not so. 


9.5 Two-Dimensional Turbulence 


Nature contains no example of an exact two-dimensional flow, but we are free to 
imagine such a case and to attack it with theory, just as we are free to create virtual 
experiments, in the form of computer simulations. So why study two-dimensional 
turbulence? If turbulence is, as Feynman says, “the most important unsolved prob- 
lems in classical physics,” it seems clear that the study of it in two dimensions may 
offer some insights into the general problem. The Earth’s atmosphere and oceans 
are approximately two-dimensional because of the constraining effects of rotation, 
stratification, and thin geometry, and theories of two-dimensional turbulence have 
proved to be useful predictive tools in geophysical problems. We expect that two- 
dimensional turbulence will also be useful when applied to similarly constrained 
laboratory and astrophysical flows, like the one illustrated in Fig. 9.7. We may even 
hope that with a reduction in dimension comes a reduction in the difficulty of the 
problem. Instead, in two dimensions turbulence takes on an entirely new character— 
one that is, in many ways, more challenging for the practitioner. Turbulence in 
two dimensions is more visually striking, displaying richly convoluted vorticity 
fields and supporting long-lived coherent structures—features that are absent in 
three dimensions, but are often found in approximately two-dimensional flows in 
the laboratory or in nature. Whether freely decaying or forced, the dynamics of 
two-dimensional turbulence is typically described in terms of an inverse cascade of 
energy, as it is transported from the scales on which it is input up to the largest 
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Fig. 9.7 A composite Hubble space telescope image of Jupiter’s Red Spot and its approximately 
two-dimensional turbulent atmosphere, including several other large spots (vortices). Public 
domain from NASA, Hubble Space Telescope. Courtesy NASA, HST 


scales that are available to system. Yet, like in three-dimensional turbulence, 
the energy is a conserved quantity in the absence of dissipation. How does this 
“backward” cascade happen? In the following, we will look in more detail at the 
mathematical descriptions of energy and enstrophy, and their inverse and direct 
cascades, respectively. In examining this so-called double cascade, we clarify the 
assumptions that underly the predictions of the theories. Unless noted otherwise, 
only cases of homogeneous and isotropic turbulence will be considered consistent 
with the majority of discussions throughout this chapter. We will briefly discuss 
the relevance of coherent structures and the importance of a condensate state and 
conclude by mentioning some relevant results from experiments and numerical 
simulations. 
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9.5.1 Governing Equations and Integral Constraints 


A look at the mathematical description of the fluid dynamics governing two- 
dimensional turbulence readily shows that it is the presence of an additional 
invariant, mean square vorticity, that allows a simultaneous cascade of energy to 
large scales and of enstrophy to small scales. 

We begin with the forced Navier-Stokes equations for a two-dimensional flow: 


De OY sy vu = VP + Wut by, (9.188) 
where by is an unspecified forcing (per unit mass) and we have taken p = | since we 
assume constant density, satisfying automatically the incompressibility condition 
V-u=0. Clearly, in this section we use u,x, and the V operator in their two- 
dimensional forms, u(x,t) = [u(x,t), v(x,1t)]. Now we can write u = (dy y,—0,y), 
using the stream function, y, and assuming the flow in the x — y plane. By operating 
with V x on (9.188), we obtain an equation for the scalar vorticity field, € = V x u= 
—Vy: 


Oe Ba Caw Hy, (9.189) 
where f = V x by. No vortex stretching appears in (9.189), as distinct from the 
three-dimensional case. The lack of vortex stretching is the main physical difference 
between two- and three-dimensional turbulence, and the consequences of this 
property explain two-dimensional turbulence’s unique characteristics, including the 
double cascade. The above equations of motion must be complemented by appro- 
priate boundary conditions, which we assume to be periodic on a square domain 
of size L unless otherwise noted and except when discussing laboratory results, 
which involve particular boundary conditions for each experiment. By forming the 
appropriate products in (9.188)-(9.189), we are led to the energy and enstrophy 
equations: 


= (5) _ V- (Pu) v[6°+V-(¢ xu)] +by-u, (9.190) 
and 
oi (50°) =—v[(VEP—V-(6¥0)| +66, (9.191) 


where we have used a vector identity and incompressibility in rewriting the 
dissipation terms. Next, we perform an average of (9.190)-(9.191), defining the 


1 1 
energy E = —(u’) and mean square vorticity, or enstrophy Z = 5 (C7), where the 


ensemble average (-) is equivalent to a spatial average because of the ergodic 
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theorem discussed in Sect.9.3. All the divergences vanish due to homogeneity, 
giving, for the unforced, by = 0 and f = 0, case: 


dE | ea 
pe) = vZ=-e, (9.192) 


and 


< =—v((V6)?) =—vP=-B, (9.193) 
where the palinstrophy, P, already defined as the mean square curl of the vorticity, 
is in the two-dimensional case P = 5((V x ¢)?) or, equivalently, as the mean 
square vorticity gradient P = 5 ((VC)?). The two-dimensional energy and enstrophy 
dissipation rates, € and , are defined by the above equations. 

In the inviscid limit, (9.192)-(9.193) conserve both energy, E, and enstrophy, Z. 
Taking the limit, limv — 0, the above equations provide a preview of the unusual 
character of two-dimensional turbulence. First, we see from (9.192) that the rate 
of change of kinetic energy vanishes in the inviscid limit of two-dimensional 
turbulence since both v — O and the enstrophy, Z, are bounded from above 
according to (9.193), because of the lack of a vortex stretching contribution. While it 
is important to appreciate that energy conservation in the inviscid limit differs from 
the behavior of three-dimensional turbulence, it is more important to understand that 
this result implies that two-dimensional turbulence cannot dissipate energy at small 
scales, as happens in three-dimensional turbulence. In this case, as we will soon see, 
energy instead moves to larger scales. Finally, we see from (9.193) that the rate of 
change of the enstrophy, Z, does not necessarily vanish as v — 0; rather, we need 
to look to the dynamics of the palinstrophy, P, which determines dZ/dt. As for the 
energy and enstrophy, we can derive an equation for the rate of change of P, finding 


F = —Vi(V2E)) —(HylWOAVC),) (9.194) 
where index notation has been adopted for convenience and Yj has been defined 
previously in (9.9). Note that the final strain (or deformation) rate-dependent term 
in (9.194) is closely related to the third-order structure function sl Thus, the 
rate of enstrophy dissipation does not necessarily vanish as v — 0, and, based 
on the similarity to the energy in three-dimensional turbulence, we anticipate that 
enstrophy is able to directly cascade to smaller scales where it will be ultimately 
dissipated. The vorticity gradients (palinstrophy) that must come into play to support 
this direct cascade are therefore expected to grow in order to establish a stationary 
turbulent state. 

Note that in the inviscid unforced case, one may define an infinity of invariants 


1 
Li = 5 (¢"), apparently overly constraining the system and presenting a conceptual 


challenge to understanding two-dimensional turbulence. The resolution of this 
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challenge, of course, is that dissipation removes nearly all of these constraints. The 
reader interested in idealized truly inviscid systems is encouraged to consult the 
literature on point vortices or, for a physical manifestation, the literature on super- 
fluid helium; the review paper of G. Boffetta and R. E. Ecke, in the Bibliographical 
Notes, provides references to all these topics. The above conclusions, taken together, 
amount to an intuitive summary of a double cascade of two-dimensional turbulence 
first detailed by Kraichnan (1967) (see below and reference [14] and supplemented 
by the works of C.E. Leith in 1968 and G.K. Batchelor in 1969). To proceed in more 
depth, we must return to spectral notation and work with the energy and enstrophy 
spectra, E(k) and Z(k), respectively, for two-dimensional wavenumber k = |k|. Note 
that E = [5° E(k)dk and Z = fy’ k°E(k)dk, while more generally 


L 


2 
E(k) = (=) mk(|ti(k) |"), (9.195) 


just as we previously defined in Sect.9.4, but here, for compactness, we have 
not included time, f, in the notation, even though the functions are generally 
time dependent. In the spectral formulation, it is convenient to discuss forcing at 
a particular input scale, fo, that we describe in terms of its wavenumber kp = 
1/9, although in general forcing will be spread over some range of scales, with 
wavenumbers perhaps centered on kp. Analogous to the self-similar inertial range 
in three-dimensional turbulence, we envision two inertial ranges in forced two- 
dimensional turbulence: a direct cascade of enstrophy for k >> ko and an inverse 
cascade of energy for k < ko. In each of these inertial ranges, self-similarity leads 
to an energy spectrum with a different wavenumber scaling exponent. 

The abstract of Kraichnan’s 1967 paper gives what is, perhaps, the most succinct 
summary of the double cascade of two-dimensional turbulence, viz., 


two-dimensional turbulence has both kinetic energy and mean square vorticity as inviscid 
constants of motion. Consequently it admits two formal inertial ranges, E(k) < 2/34-5/3 
and E(k)  B?/3k-3, where € is the rate of cascade of kinetic energy per unit mass, B 
is the rate of cascade of mean square vorticity, and the kinetic energy per unit mass is 
Jo E(k)dk. The —5/3 range is found to entail backward energy cascade, from higher to 
lower wavenumbers k, together with zero vorticity flow. The —3 range gives an upward 
vorticity flow and zero energy flow. The paradox in these results is resolved by the 
irreducibly triangular nature of the elementary wavenumber interactions. The formal —3 
range gives a nonlocal cascade and consequently must be modified by logarithmic factors. 
If energy is fed in at a constant rate to a band of wavenumbers ~ k; and the Reynolds number 
is large it is conjectured that a quasi steady state results with a —5/3 range fork < k; anda 
—3 range for k >> k;, up to the viscous cutoff. The total kinetic energy increases steadily with 
time as the —5/3 range pushes to ever lower k, until scales the size of the entire fluid are 
strongly excited. The rate of energy dissipation by viscosity decreases to zero if kinematic 
viscosity is decreased to zero with other parameters unchanged. 


(Note that in the above quotation, k; is equivalent to what we denote by ko.) 
Next, we look in more detail at each part of the double cascade of two-dimensional 
turbulence. 
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9.5.2 Inverse Energy Cascade 


The idea that energy must move to larger scales as a result of the high Reynolds 
number, near-inviscid conservation of both energy and entropy was already realized 
in 1951 by T.D. Lee, before the 1967 work of Kraichnan. At about this same time, 
Fjgrtoft used the idea of a discrete wave triad to demonstrate the inverse cascade 
in 1953, a concept that Von Neumann generalized to the continuous case in 1967. 
As demonstrated in Sect.9.5.1, the possibility of an inverse cascade can be seen 
intuitively by the fact that dE/dt vanishes in the inviscid limit. A more concrete 
illustration of the transport of energy to large scales can be made by examining the 
evolution of a wavenumber triad. To illustrate, we select kj, ko = 2k,, and k3 = 3k,; 
although other choices are also possible, not every triad kj < kz < k3 gives a useful 
result. Associate with each wavenumber its energy E, = E(k;) and total energy E = 
E,+£&2+ £3 and enstrophy Z = RE= KE i+ kK5E2 + KRE3. Conservation of energy 
and enstrophy requires that after some time, 67 say, OE = OE; + 6E2+ 6EF3 =0 
and 6Z = ki6E\ +kK56E> +kK5E3 = 0, where the 6 indicates change over time 
Ot. It is a straightforward algebraic exercise to show that if the central mode, ko, 
loses energy, 6E2 < 0, then more energy flows to k1, the smaller scale, than to k3. 
Likewise, more enstrophy will flow to the smallest scale, k3 (show this). This result 
can be made more persuasive if it is repeated for successive iterations of dt, but it 
remains a discrete and simplistic model. If instead we define characteristic energy 
and enstrophy wavenumbers of a continuous spectrum: 


_ SRE(k)dk  Z 


ki = “TE(dk ~ E (9.196) 
and 
4 
i= ne = y (9.197) 
then it is straightforward to show that (9.192)—(9.193) imply that 
@ 2 = 2vke (kz — kz) <0, (9.198) 
dt 


invoking the Schwarz inequality. Therefore, the characteristic energy scale 
increases. 

Additional insight about the inverse energy cascade comes from the energy 
transport equation in spectral form: 


OE(k) 
ot 


=T(k) + F(k) — vk’E(k), (9.199) 
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where T(k) represents energy transfer by nonlinear interactions, F'(k) is input due to 
forcing, and the final term is loss due to viscous dissipation. The nonlinear transfer 
term can be used to define the net energy flux across the scale k7!: 


Ne(k) = | ° T(k’)dk’, (9.200) 


where we have I1¢(0) = 0 because energy is conserved in the unforced and inviscid 
case. Kolmogorov’s cascade idea is based on local interactions in spectral space, 
i.e., interactions occurring on the same scale, and would imply that the flux is 
proportional to the energy in wavenumbers ~ k and to a characteristic distortion 
frequency @,, or 


Me(k) o OkE(k), (9.201) 


where 
k 
or = [ (k')° E(k! )dk! (9.202) 


defines @ as the effective shear rate of the distortion of flow structures (eddies) 
at scale k~!. In the above definition, it has been assumed that the effect of 
wavenumbers larger than k is expected to average to zero over timescales a, : 
With the form (9.200) of energy flux, a stationary scale-free state is described by 
Mz(k) = €, and the only solution of the form E(k) « k~” is found, by dimensional 
analysis, to be 


E(k) = Ce2/3K-9/3, (9.203) 


where C is a dimensionless Kolmogorov constant. We remind the reader that this 
solution does not predict the inverse sense of the energy cascade in two-dimensional 
turbulence, although it is consistent with it. To demonstrate the inverse nature of the 
cascade that is observed in nearly two-dimensional experiments and in simulations, 
we must resort to triad or integral arguments, as above. The inverse energy cascade 
solution is sketched in Fig. 9.8. 

Other direct proofs are available showing the direction of energy transport is to 
larger scales; as expected, these are generally more complex to formulate. In the 
limited space of this discussion, we describe only one such approach, based on 
the calculation of third-order structure functions. In the case of two-dimensional 
turbulence, the longitudinal third-order structure function can be calculated under 
the assumption of constant fluxes of energy and enstrophy in their respective inertial 
ranges. One finds in that case and referring to the definition (9.70) that 


S3(r) = ((6u(r))*) = Ser, (9.204) 
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Fig. 9.8 Sketch of the energy spectra in the two inertial regimes of the Kraichnan—Batchelor 
double cascade model. Injection at the forcing wavenumber ko separates energy moving towards 
low wavenumbers (—5/3 scaling), while enstrophy moving towards high wavenumber leads to a 
—3 scaling and is ultimately dissipated by viscosity at the dissipation wavenumber ky 


a result that is the two-dimensional analog of the Kolmogorov 4/5 law, except that 
3/2 replaces —4/5, the sign change implying a reversal of the direction of spectral 
transport: to large scales. 

What is the physical picture of the above, mainly mathematical, description 
of a process occurring in spectral space? Observations of approximately two- 
dimensional turbulence provide a consistent picture, in which a patch of vorticity 
is distorted—extended in one direction, to a scale D. As a result of material 
conservation of vorticity, the patch is squeezed to a small scale d in the transverse 
direction, with d decreasing as D grows. Eventually, d’s scale will shrink to the point 
that diffusion will begin to act. In the schematic Fig.9.9, we see both the inverse 
cascade, to large D, and the direct cascade, to a dissipation scale d. One point 
of view associates the growth of D with mergers between like-signed vortices. 
However, while regions of like-signed vorticity do aggregate, there is mounting 
evidence that the merger process contributes little to the inverse cascade in forced 
two-dimensional turbulence. 


9.5.2.1 Stationary State and Condensates 


If the inverse cascade carries energy to large scales, effectively hiding it from 
viscous diffusion, then there is no mechanism to dissipate the accumulating large- 
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Fig. 9.9 A sketch of 
distorted vorticity regions and 
tendrils in two-dimensional 
turbulence 


Ww 


7 
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scale energy. Forced two-dimensional turbulence therefore cannot reach a stationary 
state. The resolution of this problem is to introduce an additional dissipation, a sink 
of energy at large scales. Such dissipation is sometimes referred to as Ekman or 
Rayleigh drag, or Hartman drag for magnetically two-dimensionalized flows, and 
appears as a linear friction term in (9.188), viz., 


D 
on = ou tu:Vu= ~VP+vV7u+ by — au, (9.205) 


where & is an appropriate constant. The introduction of such a term is similar 
to what is done in dynamo theory, as we will see in the following chapter. This 
friction can be used to define a (large) dissipation scale Iy = (e/a?)!/? and can 
be considered to originate from the three-dimensional world in which the two- 
dimensional flow is embedded. More practically, it is usually associated with friction 
of the boundaries of the system. 

As energy is pushed to larger and larger scales in the inverse cascade, a dominant 
eddy forms, eventually filling the domain of the system. If the dissipation scale 
is larger than the system size, the inverse cascade leads to a condensed state, 
characterized by a scale comparable to the system size. Kraichnan already antici- 
pated such a possibility and, based on its similarity to Bose-Einstein condensates, 
concluded that as energy piles up onto the smallest wavenumbers, a condensation 
process would occur, leading to a system-sized state consistent with its boundaries. 
Condensates have been observed in both laboratory experiments and numerical 
simulations of forced approximately two-dimensional turbulence. In freely decaying 
two-dimensional turbulence, as we will discuss below, a condensate is not formed, 
but at long times, a single vortex dipole is formed, compatible with the system’s 
initial conditions. 
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9.5.3 Direct Enstrophy Cascade 


The direct cascade of enstrophy to smaller scales, as we saw in Sect.9.5.1, is 
predicted based on the fact that the evolution of enstrophy, given by dZ/dt = 
—vP = —f, is controlled by the mean squared vorticity gradients, as measured by 
the palinstrophy, P. On scales in between that of the forcing and the dissipation, 
the evolution of enstrophy is thus analogous to the 5/3 law of Kolmogorov 1941. 
As aresult, the direct cascade is relatively well understood, both from statistical and 
physical points of view. Physically, the direct cascade of enstrophy is associated 
with the distortion of vorticity patches, in particular the thin filaments that are 
drawn out as fluid parcels are stretched. Figure 9.9 is a sketch illustrating the typical 
appearance of distorted vorticity patches and surrounding tendrils. These filaments 
are hallmarks of steepened vorticity gradients, VC, and the process proceeds 
until scales are reached for which viscosity is able to smooth these gradients. 
The evolution of the gradients is described mathematically by the Eq. (9.194) for 
palinstrophy, showing that the process is controlled by strain. The evolution of the 
enstrophy spectrum, Z(k) = k*E(k), is described analogously to the energy spectrum 
in (9.199)-(9.200) but where the nonlinear transfer of enstrophy is KT (k) and the 
enstrophy flux, Mz(k), is defined as 


fee | "(PT (K) dk. (9.206) 


In the range of the direct cascade, k >> ko, the enstrophy flux is estimated to be 
Mz(k) o @k>E(k), and the balance Nz(k) = B allows us to again apply standard 
dimensional analysis to find a scale-free stationary solution of the form 


E(k) =C Bk, (9.207) 


where C’ is another dimensionless Kolmogorov constant. Since viscosity is available 
to dissipate the vorticity where the local vorticity gradients are high enough (or, as 
we would say in spectral language, viscosity provides the large k cutoff of the 
cascade), a dissipation wavenumber can be found: ky « B Ley Te depending only 
on the enstrophy dissipation rate, B, and the molecular viscosity, v. The Reynolds 
number based on ky is 


u k ; 
Rey =—— «| — 2 
ey ie (=) ; (9.208) 


which shows that in two-dimensional turbulence, the number of degrees of freedom 
is @(Re), very different from the Re?/* dependence of three-dimensional turbu- 
lence, as discussed in Sect. 9.4.5.2. 

While the direct cascade of enstrophy follows the Kolmogorov theory closely, 
it is not difficult to find some inconsistencies in the resemblance. By substituting 
(9.207) into the definition (9.202), we see that the integral diverges and therefore 
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the enstrophy transfer rate diverges, as well, as k — 0. To remedy this problem, 
Kraichnan proposed a log-corrected spectrum and found, using the same arguments 
as for the —3 result, that a constant enstrophy flux now predicts: 


E(k) = C'B?7k- flog (k/ko) |, (9.209) 


which is illustrated alongside the indirect cascade solution in Fig. 9.8. In this case, 
we also have wf e B7/3[log (k/ko)|~/°; if valid, this indicates that the enstrophy 
transfer is not so local in k-space, with most of the contribution to @g coming from 
wavenumbers k’ < k. In other words, the dominant deformation motion is on a much 
larger spatial scale than the flow structures that are being deformed. For this reason, 
the enstrophy transfer is often likened to spectral transfer of a passive scalar, i.e., 
tracer, in the k~! range. Batchelor looked primarily at the enstrophy inertial range 
in the case of freely decaying turbulence, which is not stationary. Nevertheless, 
the same direct cascade and spectral scaling relations were found, as we will discuss 
in more detail in the following section. 


9.5.4 Freely Decaying Two-Dimensional Turbulence 


For the most part, the study of two-dimensional turbulence is concentrated on cases 
in which there is forcing and dissipation, at least on small scales where viscosity 
acts. Nevertheless, freely decaying two-dimensional turbulence has received much 
attention and, more importantly, shares many features with the forced problem. 
While freely decaying two-dimensional turbulence does not support an inverse 
energy cascade, per se, two closely related processes are ubiquitous: the emergence 
of coherent structures and the growth of large vortices through mergers of smaller 
like-sign vortices. We will look at the freely decaying inverse cascade in more detail 
below, in the context of numerical simulations and experiments. 

On the other hand, the direct enstrophy cascade in freely decaying two- 
dimensional turbulence is essentially equivalent to that of the forced cascade. 
Batchelor, working independently of Kraichnan, derived the same k~* dependence 
for the energy spectrum of freely decaying enstrophy cascade. The evolving self- 
similar energy spectrum is assumed to take the form E(k,t) = u>tF (ukt), where the 
self-similarity requirement leads to the result 


Hinheroe (9.210) 


in place of (9.207). Supporting this, experiments and simulations display the 
same physical picture in which vortex patches are distorted and drawn out into 
filaments, the filamentary structures representative of intensified vorticity gradients. 
Simulations performed by one of us show just this behavior; one example is shown 
in Fig. 9.10. Thanks to increasingly resolved numerical simulations, a more refined 
picture of freely decaying two-dimensional turbulence is continuously emerging. 
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Fig. 9.10 Vorticity in decaying turbulence simulation, showing merger events and the early phases 
of condensate appearance. The simulation was performed by one of us, O. M. Umurhan, using a 
pseudospectral numerical method 


To summarize, it is now believed that simulations initiate with a transient period 
characterized by shear-driven instabilities and axi-symmetrization around vorticity 
peaks. Details of the flow features in this initial stage are, however, strongly 
dependent on the resolution and initial conditions of the code. The following stage 
of evolution is an extended period during which the direct enstrophy cascade 
dominates. In this phase, strain leads to filamentation in the regions between 
vortices, while the number and mean radius of the vortices evolves self-similarly 
in time. Inside the coherent vortices, the direct cascade description fails, but it 
appears that peak vorticity is nearly conserved throughout the evolution. The 
final stage is characterized by a single large vortex dipole, which decays slowly 
due to dissipation. The terminal dipole is reminiscent of the condensate of the 
forced inverse cascade, but unlike in that case, the dipole is not determined by the 
boundaries of the system. 

A number of challenges remain for the numerical simulation of decaying two- 
dimensional turbulence. For one, simulations tend to find energy spectra steeper than 
the predicted k~* dependence. Also, simulations are not yet able to distinguish the 
logarithmic factors of (9.209), a challenge that also faces laboratory experiments. 
Beyond the issue of initial condition dependence mentioned above, numerical 
simulations also face the problem of distinguishing between the behavior of models 
based on ordinary viscosity (a Laplace operator) and those based on a hyper- 
viscosity (Laplacian squared). 
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9.5.5 Experiments and Simulations 


The earliest laboratory experiments aimed at two-dimensional turbulence were 
performed in a thin layer of liquid mercury. A uniform magnetic field was used 
to establish a very thin Hartmann layer and the flow was then forced electro- 
magnetically. An inverse cascade was measured, albeit over a relatively narrow 
inertial range. Electromagnetic driving is more widely, and more recently, applied to 
electrolyte cells, typically based on salt water. These experiments are able to recover 
the inverse energy cascade over a wide inertial range, in addition to being able to 
examine freely decaying turbulence. 

Another type of approximately two-dimensional experiment is performed on a 
soap film channel. The reader is urged to consult high-quality images available in the 
literature, cited and presented in the 2012 review paper, [12] in the Bibliographical 
Notes. In this paper there are depictions of soap film turbulence experiments, but 
in the references therein some are strikingly illustrated. The soap film configuration 
is especially notable for allowing a very large aspect ratio to be reached, @ (104), 
and differs from other types of experiments in that, as an open flow, it is a natural 
example of decaying turbulence. Thus, while it is not as effective in investigating the 
inverse cascade, soap films are a useful way to study the direct enstrophy cascade. 
The very small scales that are supported in soap films as a result of their thinness 
allow a relatively large inertial range for which scaling exponents slightly steeper 
than the predicted —3 have been found. It remains to be known whether corrections 
to the theory of enstrophy transport can explain the steeper spectra seen in both 
experiments and simulations. 


9.6 A Few Remarks on Turbulence Is Astrophysical Flows 


Turbulence is ubiquitous in astrophysical flows. Suffice it to study observations of 
gaseous flows in the vicinity of stars and stellar nebulae, the regions of star formation 
and interstellar clouds, in order to discover the typical signatures of turbulence: the 
presence of great complexity and a large range of scales, in order to convince oneself 
that turbulence is the rule, rather than the exception in astrophysical flows. 


9.6.1 Turbulent Convection 


As we have seen in the previous chapter, there is a very simple criterion, named 
after Schwarzschild, for convective instability. It is mainly applied to stars and if 
it is satisfied (ds/dr < 0 or |dT/dr| > |dT/dr|,a, where s is specific entropy and 
\dT /dr|aq is the adiabatic temperature gradient), hydrostatic equilibrium of a star 
is impossible and heat begins to be transported outward by fluid motions. This is 
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similar to the well-known phenomenon of everyday life—hot air rises up, against 
the direction of gravity, replacing the colder air, which sinks. 

In stellar structure and evolution theory, at least in its elementary form, the need 
to include the convective heat flux is usually answered by adopting a simplistic 
model. It is assumed that the instability saturates when s(r) becomes constant, that 
is, the temperature gradient is adiabatic and that, conceivably, turbulent convection 
satisfies, on the average, a quasi-steady state. The idea is based on Prandtl’s mixing 
length theory, which was already mentioned as the lowest means of closure. In 
contrast to Prandtl’s purpose, which was to estimate turbulent viscosity, here we 
are interested in turbulent energy transport. The physical idea is to estimate a length 
scale /,, over which an element of hot fluid rises in turbulent convection before 
it dissolves and joins the ambient medium. In astrophysics, basing the heuristic 
argument on the schematic picture of Fig. 9.11, the mixing length (note the equality 
of names) is conjectured to be 


P 


aPla’ (9.211) 


In = QHp, where Hp~ 


with P being the pressure and Hp its scale height. & is a constant, usually between 1 
and 2. This seems to be a reasonable choice and indeed gives a computational result 
for the Sun that is in agreement with that of helioseismology. 

Now one has to obtain the convective energy flux through the star, denoted here 
by Fon, in order to add it to the fluxes of energy transport by other means, notably 
radiation. We explain the derivation of Feony consulting the book by Kippenhahn 
and Weigert, reference [15] in the Bibliographical Notes, which in our opinion is by 
far the best source for understanding the theory of stellar structure and evolution. 
Before doing so, we have to define several symbols that have a special meaning in 
stellar structure theory. They are 


sinking sinking sinking 


Fig. 9.11 The reasoning behind the conjecture for the expression of the convective mixing length. 
Note also the different shapes of the rising element region as opposed to one of the sinking elements 
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where e is the specific thermal energy and we consider these relations at a stellar 
radius r, or the Lagrangian coordinate, m, the mass interior to the point r; thus, 
dm = 4npr*dr where p(r) is the mass density. 

To proceed we consider a blob, i.e., a convective mass element at a point, having 
an excess temperature OT compared to its surroundings at the same radius. Let it 
move in the spherically symmetric star with a velocity u which is much smaller 
than the speed of sound, and therefore it remains in pressure balance with its 
surroundings, i.e., 6P = 0. This immediately gives the local flux of convective 
energy 


Feony = pucp6T, (9.213) 


where cp is the specific heat at constant pressure. Now the central idea behind the 
mixing length concept is brought out: an element may start with a fluctuation, but 
because it is buoyantly unstable, the element rises (or sinks if OT < 0) a distance J, 
where it loses its identity. Performing now a simplistic statistical approximation, we 
consider a sphere of radius r in the star and assume that an element originates at a 
distance /,, from the sphere. Naturally, other elements each have a different starting 
point, between distance /,, down to zero, say. Thus, 


5T  10(6T) ln _ lr 
ripe pl Vesa (9.214) 


The radial buoyancy force, per unit mass, is b- = —gdp/p and 


dp (dlnp \ 6T 
oe Ga =o (9.215) 


On average half of this force acts on the element along a path /,/2; thus, the work 
done is 


1 Eo 
where 
_ (dlnp 
A= (S22) : (9.217) 


Assume that half of this work goes to the kinetic energy of the element u*/2, while 
the rest goes to the work needed to push other elements aside. Then 
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lin 
Hp" 


u’ = gA(V—V-) (9.218) 


Using this and Eq. (9.214) in (9.213), we finally get an approximate expression for 
the convective flux that can be used in calculations of stellar structure 


ee 


Hp (9.219) 


1 
Foon = qari gA ( 


9.6.2 More Turbulence in Astrophysics 


As we have flows of astrophysical fluid objects are usually turbulent. Turbulence 
may play an important role in rotating stars, and it is thought to be the agent 
responsible for outward angular momentum transport in accretion disks, which as 
we have seen are very important objects, appearing whenever there is accretion 
of matter endowed with angular momentum with respect to the compact accreting 
object. We have discussed these topics in Chap. 5. 

We find turbulence in astrophysics not only within stars and stellar objects, like 
accretion disks. The interstellar medium (ISM) seems also to be largely turbulent. 
The problem is further complicated by the fact that this is, usually, a magnetohydro- 
dynamic turbulence (see Chap. 10). The dynamo, creating the magnetic field on a 
variety of scales in astrophysics, is thought to be intimately connected to turbulence. 
Remarkably, the kinetic energy density of the ISM turbulence, its magnetic energy 
density, and the energy density of cosmic rays satisfy an approximate equipartition. 
Those energy densities have the approximate value of ~10~!? erg cm. 

It seems that we are still far from a viable theoretical model and understanding 
of turbulence in general and astrophysical turbulence, in particular. The main body 
of research relies on numerical simulations, which are also, as discussed above, far 
from trivial. 


9.7. Very Brief Summaries on a Few Additional Topics 


We may joke that the volume of research on turbulence seems to be inversely 
proportional to our understanding of the subject. In a book like the present one, 
we have only limited space and therefore we chose to devote the main portion of the 
space to topics that we consider as basic. What remains is to summarize only briefly 
other issues that, despite their possible importance, we cannot expound on. 
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9.7.1 Intermittency 


Kolmogorov’s theory enjoys the greatest success on small scales. L. Landau was 
not convinced from the outset that the statistical features of the small scales should 
be universal. The main problem, which has been known for a long time (it was 
anticipated by G.I. Taylor as early as 1917), is the fact that the vorticity, enstrophy, 
and dissipation are highly intermittent. In its simplest definition, intermittency 
means that a particular behavior at a point of a turbulent flow alternates between 
periods of statistical self-similarity and homogeneity and the lack thereof. 

On the experimental side, velocity signals of certain setups, when subject to 
high-pass filtering, clearly show intermittent bursts (see Fig. 9.12 which is a typical 
example) in this case of the velocity fluctuations in a turbulent jet. It is therefore 
clear that the Kolmogorov 1941 theory cannot be complete. R.H. Kraichnan and 
others contributed a large number of papers on the fascinating topic of intermittency. 
We found Chap. 8 in the book by Frisch (reference [10]) and the references therein, 
the most complete and enlightening as an account of intermittency. 


t 


Fig. 9.12 An illustrative case of an intermittent signal in a turbulent flow, a jet in this case: 
(a) shows the fluctuating signal while (b) shows the high-pass filtered signal. After Y. Gagane’s 
thesis (1980) cited in the Bibliographical Notes 
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9.7.2 Dynamical Systems Approach to Turbulence 


We have indicated that the number of degrees of freedom in turbulent flow seems 
to grow according to Kolmogorov’s theory, like Re?/*, On the other hand, if 
one considers a turbulent flow as a dissipative dynamical system, the number of 
relevant degrees of freedom should be defined as the dimension of the attractor (see 
reference [17]). The problem is that methods to find such a dimension when it is 
relatively small exist, and they give reliable results. In contrast, no reliable methods 
have been found to measure attractor dimension of, say, = 10. 

Dynamical systems have been found that are much simpler than the full Navier— 
Stokes system, but still possess states which resemble turbulent behavior. It is 
hoped that the study of such systems and a broader definition of the notion of 
turbulence can pave the way for progress in fluid dynamical and MHD turbulence. 
A relatively recent book, reference [18], deals at length with this idea. Very recent 
new ideas, linking turbulence to dynamical system theory, were made in 2013 by 
P. Cvitanovi¢ and collaborators, and they seem to us promising (see reference [19] 
in the Bibliographical Notes). 


9.7.3, Two Basic Approaches to Simulation 


Numerical computations of the DNS (direct numerical simulations) type, or LES 
(large eddy simulations, including some turbulence model based on closure), 
have contributed much to visualization of turbulent flows. In the section on two- 
dimensional turbulence, we have shown some results of DNS, and in Wilcox’s book 
(given the Bibliographical Notes), the reader can find several recipes for LES. In any 
case, we shall devote Appendix B to a short primer on methods in CFD (computation 
fluid dynamics), which includes extensive bibliography, as well as some important 
caveats related to this line of research, which actually is not among the subjects of 
this book. 


Problems 


9.1. 
Show that the function of space ¢(x), as defined after Eq. (9.127), satisfies the 
solvability condition (9.127). 


9.2. 

Work with the vorticity @ = V x v and eliminate the velocity from the vorticity 
equation by solving the appropriate Poisson equation. Use the same nonlocal 
operator V~?, as used in the velocity formalism (9.133), in order to get an equation 
solely in terms of vorticity. 
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9.3. 

Explain the physical meaning of the Reynolds stresses, showing that they are the 
mean momentum fluxes induced by the turbulence. Hint: consider a small cube 
whose edges are along the Cartesian axes and identify the Reynolds stresses by 
examining the total momentum fluxes along and through the faces of the cube. 


9.4. 

Show that the evolution of the Reynolds stress is according to Eq. (9.14). Hint: 
subtract Eq. (9.11) from (9.7). After obtaining a second similar equation, multiply 
the first equation by i, and the second one by i; and after adding the two resulting 
equations, average them. 


9.5. 
Obtain an energy equation for the fluctuations by setting i = j in Eq. (9.14). Show 
that this equation can also be rewritten as 


Bi -—, a Le D PZ. 
By [POP] = mg [p00 | = hI 207-7 
+ 2 Plu, + ut * p(w’ Pu (9.220) 
Oxk ene - le , 


Hint: manipulate the viscous term of Eq. (9.14) so that for i = 7 they reduce to 
2 oda 29VD_D' 9.221 
Fa (“iT — PV Zi Zig | - (9.221) 


9.6. Consider a steady, on average, flow in which the forces acting on a fluid 
element are fi,, = the total pressure and viscous forces and assume that no other 
force acts on the flow. Derive from the Navier-Stokes equation the kinetic energy 
equation. Next, split the velocity into a steady and fluctuating part u = i+ u’ and 
time average the kinetic energy equation to get 


i: 1 8 1 V2 , a 2 ee oe: foo 
a v(5pa + 5p lu’) Jou V 5P(u') ace (mT) +frot-u. (9.222) 


Now average the equation of motion and only then derive from it the following 
kinetic energy equation: 


1 a 
a-V (5P2") = i; — + fio a. (9.223) 
Xj 


Subtract the two equations and interpret the result physically. 
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9.7. 
Derive the kinetic energy equation for the mean flow 
1 O = _ = = = 
u-V (5P2") — ae [—iP + Uj (Tix + th) | _ ROix _ 20 Vic Fix, 
k 


using Eq. (9.30). Note that 7, is the average viscous stress. 


9.8. 
Show by integrating Eq. (9.39) with the appropriate constant on the right-hand side 
that the total stress is given by Eq. (9.40). 


9.9. 

Use the technique of matched asymptotic expansions (introduced in Chap. 2 for 
laminar boundary layers) to show that in a turbulent boundary layer above a flat 
plate 


iy = uxf(y*) y<6_ inner region, 
Ai, = thes — ty = Uxg(y/5) yt >> 1 outer region, 


1 
ily = Ux [ziny* +4] , yt > 1,y<6 overlap region, (9.224) 


where u.. is the width of the mean velocity departure from zero, yr = uxy/Vv, and 6 
is the local boundary layer thickness; f and g are appropriate functions and k and A 
constants. 


9.10. 
Determine the mean flow in a circular jet outside the turbulent region. Use polar 
spherical coordinates and remember that outside the turbulent jet we have potential 
flow. 


9.11. 

Using the form of the average momentum flux in the turbulent axi-symmetric jet, 
find the average mass flux Q up to a constant coefficient; thus, Q = B Qox/a, where 
Qo is the mass of the fluid which issues from the pipe aperture in unit time, a is 
a linear dimension of the aperture, and B depends on its actual geometrical shape. 
Qo/a is the only external parameter which determines the flow in the jet. Write the 
Reynolds number in terms of this parameter. 


9.12. 

Consider a flow over a semi-infinite thin plate, placed on the x — z plane, starting 
with at x = 0. The flow in which the plate is placed is u = UX for y > 0 and 0 
otherwise. Assume that a turbulent boundary layer is formed over the plate. What is 
the solution u(y)? Does it differ from the logarithmic profile of formula (9.45) and 
if so, in what way? 
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9.13. 
Show that Eq. (9.14) reduces to (9.54) for the model of homogeneous shear 
turbulence we have been using in the text. 


9.14. 

We see from the first equation in (9.56) that the Reynolds stress feeds only turbulent 
fluctuations of kinetic energy contained in the x component of the velocity. Yet in 
experiments it is found that after sufficient time this energy is redistributed to also 
be contained in u/, and u/. Identify qualitatively the physical mechanism which may 
cause this redistribution. Explain. 


9.15. Using the general definition of an average (9.58), propose a structure or 
weight function W,(&,7) so that the definition will yield a space average, over some 
parallelepiped, and also a W;(§,T), which will yield a time average over a time 
segment [0,7]. 


9.16. Using the averaging operation properties (9.60)-(9.64), prove the equalities 
which follow: 


9.17. Show that for N = 1 in Eqs. (9.97)(9.98) aj" = 0, 45" = mM — 
Mi; , and ME™ = Mx — 3M My +23. Conclude that WS" is the variance 
(03) of u. What is the standard deviation and what is the covariance, in terms of the 
moments and/or central moments? 


9.18. 
Prove the property (9.101) of the correlation function. 


9.19. 
Using Eq. (9.86) and the conditions (9.83), show that g(r) = f(r) + 5rdf/dr, indi- 
cating that only one function is needed to obtain the full correlation tensor Q;(r). 


9.20. 
Let O(r) = $Qji(r). Prove the following relations between Q(r) and E(k): 
af? ; 
E(k) = = [ O(r)krsin(kr)dr, 
0 


Q(r) = : ” E(k) sn) dk. 


9.21. 

Show that the constants in the normal distribution (9.102) are related to the moments 
of the distribution; thus, #; (the first moment) is equal to the constant a, while the 
central second moment (uj — i) (ug — uj) is equal to G/Gjx, where G = det(gj.) and 
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Gj = AG/Ogix is the cofactor of the element gj, in determinant G. Find also an 
expression for the ordinary (noncentral) second moments of the distribution -Zx. 


9.22. 
Using Eqs. (9.114)-(9.115), show that the (triple) Dirac delta function 6k, satisfying 
6(k) =0 fork #0 and { 5(k)d*k = 1, can be expressed as 


i ae ae ete ae 
5k) = (=) 7 ees (2) / err & (9.225) 
9.23. 


Prove formula (9.118) and explain its physical meaning in words. 


9.24. 
Using the hints and discussion in the text (last part of Sect. 9.4), write the Fourier 
transform of the Navier-Stokes incompressible equations. 


9.25. 
Prove identities 9.139 (all that is needed is integration by parts) and the conservation 
laws (9.140)-(9.142). 


9.26. 
Prove the properties (9.148)—(9.150) of the low-pass filtering operator Py = u(x) ++ u<qg. 


9.27. 

Show that the cumulative (up to the wavenumber q) energy balance equation (9.152) 
holds, starting from expression (9.153). Hint 1: Some equalities here are identical 
to those used in the derivation of Eq. (9.141)—see Problem 9.25. Hint 2: The 
contributions from the nonlinear term do not vanish here, however, and when 
expanded they produce four terms. Two of these terms, listed below, vanish. Show 
that it is so. The vanishing terms are 


Ucg* (Ug? Veg) =0, and Ucg: (cg: Vucg) = 0. 


9,28. 
Show, using the 4/5 Kolmogorov law, that the scaling exponent in Su(x,A/) = 


A*du(x, £) has the value s = 1/3. 


9.29. 

Use the phenomenological expression for eddy turnover time (9.178) to find how 
the square of the separation distance between two fluid particles, released a distance 
£ apart in a turbulent flow, increases with @. This result was found by Richardson as 
early as 1926. 


9.30. 
Consider the mean thermal speed of the microscopic particles of a fluid and, as is 
usual, assume that it is approximately equal to the sound speed c,. Show that 
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nk _ Rel/4 
Aimfp M 


(9.226) 


where Amp is the mean free path of the microscopic particles in the fluid and M is 
the Mach number. What strong inequality is necessary so that the fluid continuum 
approximation holds for the smallest (dissipative) scale and what does it mean 
physically? 


9.31. 
Show that the ratio of the velocity to length at the Kolmogorov dissipation scale, 
denoted here by 1, can be estimated to be 


‘i y3/4@1/4 
Jt a : (9.227) 
n up 


where the index 0 indicates the integral scale. This ratio is sometimes called the 
velocity gradient. 


9.32. 

Complete the algebra in the text to bring Eq.(9.165) to the concise form 
Eq. (9.166). In addition, use the definitions we had to arrive at the explicit form of 
the first term on the right-hand side of the Karman—Howarth equation for isotropic 
turbulence (9.167). 

Derive from the Kérmén—Howarth equation (9.167) the 4/5 law (9.168) using 


the following hints: Show that s! = 6u°K(r), then write the Kérmén—Howarth 
equation in terms of the second- and third-order structure functions, and neglect 
terms e< ¢ with respect to similar terms « £9. 


9.33. 

Two simple models of the inverse cascade of energy were presented in Sect. 9.5.2; 
referring to these: (a) Quantitatively complete the calculation of the example 
wavenumber triad, then make a different choice for the three initial k values, and 
repeat. (b) Show that relation (9.198) is true. 


9.34. 

Using the constant enstrophy flux solution (9.207), show that @, is, in fact, 
proportional to log(k) and not constant. Discuss the meaning of a nonconstant 
@g and how this leads to (9.209). Hint: deal with any improper integrals. Bonus: 
derive (9.209). 


9.35. 
Consider the linear evolution of vortex profile initially given by 


Cy = Sop COSX COSY 
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subject to the external velocity field U = AyxX evaluated on an infinite domain in 
x and y. Show that the energy (per unit area) of the flow due to the initial vortex 
distribution asymptotically behaves like ~ 1/1? where t is time. Conclude that as 
the gradients of the vortex increase due to distortion, the energy contained within 
decreases. 


Bibliographical Notes 


General 


A rather large number of accounts on turbulence exist. The Landau—Lifshitz classic 
book on fluid mechanics contains merely one short and idiosyncratic chapter, while 
Davidson’s book holds 650 pages and this seems too much for our purposes. In 
any case, some parts of Davidson’s book can be very useful. We estimate that the 
relatively recent proceedings of the Les Houches session LXXIV on turbulence 
contain topics that are close to the state of the art on the subject. We recommend, in 
particular, those lectures that deal with subjects we were unable to include here. 


1. L.D. Landau, E.M. Lifshitz, Fluid Mechanics, 2nd edn. (Elsevier, New York, 
2004) 

2. PA. Davidson, Turbulence (Oxford University Press, Oxford, 2004) 

3. M. Lesieur, A. Yaglom, F. David (eds.), Les Houches Session LXXIV. New 
Trends in Turbulence. EDP Sciences (Springer, Berlin, 2000) 
A conference commemorating the Nice conference of 1961 on the mechanics of 
turbulence was held in the same venue 50 years later. A concise review article 
by H. K. Moffat opens the proceedings: 

4. H.K. Moffatt, Homogeneous turbulence, an introductory review. J. Turbul. 
13(1), N39 (2012) 


Section 9.1 


The best introductory text which can serve us here is, in our opinion, that of 
Tennekes and Lumley, while Lesieur’s book is more advanced mathematically and 
more comprehensive. 


5. H. Tennekes, J.-L. Lumley, A First Course of Turbulence (MIT Press, Cam- 


bridge, 1972) 
6. M. Lesieur, Turbulence in Fluids (Springer, Berlin, 2008) 
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Section 9.2 


In our opinion the clearest presentation of Reynolds equations, as well as results 
on shear flows, can be found in Davidson’s book [2]. Landau and Lifshitz [1] also 
contain some useful discussion on the “log-law of the wall,” as well as on turbulent 
jets. 


Section 9.3 


Here the best source remains, in our opinion, the classic work of Monin and 
Yaglom, recently re-edited by Dover. Lesieur’s book [6] is also useful. Chapter 6 
of Davidson’s book [2] includes comprehensive material on correlation functions in 
an isotropic medium as well as a clear derivation of the Karman—Howarth equation. 
This equation together with an interesting, quite advanced, look on the theory of 
turbulence can be found in E. A Spiegel’s notes of S. Chandrasekhar’s lectures. 


7. A.S. Monin, A.M. Yaglom, Statistical Mechanics of Turbulence, vol. I, I 
(Dover, New York, 2007) 

8. E.A. Spiegel (ed.), The Theory of Turbulence. S. Chandrasekhar’s 1954 Lectures 
(Springer, New York, 2011) 
The following article in Science points out some new important observations 
on turbulent flow, which prompted the recent beginnings of linking dynamical 
systems theory to turbulent flow (see below, reference [19]). 

9. B. Hof, C.W.H. van Doorne, J. Westerweel, F.T.M. Nieuwstadt, H. Faisst, 
B. Eckhardt, H. Wedin, R.R. Kerswell, F. Waleffe, Science, 305, 1594 (2004) 


Section 9.4 


Kolmogorov and his school were early chief contributors to the theory of turbulence. 
There is probably no book which does not attempt to describe their work. We found 
the parts of the voluminous reference number [2] useful. Frisch’s work, cited below, 
fits well the subject of this section, and in particular it contains the derivation 
of the Kérman—Howarth equation in the non-isotropic case and from it the 4/5 
Kolmogorov law. Some of Kraichnan’s many contributions to turbulence theory can 
be found in his paper and references therein. 


10. U. Frish, Turbulence (Cambridge University Press, Cambridge, 1995) 
11. R.H. Kraichnan, The structure of isotropic turbulence at very high Reynolds 
number. J. Fluid Mech. 5, 497 (1959) 
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Section 9.5 


An excellent modern review of forced two-dimensional turbulence with many 
references to recent experiments can be found in 


12. G. Boffetta, R.E. Ecke, Ann. Rev. Fluid Mech. 44, 427 (2012) 
The following very good lecture series, which was presented at the Les Houches 
session LXXIV, is also highly recommended. 

13. J. Sommeria, Two-dimensional turbulence, pp 387-442 of in number [3], is also 
an excellent source for the topic of two-dimensional turbulence. 
The original work of Kraichnan, whose reading is not easy, is recommended as 
the pioneering contribution. 

14. R.H. Kraichnan, Phys. Fluids 10, 1417 (1967) 


Section 9.6 


15. R. Kippenhahn, A. Weigert, Stellar Structure and Evolution (Springer, Berlin, 
1990) 


Section 9.7 


16. Y. Gagne, Contribution a l'étude expérimentale de l’intermittence de la turbu- 
lence a petitte échelle. Thesis, Grenoble University (1980) 

17. O. Regev, Chaos and Complexity in Astrophysics (Cambridge University Press, 
Cambridge, 2012) 

18. T. Bohr, M.H. Jensen, G. Paladin, A. Vulpiani, Dynamical Systems Approach to 
Turbulence (Cambridge University Press, Cambridge, 1998) 
This following Internet website and paper are the most recent and significant 
development in the use of dynamical systems theory to turbulence. 

19. J.F. Gibson, P. Cvitanovié, www.ChaosBook.org/tutorials (2013) and P. Cvi- 
tanovi¢, J. Fluid Mech. 726, 1 (2013) 
Among the books describing some (mainly engineering) LES numerical 
approaches to turbulence is 

20. C. Wilcox, Turbulence Modeling for CFD, I edn. (DCW Industries, Anaheim, 
1998) 
Modern computational approaches are also discussed at considerable length in 
the Les Houches lectures (reference number [3]). 


Chapter 10 
Magnetohydrodynamics 


The lodestone makes iron come or it attracts it. 


Chinese Master of Demon (4th-century BC); ‘The Master of Demon Valley’ 


10.1 Introduction 


Magnetohydrodynamics (MHD), also called sometimes magnetofluid dynamics or 
hydromagnetics, is the study of the dynamics of electrically conducting fluids 
in the presence of a magnetic field. Electrical fields induced in such a fluid as 
the result of its motion are bound to drive electrical currents that modify the 
magnetic field which, in turn, imparts force on the fluid, affecting its motion. A 
correct description of such a complicated system can be achieved by combining FD 
equations, which we have been studying in this book, with the Maxwell equations of 
electromagnetism. J.C. Maxwell (1831-1879) unified, as expressed in his equations, 
electricity with magnetism giving rise to the understanding of electromagnetic 
waves. This respected mathematical physicist was also active in thermodynamics. 
In this chapter we shall embark on combining Maxwell’s equations with those of 
FD, explaining in considerable detail the assumptions that are usually made in 
the purpose of formulating the MHD picture of conducting fluids. Liquid metals, 
like mercury at room temperature, and water containing a solution of chemicals 
dissociated into ions are also examples of conducting fluids. However, very hot 
dilute ionized gases may even not obey the continuum approximation as discussed 
in Sect. 1.1, and they go under the name of plasma. Some consider the state of 
plasma to be the fourth phase of matter, in addition to solid, liquid, and gas. This 
nomenclature seems today quite outdated, as in modern research the boundaries 
between these phases are no longer clear-cut. In any case, plasma physics is a vast 
subject, and as such, it is clearly outside the scope of a book on fluid dynamics. 
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Fig. 10.1 A multi-wavelength extreme ultraviolet snapshot of the Sun from the Solar Dynamics 
Observatory, showing the Sun’s northern hemisphere in mid-eruption. Different colors in the image 
represent different gas temperatures. Public Domain, from the NASA picture of the day. Courtesy 
of NASA/SDO/AIA 


The physics of plasmas is however important to study, in the laboratory as well as 
in nature. This is due to the intensive laboratory efforts to achieve controlled fusion, 
which could be a vast source of clean energy, and to geophysical and astrophysical 
research. For example, our Sun appears to the naked eye as a perfect uniform disk. 
However, it turns out that the Sun’s magnetic field, although not strong enough 
to cause significant disruptions of the star itself, is found to have energetically 
prominent and very variable behavior. In Fig. 10.1 the solar disk is shown in mid- 
2010, when almost the entire Earth facing side of the Sun erupted in a tumult of 
magnetic activity. We turn now to MHD, this chapter’s subject. It is that part of 
plasma physics which lends itself to a fluid, that is, continuum, description as it was 
defined in Sect. 1.1. Moreover, the majority of our discussion will be based on MHD 
in its narrower sense, a model in which the following assumptions are adopted. 
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Assumption I 


The medium is considered to be a single neutral conducting fluid, which at each 
point x of space and at each time is endowed with well-defined hydrodynamic func- 
tions: density p(x,t), pressure P(x,t), and velocity u(x,t). The fluid is considered 
to have a prescribed temperature at each point and time, because all the charged 
species separately are assumed to obey locally the Maxwell—Boltzmann distribution 
of their random (thermal) velocities, with the same temperature. 

The conclusion of the last sentence above is that local thermodynamic equilib- 
rium (LTE) prevails. MHD description of conducting fluids is a branch of plasma 
physics, and as such it is a relatively recent discipline in physics. H. Alfvén, who 
is considered a leading pioneer in plasma physics, received a Nobel Prize only 
in 1970, “for fundamental work and discoveries in magnetohydrodynamics with 
fruitful applications in different parts of plasma physics.” It is true that already in 
1928 I. Langmuir coined the term plasma for the ionized gas in a discharge tube, and 
even earlier cathode rays, whose nature was thought to be a special state of matter, 
were observed in Crookes tubes. In addition, already in 1919 J. Larmor proposed a 
theory for the generation of the solar magnetic field. However, systematic studies of 
plasma, created in the laboratory or existing in nature, became serious only in the 
second half of the past century. 

A reasonably rigorous transition from plasma kinetic theory (collection of a large 
number of charged particles) to fluid description is formidable. Even in the case of 
neutral fluids, we have chosen not to follow the route to hydrodynamic equations 
from the kinetic ones, but have instead applied macroscopic conservation laws on 
a fluid particle. In MHD we are talking about electrically conducting fluids, acted 
upon electromagnetic force fields, and thus list explicitly our assumptions (along 
the text), wishing to follow a way similar to neutral fluids, towards a closed set 
of hydromagnetic equations. The above Assumption 1 stems from the fluid being 
regarded as dominated by collisions between the microscopic particles, that is, any 
typical macroscopic frequency of interest in our system, marked by a tilde, @, must 
satisfy ® < V,, where V, is the average collision frequency between the microscopic 
particles: electrons, ions, and themselves, as well as electron-ion collisions. Intro- 
ducing an average mean free path between collisions ¢ and a characteristic random 
thermal velocity w, we get ¥. ~ w/é. Defining now a characteristic macroscopic 
length of our problem L, we note that typical macroscopic motions have a velocity 
of the order of a typical sound speed, U ~ ¢;, which in turn is of the order ¢; ~ w. 
Thus, the characteristic frequency for macroscopic phenomena is @, ~ U/L. Clearly 
then @, ~ @, and we shall use both notations interchangeably, so the relation 
@L~ U ~ wis self-evident. It is easy to see that the condition @ < V, is equivalent 
to Kn < 1, where the Knudsen number is, as we have defined it in Chap. 1, the 
ratio between the mean free path @ and a typical macroscopic system length scale 
L. We shall look into the collisional processes in more detail below. It is clear that 
Assumption 1, and as we shall see below some of the other assumptions as well, 
forces a low-frequency limit for MHD. This is sometimes called, as mentioned at 
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the outset, MHD in the narrow sense, but we shall prefer to call it the one-fluid 
MHD model. The assumptions, which we shall list as we proceed, are all necessary 
for the one-fluid model. Clearly, low frequency means long wavelength and thus 
this approximation is bound to work well for large bodies of conducting fluids— 
cosmic or geophysical systems, for example—while in the laboratory, e.g., in fusion 
experiments, the one-fluid equations usually fail to describe the system correctly and 
one must take recourse to MHD in some broader sense, e.g., Hall MHD, or two-fluid 
MHD, if not full-fledged plasma physics approach (see Sect. 10.9). 

So far we have said nothing about the different charged species, which, for 
simplicity, we assume to be electrons and protons. It is however necessary that 
we have a neutral one-fluid, that is, in terms of particle densities |n, — Np| <n, 
where we are talking about particle densities. This is a good assumption, as we 
shall see below, because even a small charge imbalance creates a relatively huge, 
electric field. This field acts so as to restore neutrality. The equations governing 
MHD include the FD equations, including a magnetic source for the body force (see 
Chap. 1) and the Maxwell equations, which we shall give below, and couple them 
to the fluid equations, consistently with our previous and forthcoming assumptions. 
We have chosen the c.g.s. Gaussian e.s.u. system of units for electromagnetism, to fit 
the c.g.s. mechanical system, used so far. Before starting the algebraic manipulations 
necessary to derive the full set of MHD equations, we state the second assumption. 


Assumption 2 


Regarding the macroscopic electric and magnetic fields E(x,t) and B(x,t), which 
permeate the fluid, we stress that we deal with media in which the electric 
permittivity and magnetic permeability are, to excellent approximation, equal to 
their vacuum values. The usual transport coefficients, like HD dynamic shear 
viscosity 7 and bulk viscosity ¢, as well as heat (x) and electric (0,|) conductivity, 
are all assumed to be constant scalar positive quantities. That is, the fluid is assumed 
isotropic. 

The isotropy of the coefficients is one of our simplifying assumptions, valid 
in most cases. We shall use an isotropic description, even though there are 
important systems in which the electric conductivity is not isotropic and Ohm’s 
law (see below) is nonlinear. Also, the heat conductivity may depend on the 
direction, perpendicular or parallel to the magnetic field. We shall not deal with 
such complications. It is useful to conclude this introductory section by giving 
the definitions and estimates of a number of important quantities, known as the 
kinetic coefficients which are determined by taking into account also microscopic 
properties of the system. Some of these quantities are important mainly in dilute 
plasmas, where the MHD model is not applicable, but most others are helpful in 
understanding the right approximations and their underlying assumptions that may 
be used in one- or multi-fluid MHD. 
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10.1.1 Estimates of Some Kinetic Coefficients 


For simplicity, we shall consider hydrogen plasma, in LTE, that is, the electron and 
proton temperatures are both equal T, say, at a specific location and time. We shall 
consider the kinetic coefficients at this position and time. This assumption will be 
sufficient for our purposes, while the one regarding composition can be trivially 
generalized for positive ions of other charges. 


¢ Microscopic thermal motion 
The thermal random velocities can be estimated using the known fact that the 
kinetic energy of every degree of freedom in the random microscopic motion is 
skp T, where kg is the Boltzmann constant (kg = 1.381 x 10716 ergs/deg). Thus, 
we have a thermal velocity component of a particle 


1.5kgT 
Wa, ~ . , with a@=e,p for electrons and protons 
Mo 
implying “ = j—? ~ 43. (10.1) 
Dp e 


Numerically, the thermal velocities of the electrons are of the order we ~ 5 x 
10’ VT. 4 cm/s, where Ty is the temperature in units of 10*K, while those of the 
protons are smaller by a factor \/mp/me ¥ 40. 

Shifting now the attention to the mean free path between collisions £, we use the 
general, self-evident, expression (for both £, and £,) 


Pen 


: 2 
nin’ with Otot ™ Tinto (10.2) 


where we have approximately set the total collisional cross section between 
charged particles to be the square of the interaction range rin. Formally, the 
Coulomb interaction has an infinite range, however, in a mixture of thermal 
electrons and protons, at distances larger than the Debye length: 


kpT 
Ap = . 10.3 
" 4me2n ( ) 


The field of a point charge is totally screened by charges with the opposite sign. 
In Problem 10.1 this statement is proven and the Debye length is estimated for a 
number of conditions. To get an approximation for the interaction range, we may 
roughly equalize the kinetic and Coulomb potential energy of the particles; thus, 


e 
ye (10.4) 


Fint 
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Remembering that in the derivation of the shielding distance we have assumed 
an exponential falloff «< exp(—r/Ap) multiplying the Coulomb potential, we 
understand that in the use of the above rough estimate for rint we lose a factor of 
In(Ap/Tint) which is called the Coulomb logarithm. The latter is a slowly varying 
function of temperature and density and for most conditions is of the order of ~ 
a few. It follows from Eq. (10.2) that the following is a reasonable estimate: 


(kgT)* 
Za 


= £. (10.5) 


Bese how 

eé P ne 
Expressing the temperature in units of 10*K and the number density in 107” cm, 
we get the numerical estimate of ~~ 5 x 10-°T? /nz2 cm. Turning now to the free 
flight times, between collisions, of the two particles, we get 


(10.6) 


ee (10.7) 
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The numerical value of electron collisional frequency can also be expressed using 
our fiducial value of the temperature and density (see Problem 10.2). Again, as 
in the case of the thermal velocity, the difference between the collision times and 
frequencies of electrons and protons results only from their mass differences 


ey eed (10.8) 


with the ratio of the collisional frequencies trivially following. 

If we wish to be more precise, we have to estimate a proton-electron collision 
frequency (so far we dealt only with v® with a =e, p, which are electron—electron 
and proton-proton collisional frequencies, respectively). It is a simple exercise to 
estimate the electron—proton collision frequency, using a nonrelativistic approx- 
imation of classical mechanics. Noting that the electron mass is much smaller 
than that of the proton and, obviously, of heavier ions as well as that the electron 
velocity Ve > Vp, the proton velocity, we conclude that the time needed to change 
the momentum of an ion because of a collision with an electron is appreciably 
longer than the one given by the reciprocal value of v in Eq. (10.7). Let us call 
that time T,_, and use the conservation of momentum and energy in the collision. 
The changes in the respective velocities in such a collision are approximately 


Me 
AVe~ Ve, AVyp~ —Ve ~4/—Vp, (10.9) 
Mp Me 
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as the result of Problem 10.3 shows. Thus, \/mp /m, collisions of a proton with 
an electron are necessary to lose its energy and momentum, so that 


m a m 
Top w/t => Vern, [—ve. (10.10) 
Me Mp 


So we may add to our estimates also 


Mm. = mM 
Tope —t = vi Pw ye. (10.11) 
Me Mp 


In what follows we shall call the frequency of electron—proton collision just Ve. 
The ordering T : T : T~1 : 43 : 1850 evidently indicates that if hydrogen 
plasma is slightly disturbed out of thermodynamic equilibrium at a certain loca- 
tion, the electrons will settle into a local thermodynamic equilibrium, between 
themselves rather quickly—after a few T,., protons will do it only after a time a 
factor of ~ 40 larger, and not necessarily to the same equilibrium temperature, 
and both species will finally settle into local thermodynamic equilibrium with a 
common temperature only after ~ 2000T.. 
¢ Plasma parameters 
We have already seen the Debye length Ap and now wish to define what is some- 
times called the plasma parameter. This is the reciprocal of the dimensionless 
combination hela. Thus, the plasma parameter approximates the reciprocal of 
the number of electrons in the Debye sphere around a proton, say. We expect 
that the plasma parameter will be a small quantity, compared to 1, that is, a 
significant number of electrons are in the sphere. Since their mean distances are 
approximately ~ ne Me 2 the quantity nz! . which is the average pair electrostatic 
energy, should be very small, compared to kgT, if the plasma parameter is a 
small number. Thus, the expansion of the exponentials in Problem 10.1 is a 
posteriori justified. If we take a characteristic dimension of the variation of 
physical properties in the conducting fluid system to be L and if L >> Ap, we 
may be confident that the electron density is to a large degree equal to the proton 
density or to the ion density. If the neutrality is violated, significant electric fields 
appear in the fluid frame, so as to neutralize it. It is instructive to understand 
that the violation of neutrality, that is, separation of electrons and protons, will 
give rise to very rapid oscillations in the effort to achieve charge neutrality, as 
said before. The neutralization timescale can be found easily. The associated 
frequency is called the plasma frequency, @p, and is different for the two charged 
species, due to their different mass. We have for the two species—electrons and 
protons, say. & = e,p 


4 2 
G4 (10.12) 
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Numerically, the associated timescale for electrons having number density of 10°? 
cm? is extremely short (~ io s)! 

We are thus confident that for a collisionally dominated conducting fluid in LTE, 
if we are interested in length scales that greatly exceed ¢ and Ap and low enough 
frequencies, the fluid may be perceived as neutral, albeit ionized, and the MHD 
description should work well, when the macroscopic velocity of the fluid u is 
approximately equal to the macroscopic velocity of the ions, because they are 
significantly more massive than the electrons. In contrast, the electrical current, 
if any, is carried by the electrons. 

Gyromotion 

Charged particles execute circular motions around the magnetic field lines, when 
such a field is present, due to the Lorentz force acting on them. It is of interest to 
examine whether these motions interfere with the MHD description. To calculate 
the cyclotron frequency of a single particle of mass mg, in a magnetic field B is a 
trivial exercise 


_ eB 


a é 
Mac 


(10.13) 
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where c is the speed of light. The direction of this motion is in a circle lying 
in a plane perpendicular to a magnetic field line, with its center at the point in 
which the magnetic field line pierces the plane being the plane of the circle. 
To get an order of magnitude estimate here, we consider an electron moving in 
a magnetic field typical of the solar value (~ 1 kG) and get 3 x 10° rad/s. This 
value is significantly larger than the collision frequency at typical conditions (see 
Problem 10.2). In any case, we should not expect any macroscopic currents, as 
a result of gyro-motion (can you explain why?), and consequently we ignore the 
possible effects of such motions. 


10.2.» MHD One-Fluid Model Equations 


10.2.1 Combining the Maxwell Equations with the FD 
Equations 


Assumption 3 


The equations are written for an inertial frame of reference, and it is assumed that 
the nonrelativistic approximation holds, that is, U/c < 1, where c is the velocity of 
light in vacuo and U ~ La, is a typical macroscopic velocity in the problem. The 
latter can also be a typical sound speed ¢; or Alfvén speed @, (see below). 
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The above assumption allows us to slightly modify Maxwell’s equations, in 
the way described below. In their original, unchanged form, remembering that 
we use vacuum values for magnetic permeability and electric permittivity, these 
equations are 


V-E = 4np,, (10.14) 
1 0B 
Vie 10.1 
x a (10.15) 
V-B=0, (10.16) 
(aes Gal (10.17) 
Cc c Ot 


where pz, is the electric charge density and j is the electric current density that 
in the one-fluid model of MHD results from a very slow (see below) drift of the 
electrons with respect to the positive ions. All the other symbols have their usual 
meaning. Equation (10.15) results from the Faraday induction law, and Eq. (10.17) is 
Ampeére’s law plus the displacement current found by Maxwell, sometimes referred 
to as post-Maxwellian Ampére’s law. Exploiting Assumption 3, we may estimate 
the order of magnitude of the displacement current in Eq. (10.17); thus, 


Lee (10.18) 


where F is a typical value of the electric field and T, as before, the relevant timescale. 
This has to be compared to the left-hand side expression 


E 
VxE~ 7s, (10.19) 


with L, as before, the significant length scale. Thus, the displacement current is 
of the order U/c times the left-hand side of this equation, because U ~ L/t. 
Consequently, we may neglect the displacement current, on account of assuming 
nonrelativistic speeds, e.g., U/c < 1, and obtain, instead of Eq. (10.17), its pre- 
Maxwellian form: 


4 
VxB=—j. (10.20) 
Cc 


All this means that the conduction current vastly exceeds the displacement current. 
Neglecting the displacement current is also consistent with the fact that in virtually 
all MHD models, as explained above, we are dealing with low-frequency phenom- 
ena (can you see why?). This is the only approximation we make in Maxwell’s 
equation, and we have the original set, with (10.20) replacing (10.17), meaning that 
the magnetic fields are created by conduction currents only. 
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Regarding the velocity involved in a typical macroscopic drift of electrons, with 
respect to the ions, we can readily estimate it to have an almost absurdly low value. 
Using Ampére’s law, one can get order of magnitude estimate for the conduction 
current i 


es cB 
LO a (10.21) 
In Problem 10.4 it is found that for solar conditions such a current corresponds to 
electron drift velocity of vt 10-!° cm/s! This may be surprising, as this current 
is compatible with the magnetic field, which is certainly nonnegligible and in fact 
is very instrumental in the motion. The answer lies, of course, in the size L. In 
cosmic bodies L is huge and the magnetic fields are important, as we shall see, in 
the fluid motion. In smaller systems, as Eq. (10.21) shows, the conduction currents 
and drift velocities are proportionally larger. In any case, when writing the equation 
of motion, we shall be able to define nondimensional numbers measuring the 
importance of the magnetic (Lorentz) force on the conducting fluid. The smallness 
of the drift velocity is still another aspect of one-fluid MHD. It is certainly consistent 
with this model. 

To derive the equations controlling the dynamics of matter, we begin with the 
mass conservation and Navier-Stokes equations (1.52—1.53) dividing the momen- 
tum equation by the mass density, p, for convenience: 


oP gta 50: (10.22) 
ot 

du 1 2 1 

Fe eee aa ut | vat3V V(V-u), (10.23) 


with the tacit assumption that the viscosity coefficients are scalar constants. Splitting 
now the body force b into its magnetic contribution, by = j x B/c, the Lorentz force, 
with j taken from Ampére’s law (10.20) plus the nonmagnetic part Dam (gravity say) 
and neglecting the second viscosity, as is customary for fluids in LTE, we get the 
following momentum equation, which is often called, the equation of motion: 


Du 1 
Dt — Arp 


(V xB) xB VP + v|Vu+ 5V(V-a)]. (10.24) 


Equations (10.22) and (10.24) are not a closed set for two reasons. First, which is 
already known from Chap. 1, there is a need to use an equation of state for P, which, 
in turn, calls for some form of heat or energy equation. Second, an equation for the 
development of the magnetic field is needed. We shall answer this need in the next 
subsection, but before that we make a few important remarks, regarding the Lorentz 
force (per unit mass), which appears in the equation of motion. This force is written 
in Eq. (10.24) in terms of the magnetic field and mass density only. Vector identities 
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help one to write it in a somewhat different form 


1 1 B 1 
5 sv (3) + ao BV (10.25) 


where B = |B. 

The above splitting of the Lorentz force allows us to understand the physical 
meaning of the two contributions. The first term is similar in its form to the 
pressure term in the usual FD equation of motion; thus, one may perceive the 
expression B*/(8) as a magnetic pressure. Indeed, this is the magnetic energy 
density, similar to the thermal pressure, which is the internal energy density. Force 
is exerted on the fluid if the magnitude of the magnetic pressure varies with position, 
i.e., has a nonzero gradient. In contrast, the physical effect of the second term 
is one of a magnetic tension force, acting along the field lines. The magnetic 
pressure contribution vanishes when there is no gradient of the field strength, while 
the magnetic tension term vanishes if the field lines are straight. Problem 10.6 deals 
with some examples. Substituting Eq. (10.25) into the equation of motion (10.24) 
makes it more transparent physically 


Du _ 


a Bam — 5 V(P+ Pag) + (B-VyB+v]Vu+5V(V-u)], (10.26) 


47p 
where Pmag = B?/(87). 

We are now able to define some nondimensional numbers, whose values indicate 
the physical properties of an MHD flow. An important number of this sort is the 
so-called plasma beta, defined as 

P 
Bot = 


a4, (10.27) 
Pmmag 


where tilde, as usual, indicates typical values in the flow. It should be evident that Bp) 
measures, in a reciprocal way, so to speak, the importance of the magnetic effects 
in an MHD flow. Just as the sound speed c; is associated with the thermal pressure, 
there is also a speed associated with the magnetic pressure, called the Alfvén speed. 
We shall see later that this speed is also associated with a wave, whose MHD version 
we examine, but before that let us just define 


a=) = —, (10.28) 


thus 


Pmag = aP Ca (10.29) 
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Consequently, or / on which is sometimes called the Cowling number, Co, indicates 
the importance of magnetic effects in an MHD flow and clearly Co ~ icime More 
specifically, it gives the ratio of magnetic to internal thermal energies. The Alfvén 
number A = U/é,, where U is a typical fluid velocity, expresses the ratio of the 
of the inertial to magnetic stresses and its square the ratio of the kinetic energy to 
the magnetic energy. The last number, which we introduce in this subsection, is the 
Alfvén Mach number: 


Ay = <A. (10.30) 


Usually, typical MHD speeds are U < éq; thus, if Ay < 1, the incompressible 
approximation for our magnetofluid holds and the term which includes V-u 
may be neglected in the equation of motion (10.26), similarly to nonmagnetic 
incompressible flow. 


10.2.2. The Induction Equation and the Fluid Heat Equations 
in MHD 


In the effort to close the system of equations, we search for an additional relation 
which the magnetic field satisfies. It is clear that V-B = 0 cannot be sufficient (think 
why); however, we remember that Assumption 3 guarantees nonrelativistic motion, 
and thus we can transform the electromagnetic field to the fluid frame Jocally, using 
u as the velocity for the Galilean transformation. Denoting the values in the fluid 
frame by a prime, we get 


B’ =B, (10.31) 

j=j (10.32) 
1 

E’ =E+—uxB. (10.33) 


Now, we remember that we are dealing with a conducting fluid and the driver of 
the current is the electric field; consequently, we need an equation providing a 
connection between j and E. 


Assumption 4 
We adopt the simplest form of the electric current—field relation, which is also 
consistent with the one-fluid MHD assumption. It is the linear Ohm’s law which 


holds in the fluid frame 


j =oF, (10.34) 
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where the conductivity 0.) is assumed in this simplest case to be a constant scalar. 
Problem 10.7 uses simple arguments to obtain its value 


Oel = ) 
MeVe 


(10.35) 


where the symbols have their usual meaning, remembering that v, is the mean 
electron—proton collisional frequency. More involved versions of Ohm’s law com- 
plicate the situation, and the MHD model that arises is usually not of the one-fluid 
kind. Now, by effecting a Galilean transformation of E’ into E, by using (10.33) and 
substituting the simplest Ohm’s law expression (10.34), we get 


bo 29h, (10.36) 


Inserting now the expressions from Faraday’s law (10.15) and pre-Maxwellian 
Ampeére’s law (10.20), replacing the triple vector product by its equivalent expres- 
sion using a vector identity and remembering that V - B = 0, we finally obtain the 
induction equation for B 


aB 


a =Vx (ux B)+7,,V°B, (10.37) 
where the resistivity Nm is defined and expressed in the following way 
Cem, eV, 


ue ; (10.38) 


Ante  4mnce2 Me 
looking, by analogy, as if it is a “magnetic kinematic viscosity,’ but it should 
not to be confused with the dynamic fluid viscosity 7. In the spirit of previous 
assumptions, we take the coefficient of resistivity to be a constant. The numerical 
value of the resistivity in any physical units cannot hint at the strength of its physical 
effects. Instead, we try to achieve a physically meaningful description by making 
Eq. (10.37) nondimensional. This introduces an important MHD dimensionless 
number, the magnetic Reynolds number, Rm: 


LU 4no, 
Rn = = LU = a 
Tm Cc 


, (10.39) 


where L and U are typical length and fluid velocity scales of the problem at hand. 
Returning to the induction equation, one can immediately weigh the importance 
of its two terms on the right-hand side, by making the equation nondimensional. 
Using the typical values of L and U for length and velocity scales, respectively, this 
equation reads 


aB 


1 2 
=, = Vx (ux B) + VB. (10.40) 
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It is not too difficult to understand the physical meaning of the following limits of 
the induction equation. 


¢ The limit Rm > 1. 
This happens for fluids with very low resistivity, i.e., high conductivity for given 
L and U, remembering that the magnitude of these scales influences the size of 
Re as well. So if we go to the limit of Rm being so large, that the term containing 
it in the denominator can be neglected, we get 


Bivx (Bx u) =0, (10.41) 
which gives an interesting physical phenomenon. This last equation is com- 
pletely analogous to Eq. (2.24), with the vorticity @ in that equation, replaced 
here by B, the magnetic field. Equation (2.24) was one of the expressions of 
Kelvin’s theorem, which states that in the fluid motion the velocity circulation 
or the vorticity flux through any material surface S(t) is conserved, i.e., 


d 
<f @ -fidS = 0. (10.42) 
dt Js(1) 
As the magnetic field, in the case of infinite magnetic Reynolds number, satisfies 
in MHD the same equation as the vorticity, for an inviscid barotropic flow in FD, 
an identical flux conservation holds: 


d 
“| B- fds = 0. (10.43) 
dt Js(t) 


The above phenomenon (10.43) is, in MHD, referred to as field, or flux, 
freezing and is a very important property of MHD flows with Rm > 1. For 
example, a heuristic argument can be made for very high Rm flows to understand 
that if there is magnetic field, say, uniform, in an initial state, then a strong 
compression, due to gravitational collapse, for example, creates an opposing 
magnetic pressure, which often halts the collapse. This is, by the way, one of 
the issues in understanding star formation. As the similarity of the equations for 
the vorticity and magnetic field holds in special conditions, it is recommended 
for the reader to review the properties of vorticity and vortex tubes in Sect. 2.5. 
As we shall see, they are similar in many ways to magnetic flux tubes. 

The opposite limit Rm << 1. 

Very small magnetic Reynolds number allows one to neglect the V x (u x B) 
term with respect to the diffusive term in Eq. (10.40). Thus, we are left with a 
diffusion equation for the magnetic field. In dimensional units, it is 


3 = NmV°B, (10.44) 
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where the resistivity plays the role of the diffusion coefficient. This is a well- 
studied equation, and we can write its general solution (see Problem 10.9) for 
an initial condition Bo(x), where for simplicity we take a one-dimensional case 
in an infinite domain, as 


ee as -x) 
B(x,1) = \l geen |.” Bol exe | (10.45) 


We shall not dwell here on the diffusion equation, but rather deduce from its 
solution the typical diffusion time for the magnetic field. This clearly is 


L2 
Tpaitf Y —, (10.46) 
Tn 


where L is a typical length scale. This expression allows one to estimate 
the timescale for the magnetic field to decay by diffusion as expressed here 
in a conducting fluid. The general conclusion from Problem 10.8 is that 
the magnetic field loss timescale depends crucially on the system. Generally 
large astrophysical systems have diffusion times of the magnetic field that 
are larger than their, and sometimes even the universe’s, lifetime. Laboratory 
conditions, in which the size of the system is of the order of meters, say, usually 
give rise to quick dissipation of the magnetic field. For example, a cube of 
molten iron will lose its magnetic field in a matter of seconds. In the Earth 
core (Tg ~ 104 — 10° s) or a low mass magnetic star atmosphere (T, ~ 10!4 s) 
are intermediate systems in this sense, as they should relatively rapidly lose 
their magnetic fields by diffusion, if some kind of dynamo action would not 
strengthen the field. We defer till later any discussion of the difficult topic of 
MHD dynamos, but remember that in any case in such systems, the first term in 
the induction equation cannot be neglected. 


A tule of thumb can be formulated that the diffusive term rules in the laboratory, 
while field freezing is a good approximation in extended astrophysical bodies, at 
least in short enough timescales. Before turning to the discussion of MHD equilibria 
and simple flows, we wish to introduce yet another nondimensional number of 
significance, which measures the relative magnitude of fluid viscosity to “magnetic 
viscosity” so to speak, and actually resistivity coefficient. This number, termed the 
magnetic Prandtl number (Pm) and defined as 


Pn = — = — (10.47) 


can be expressed in c.g.s units using the values in reference [4] of this chapter’s 
Bibliographical Notes as 


T+ 
Pm = 5.910 x sr (10.48) 
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where T is in degrees K and p inc.g.s. It is apparent that this is a small number 
unless the temperature of the fluid is very high and/or the density very low. We shall 
give now a simple example of an MHD flow which demonstrates some of the 
principles set out above. 


10.2.2.1 Example: Hartmann Flow 


Consider a steady parallel flow of an incompressible viscous and resistive conduct- 
ing fluid in the space between two parallel planes, actually two rigid plates. This is 
similar to plane Poiseuille flow in FD (see Problem 3.2), but here we add a uniform 
magnetic field applied in the direction perpendicular to the plates. There are no 
other body forces. Assume that the plates are parallel to the x — y plane and note 
that in our hydrodynamical example in Chap. 2, we used x — z as the plate plane. 
Let a uniform magnetic field be applied only in the z direction: Bgz. The problem 
is considered y-independent and so are all the functions relevant to it, that is, it 
possesses a y-symmetry which does not allow any vector to have a ¥ component, 
except the induced electric field and the current which, as it happens, have only this 
component, as is found in Problem 10.12. 

The relevant equations, i.e., the MHD equation of motion (10.26) and the 
induction equation (10.37), are supplemented by the always correct V-B = 0 and 
the incompressibility condition V-u = 0. When looking for a solution, we use 
the same reasoning as was used in plane Poiseuille flow. The solution ansatz has a 
velocity distribution u(x,t) = u,(z)%, and the same functional form is assumed also 
for the longitudinal magnetic field B,(z), which results only from the fluid motion. 
V -B = 0 implies then, together with what has already been assumed and symmetry 
arguments, that the vertical component of the magnetic field is constant, that is, 
B,(x,t) = Bo. The pressure, however, must depend on x as it drives the flow. 
Consider now the z-component of the magnetic equation of motion (10.26), with 
the above assumption on the solution substituted: 


EA (1 eee (10.49) 


where Pmag = B?/(87). 

The pressure P may be considered as x-dependent; we remember that there is 
no dependence on y of any of the functions, but because of the uniformity in the x 
direction, dP/dx is a constant. We shall call the pressure difference over a typical 
distance L along x as AP. We are thus left with the following pair of equations, since 
V-u= 0 is satisfied identically 


dux dB, 
Bo— + = 10. 
0 r Nn 7 0, (10.50) 
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Pu, Bo dBy | 
d2 — Anpo dz 


= Pa, (10.51) 


where 1 = c”/(420) is the magnetic resistivity, v is the kinematic viscosity, and 
Po is the constant density of the fluid. The constant term 


Pq =—AP/(Lpo) 


is referred to as the pressure drop. These equations have to be solved subject to the 
boundary conditions uy = 0, By, =0 at the walls (plates) z = +w (2w is the width 
of the channel). The rigid walls are assumed to be insulating. Define now a length 
scale which will serve as a measure for the boundary layer in Hartman flow 


= CA PNm 


= (10.52) 
BoV Oe 


where ca = | Bi, /(4mp) is the representative, appropriate Alfvén speed. Together 
with the channel half-width, we can define a nondimensional number for this flow, 
which will play an important role in the solution’s self-similarity, namely, the 
Hartman number (Ha): 

w _ wBo Oel 


cae 
6 Ca Pm 


(10.53) 


One can easily find from differentiating equation (10.50) and substituting into it 
from Eq. (10.51) a third-order linear differential equation for vu, whose solution for 
ux(+w) = Ois 


ux(z) = Uo [! ~cosh (Ha=) / cosh(Ha)| (10.54) 


Similarly, a linear differential equation can be found for B,(z) and solved for the 
insulating boundary condition, and finally, the value of Uo, the velocity at the mid- 
plane, can be found in terms of the constant Py; see Problem 10.10 (Fig. 10.2). 

A moment of reflection leads to the realization that the Hartman number gives 
an estimate of how much the magnetic field affects the velocity profile, which for 
Bo = 0 is determined by the regular fluid viscosity. Clearly, if z is measured in units 
of w, it is the Hartman number that determines a family of self-similar flows. It is 
also obvious that for Ha — 0 we obtain the nonmagnetic plane Poiseuille flow: 


2 
ux(z) = Uo (1 = a) (10.55) 
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Fig. 10.2 Velocity u,(z) profiles in Hartman flow for different values of the Hartman number for a 
flow in a channel of half-width w under a fixed pressure drop Py. The maximal value of the velocity 
Uo for each case can be straightforwardly expressed in terms of the pressure drop 


In the opposite case, i.e., Ha >> 1, the solution for the velocity is 


ux(z) = [1 exp (-“;*)], (10.56) 


that is, for stronger and stronger magnetic fields, the velocity loses its Poiseuille, 
parabolic shape profile, and it flattens for a growing size of the channel cross section, 
diminishing rapidly to zero only in the 6 narrow boundary layers near the walls in 
accord with Eq. (10.56). 


10.2.3, Flux Tubes and Their Properties 


The concept of a flux tube arises naturally when one considers the magnetic field 
lines and imagines the volume encompassed by adjacent lines. There is a tacit good 
reason (does it have physical content?) for the similarity between magnetic flux 
tubes and vortex tubes, examined in Sect. 2.5. Equation (2.24) which reads 


20 tx (@ xu) =0, (10.57) 


and holds for an inviscid barotropic fluid, looks essentially similar to the field 
freezing statement, valid for zero resistivity 


B Vx (Bxu) =0, (10.58) 
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Fig. 10.3. A schematic 
drawing of a flux tube, 
“cutting” surfaces S; and $2 
in two parallel planes 


where w and B are vorticity and the magnetic field, respectively. The identical 
equations that these two vector fields satisfy in non-dissipative flows, where in 
the case of the vorticity equation barotropic conditions are also needed, point to 
the formal similarity of flux tubes to vortex tubes. The vortex tubes satisfy the 
Helmholtz theorems on vortex motion, given in Sect. 2.5. We shall now see what 
can be said about the behavior of magnetic flux tubes. As should be obvious by 
now, a field line of B is obtained by the differential equations 


SS (10.59) 


where we have chosen for convenience to use the notation (x,y, z) for the Cartesian 
triad (x1,x2,x3). A magnetic flux tube is the volume enclosed by the set of field lines, 
which intersect a simple closed curve (see Fig. 10.3). The strength F of a flux tube 
is the flux crossing the surface S, interior to the curve that defines the tube 


F= [s-aas, (10.60) 
S 


where F is always nonnegative due to the choice of the direction of the surface 
S, always in the direction of B. Some of the basic properties of flux tubes are 
summarized here, and we apologize for mere repetition of some of the corre- 
sponding Helmholtz theorems on vortex tubes. A number of properties are almost 
self-evident. 


1. The strength of a flux tube remains constant along its length. 
Taking an arbitrary flux tube, and closing it by two arbitrary different surfaces Sj 
and Sz, we obtain a closed volume. Integrating V - B = 0 over this volume gives 


0= i: V: Bax= | B-fids = i: B-fids — as nds (10.61) 


where the Gauss divergence theorem has been used. Thus, the strength of the 
tube is equal in two arbitrary points, i.e., is constant along the tube. 

2. The mean field strength of a flux tube is inversely proportional to its thickness. 
Indeed, Eq. (10.60) may be used to define the mean field at a level where the 
tube thickness is So, say. F = Js, B- fidS = (B)So and the result follows. 
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3. Compression of a flux tube while keeping its length constant increases the 
magnetic field and the density in the same proportion. 
To prove this, consider a cylindrical flux tube and change its radius from Ro to 
ARo, A < 0, without letting the cylinder height change, causing compression. 
The conservation of matter gives p  A7po and the conservation of magnetic 
flux, similarly B «< A*Bo, where the quantities with 0 subscript are the initial 
values. Thus, B/p = const is correct in any given flux tube. 

4. Stretching of a flux tube, without compression, increases the field. 
There is no compression in this case, so the volume and density of this flux tube 
part is unchanged. It becomes longer and thus thinner. The conservation of flux 
then gives an increase in the magnetic field. 


10.3 Equilibrium Configurations 


Equilibrium magnetohydrostatic configurations are, in principle, possible. The 
physical conditions required are that the mechanical forces are balanced by mag- 
netic stresses. Examples of such equilibrium states exist in nature, e.g., sunspots, 
magnetic filaments in nebulae. In fusion research, the ability to hold a laboratory 
plasma in an equilibrium (or near equilibrium) state is a topic of intensive study. 
In the previous section, we defined the Alfvén speed as 


5 Pigg 
‘pp  4np’ 


(10.62) 


We shall see below that just as the sound speed plays a crucial role in sound waves so 
the Alfvén speed plays a similar role in MHD waves. We stress now that a condition 
for an equilibrium configuration to be possible is that the fastest speed that the 
magnetic field can drive the material to the static state, call it t3 ~ L/U, is actually 
T 3 ~ L/cx. This time must be shorter than the diffusion time of the magnetic field, 
which can be estimated from the induction equation (10.37), as found above Tpaitr. 
This helps to define yet another nondimensional number, the Lundquist number Lu, 
which is 


C,xL Rm 
Lu= =—. 


=5 , (10.63) 
m 


Thus, the Lundquist number gives the ratio of magnetic dynamic phenomena to the 
magnetic field diffusion. Lu plays a role in a necessary condition for establishing 
an equilibrium configuration, but it is not a sufficient condition. This is the case 
because of a simple reason—in MHD the equilibrium configuration is more often 
unstable than stable. 

Let us consider perhaps the simplest case of an equilibrium configuration, one 
in which the conductivity is extremely large, or more elegantly Lu > oo. We also 
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assume that there are no body forces, save the Lorentz force. The appropriate 
equations for this problem, for a constant density case, which we set to unity are 


V-B=0, (10.64) 
1 
VP = ~jxB, (10.65) 
j= —vVxB (10.66) 
I~ at : , 


where we chose to write the equations so as to explicitly bring out the current density 
j. Scalar multiplication of equation (10.65) by B and by j correspondingly yields 


(B-V)P=0, (10.67) 
(j-V)P =0, (10.68) 


where P as before is the thermal pressure alone. These equations yield immediately 
a very important concept, that of magnetic surfaces. Constant pressure surfaces 
P(x) = const, assuming that some exist, are by virtue of Eqs. (10.67—10.68) 
magnetic surfaces. The magnetic field lines and the current lines lie on them. The 
magnetic surfaces are, in principle, possible boundaries of equilibrium configura- 
tions. 


10.3.1 Example of Cylindrical Unbounded Configuration 
(Pinch) 


Consider an unbounded cylindrical equilibrium MHD configuration, that is, one 
of unlimited length and which is uniform along it; we choose this direction as the 
z-axis. The configuration we shall present goes by the name of a pinch. Now express 
the dependence of all functions in cylindrical coordinates (r,z,@). It is easy to see 
that the radial components B, and j, must be zero (show it!). The components of 
Eqs. (10.66) then give 


. c dB, 
te ae (10.69) 
c d 
- = —— (rBo). 10.7 
Je Aap dr G °) ane) 
Integration of the second of these gives 
2 
Bo(r) = —J(r), (10.71) 
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where we define the net or total z direction current J(r) as 
ta 
J(r)= 2n | j-rdr. (10.72) 
0 


Equation (10.65) then becomes 


dP 1 d 
dr 2nc2r2 dr 


Pin]+ eS [Pom \ | (10.73) 


Examine two possible cases: the first having B, = 0 and the other, in which By = 0 
and j, = 0. In the first case, multiplying equation (10.73) by r? and integrating on r 
from zero to the pinch radius, a, say, we get the equilibrium condition 


J*(a) 
2c?’ 


a dP 
2n [ fir (10.74) 
0 dr 


where J(a) is the total current though the pinch. In the second case, we get from the 
same force equation 


B2 Be 
P(r) + (0) a (10.75) 


where Bout is the Zz directed magnetic field, just outside the pinch and parallel to it, 
and we have assumed P(0) = 0. 


10.3.2. The Grad-Shafranov Equation 


Consider an axially symmetric MHD equilibrium for which, as shown in Prob- 
lem 10.15, the following equations hold: 


Loy » 1 ow 


rege 5h B= a5 (10.76) 
. a re eee 
=-5o SS kat (10.77) 


where w(r,z) is the total magnetic flux and J(r,z) the total current, both vertical, 
through a circle of radius r at height z, and perpendicular to the z-axis. Equa- 
tions (10.76—10.77) imply (you may want to use Eqs. (10.68)-(10.69)) that y and J 
are constant on the magnetic surfaces (P = const) and thus J and P can be expressed 
as a function of y alone, that is, 


P=P(y), J=J(y). (10.78) 
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Now, similarly to Problem 10.15, we may write also the @ component of 
Eqs. (10.64)—(10.66) in cylindrical coordinates. This gives 


J, c & loy ot) 


Bo= = 10.79 

oon 1P 822r \ or? sor Or = ag ( ) 
Finally, substituting this and Eqs. (10.76-10.77) in the r-component of equa- 
tion (10.65) and in the above equation, we obtain the celebrated Grad—Shafranov 
equation 


ay low ow _ t6n3y2 ee 8x7 dj? 


or ror. az dy ce dw’ 


(10.80) 


which gives some equilibrium configurations which are possible, in principle, if 
only particular functions P(y) and J(y) are specified. The magnetic field and the 
current follow from Eqs. (10.76—-10.77) and (10.79). 


10.3.2.1 Example 


The Grad—Shafranov equation has many simple solutions, which can be studied 
analytically. It is a linear equation, if dP/dy =a and dJ*/dy = b, with a,b 
constants. By applying straightforward algebra and calculus, one can check that 
in this case the expression 


w(r,z) = 2 + ar(r? — R*), (10.81) 


with the a conveniently defined new constants, is a solution. R is a parameter, whose 
meaning will become clear soon. Explicitly, the constants are 


2 
o,= sop (10.82) 
ce dy dy 
It is possible to show that the surfaces y =const in this kind of a configuration 
are toroids, that is, topological distortions of tori, i.e., bodies having a doughnut- 
like form. The solutions (10.81) are a family of toroidal magnetic surfaces lying one 
inside the other. The innermost surface degenerates into a circle, called the magnetic 
axis, and is given by z=0,r=R. 

A detailed discussion of the solutions of the Grad—Shafranov equation and 
their properties is clearly outside the scope of an FD book. We shall be satisfied 
instead in a largely qualitative rudimentary discussion on few more features of the 
solutions family given above: magnetic surfaces as nested toroids. The pressure 
at the outermost toroid is minimal (in fact, zero), and it gradually increases to a 
maximum value at the magnetic axis (z = 0,r = R). When r is close to R, the 
solution (10.81) takes the approximate form 
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W(r,z) © 2 + 4apR?(r? — R?). (10.83) 


In particular, if a, = 4R7ap, the toroids have a circular meridional cross section, 
that is, they are tori. Can you show that if a, and apg do not have the same sign, the 
magnetic surfaces close to the magnetic axis intersect the meridional plane along a 
hyperbola? This destroys the equilibrium configuration near the magnetic axis and 
there is no equilibrium possible. 


10.3.3, MHD Equilibria in a Gravitational Field 


So far we have treated cases without any body force, except for the magnetic one. In 
some cases, e.g., in astrophysical systems, the gravitational force cannot be ignored. 
Thus, we have to incorporate in the set of Eqs. (10.64)—(10.66), a term arising from 
a gravitational potential ®. The appropriate equations for this problem are thus 


V-B=0 (10.84) 
1 
VP+pV® = oJ xB (10.85) 
7 Cc 
j= —V~xB. (10.86) 
An 


In order to make some progress, it is convenient to assume that there is also a 
cooling—heating equilibrium and the gas is nearly isothermal. The assumption of 
perfect gas yields the following relation between the pressure and density P = 
Cp, where C = (#/U)Tpo is a positive constant and Tp is the uniform, constant 
temperature. This allows us to write 


VP+pV® =VP+ Ave = exp (-2) VO, (10.87) 


where Q = Pexp(®/C). 

Following A. Dungey, who presented this way of reasoning in 1953, in an effort 
to make some analytical progress, we limit now ourselves to a two-dimensional 
case in the y— z plane. As a result of equation V -B = 0, we may introduce a vector 
potential A, such that B = V x A. Since B lies in the y— z plane, one may choose for 
A to have only an x component, A = AX, and obtain (show it!) B = & x VA. Now, 
Eq. (10.86) can be written as 


jz ~FAV'A, (10.88) 
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(see Problem 10.18). Using the second result of that problem finally transforms the 
force equation, for this case, into 


(V°A)VA = exp (-2) VO. (10.89) 


This means that the gradients of A and Q are parallel and the corollary is the 
functional relation Q@ = Q(A). Thus, the above equation may be written as a scalar 
quasi-linear Poisson-like equation: 

®\ dQ 
V’A=-4 -—)—. 10. 
exp ( >) 7A (10.90) 


The idea now is that if one supplies arbitrary smooth functions Q = Q(A), then 
each of them would provide a magnetostatic configuration, provided a pair of two- 
dimensional Poisson equations are solved, for given ®, or calculated from p and the 
above equation for A (see however Problem 10.20). 


10.3.4 Force-Free Fields 


There are cases in which the magnetic configuration is such that a magnetic force- 
free configuration is a good approximation, that is, the condition j x B = 0 holds in 
it. Problem 10.21 indicates that this indeed is a good approximation for low B,1, that 
is, a situation in which the magnetic pressure is dominant over the thermal one. This 
is a typical case of the tongue in cheek rule that if a certain term in an equation is 
too big, then that it must be zero. Force-free condition demands that 


j|B = VxB=a(x)B, (10.91) 
because neither j nor B can be zero, which leads to a trivial and uninteresting case. 
a is an arbitrary function of position. In the Vx free case, i.e., j = 0, a = 0, the 
configuration is also current free. Now, for «@ # 0 in the static state V-j = 0. But 
V-B= 0as well, so it follows that (see Problem 10.22) 

B-Va=0, (10.92) 


that is, a is constant along field lines. 


10.3.4.1 Example: Twisted Field Lines 


Consider a constant magnetic field, in a constant thermal pressure region, that is 
initially in the vertical direction (Boz), and assume that it is twisted azimuthally by 
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an angle 0 per unit length, so that a field line becomes a helix with Bp = UrB,. 
Now, the total force equation (10.65) is satisfied for P = const., provided that 


Bo 


Bo = TS (10.93) 
B 
By = ee (10.94) 


Note that @ is the angular coordinate in a cylindrical coordinate system, while 0, as 
defined above, is the twist angle per unit length. This is a case in which j || B and so 
j x B =0 and is a simple example of a force-free field. 

Returning now to the general discussion of force-free fields, we notice that the 
second equation in (10.91) implies that if one follows a field line, the neighboring 
field lines curl around this line. A force-free field is thus essentially a twisted field. 
There are perhaps two leading configurations of force-free fields. These are: 


1. A torus confined by external pressure. The field lines spiral on the surface of 
the torus and are also present inside it, surrounding a central field line at the 
axis of the torus. For @ not constant everywhere, we have nested tori, labelled 
by & =constant. This type of configuration has been usually used in laboratory 
efforts to obtain controlled fusion. 

2. Essentially two types, albeit of the same sort, of force-free fields are related to 
the Sun’s atmosphere, for example, a field that is generated in the inner, high By 
regions, but extends well into the low Bp) outer region. It is assumed that outside 
the field is initially Vx free. The emerging fields can be twisted by vortices 
on the surface of the Sun or perhaps having their “feet” pushed together by 
subsurface motions. 


10.4 MHD Waves 


We have already devoted a whole Chap. 4 to FD waves in constant density and 
Boussinesq fluids and in an additional Chap. 6 to detailed discussions of waves in 
compressible fluids, where linear (acoustics) and nonlinear (shocks) waves were 
described. In this section we shall discuss waves in a fluid in which magnetic 
effect is important, within the MHD approximation. Naturally, we will uncover and 
discuss effects that go beyond the nonmagnetic case; however, we shall use the basic 
definition and results on waves in fluids that were already described in considerable 
detail in Chaps. 4 and 6. 

Consider a nonrotating, inviscid, vertically stratified magnetofluid in equilibrium 
in a fixed gravitational field inducing acceleration directed in the —Z direction and 
subject to a uniform magnetic field B = Boz. By choosing this configuration, we 
abandon the simplest one, having no gravity, and endowed with a constant density 


10.4 MHD Waves 621 


and pressure, but remain in a simple enough setting. The additional, simplifying 
assumptions are thermal, the atmosphere is isothermal, and the fluid obeys the 
perfect gas EOS. This example is essentially similar to the one given in Chap. 6, 
where we found the way sound waves propagate in a stratified medium (see the 
example following Eq. (6.36)). The unperturbed equilibrium variables are marked 
by a zero subscript, which satisfy the hydrostatic equation 


dPo 
ee —0 10.95 
qe Te” ( ) 
where the gravitational force per unit mass is Deray = —gZ. Evidently, the solutions 
for the density and pressure are 
Po(z) =Pse/*, ~~ po(z) = pse2/*, (10.96) 


where the constant P; and py, are the not independent boundary conditions at z = 0 
and the additional constant A;, the vertical scale height, is 


Po R 
alee (10.97) 
pog LTog 


as the equation of state is P = (#/)pT. Note that in Chap. 6 a similar problem 
was solved, but there the scale height was called H, (see Eq. (6.38)) and not A, as 
here. We hope that this will not cause any unnecessary confusion. Impose now small 
departures from the equilibrium and mark them by prime, with the understanding 
that these departures are small in the sense that their squares are neglected, that is, 
we linearize the equations in these perturbations. Write 


u=0+u, p=potp’, P=Po+P’, B=Bo+B’ (10.98) 


and linearize the basic equations: continuity (1.52), motion (10.24), and all other 
relevant magnetohydrodynamical relationships given in this chapter when we are 
also assuming an adiabatic relation between the pressure and density perturbations. 
This is usual for fast enough perturbations as we have seen several times in this 
book. The following set emerges: 


0 / 
see + (u-V)po + po(V-u) =0, (10.99) 
OW ype (V xB’) x Bo —p'ga (10.100) 
Po va oT 0— P 8%, . 
oP’ fap’ 7 
Sy tu V)Po =F Ee +(u-V)p0 =0, (10.101) 
/ 
gh. Vans. (10.102) 
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V-B =0. (10.103) 


We have dropped the prime from the velocity perturbation, for economy of notation, 
but without danger of confusion. The sound speed follows from the equation of state 


5) Po & 
e=y—=y—TN, 10.104 
as Ya 0 ( ) 


where y is the adiabatic exponent. 
Problem 10.31 consists of the algebraic and differential manipulations at the end 


of which the above set (10.99-10.103) is reduced to the following single linear 
equation for u: 


Bo 
Apo 


(10.105) 


as =, V(V-u) —(y— 1)g2(V-u) — gu, + [V x (V x (ux Bo)] x 


It should be by now a standard procedure how to proceed, as we have already 
performed it before, e.g., in Chaps. 4 and 6, and it is to substitute an ansatz of a 
plane wave, that is, a solution of the form 


uc exp |[i(k-x—a@?)], (10.106) 


where, as usual, k is the wave vector, while 2 = 277/|k| is the wavelength. We 
shall not be interested here in the limit Bo = 0. Suffice it to say that this case gives 
sound waves, which were discussed in detail in Chap. 6. When the magnetic field, 
even though it is z-independent, is present, a complication is bound to arise, as we 
shall see shortly. However, assuming that the wavelength of the waves in question 
is much shorter than the scale height A, allows for an approximation, or at least 
qualitative reasoning, in which the vertically dependent unperturbed quantities are 
taken as constant. The idea behind the plane wave ansatz is to obtain the dispersion 
relation, i.e., the function @(k), which allows to classify the different types of waves 
and their properties. In what follows, we shall focus only on waves in which the 
magnetic field plays a role. 


10.4.1 Magnetic Waves 


The Lorentz force, as we have explained, can be divided into two parts which 
express different physical effects. The term (B-V)B/(47) represents magnetic 
tension, giving in the unperturbed case a tension force of Tg = Bj/(47), while the 
other part gives magnetic pressure, i.e., force per unit area, Pg = Bi, / (82). The 
tension force, acting along magnetic field lines, makes them analogous, at least 
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in principle, to mechanical strings, which support transversal waves whose phase 
velocity is 


(10.107) 


In Chap. 6 we have seen that isentropic gas, obeying Po/ po = const., produces 
longitudinal waves with phase velocity, which we have been marking in this book 
by Vp, is cs; = \/YPo/Po. In the case of magnetic frozen in field, we have the relation 
Bo/Po = const, which translates to Py / Po = const. Taking this as analogous to the 
adiabatic law, we may obtain the phase velocity of longitudinal waves to be 


IPs Bo 
a ae 10.108 
P= \/ 5, > ae (10.108) 


The above heuristic analysis points to the existence of a purely magnetic wave and 
provides an equal phase velocity for two types of such waves, setting it in both cases 
to be equal to the Alfvén speed (see (10.28)) 


B2 
V2 4 —, (10.109) 
: 4T po 


whose order of magnitude in the Sun’s photosphere is c, ~ 10° cm/s, while in its 
dilute corona this speed may be larger by up to a factor of ~ 30. 

This above heuristic expectation is supported by mathematical analytic cal- 
culation. If the magnetic force dominates the equilibrium, the following, purely 
magnetic wave dispersion relation, follows from Eq. (10.105) 


ou = [kx (kx (ux Bo))] x Bocs, (10.110) 


where terms with Po,c?, and g have been neglected, with respect to the magnetic 
terms. Also, Bo is a unit vector in the direction of the undisturbed magnetic field. 
Straightforward algebraic manipulations, using formulae from vector analysis, give 
the following relation (show it!) 


os = ul’ cos” 0g — (k- u) Bo cos 0g + [(k-u) —k(Bo-u)cos@g]k, — (10.111) 
Ch 


where 0g is the angle between k and Bo and k = |k|. Now, since V-B’ = 0 it 
follows k-B’ = 0, i.e., that the wavenumber is perpendicular to the perturbation in 
the magnetic field. Second, taking the scalar product of Bg with Eq. (10.111) yields 
Bo -u =O, ie., the velocity perturbation is normal to the unperturbed magnetic field. 
Third, taking the scalar product of the entire Eq. (10.111) with k gives 
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(@* —k*ci)(k-u) =0. (10.112) 


This equation, as we shall shortly see, distinguishes between two sorts of magnetic 
waves, both having their phase velocity equal to the Alfvén speed. 


¢ Incompressible (shear) Alfvén waves 
If the perturbation is incompressible, i.e., 


V-u=k-u=0, (10.113) 
then using this in Eq. (10.111), together with Bo - u = 0, as shown above, gives 


@ = +kc, cos Op. (10.114) 


The negative root indicates just the opposite direction of the wave vector, but the 
same physics. These incompressible Alfvén waves are sometimes called shear 
waves. The phase velocity of these waves is 


= +c, cos Op. (10.115) 


The polar diagram in Fig. 10.4 shows clearly the phase velocity; it is the chord 
labelled ?, which is the phase velocity, Vp, and its direction with respect to the 
direction of the unperturbed magnetic field, as well as the magnitude of the phase 
velocity, in comparison with the Alfvén speed. Note also that the cases of both 
signs, as explained above, are taken into account. The waves in this case are 
transverse and their group velocity can be found as well. To do that we may 
take the unperturbed field direction as the z-axis, say. Then Eq. (10.114) yields 
@ =k,cq, and since the vector group velocity is 


Fig. 10.4 Polar diagram of the phase velocity of shear Alfvén waves. For details see text 
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do 
Ve = ak =V,,@(k), (10.116) 
we get Vy = c,Bo, that is, energy is carried along the unperturbed magnetic field 
lines, in spite of any direction of the phase velocity. Returning to Eqs. (10.99) 
and (10.101), one can be convinced that there are no density or pressure changes 
induced by these waves. Finally, Eq. (10.102) becomes, for a plane wave solution, 


oB = —k x (u x Bo) = (K- u)Bo — (K- Bo)u, (10.117) 
which with k-u = 0 and using Eqs. (10.113) and (10.114) gives 


B’ 

u ae (10.118) 
Thus, u and B’ are in the same direction and lie in the plane parallel to the 
wavefront. Since, as we have seen Bo - u = 0, it implies Bo x B’ = 0, i.e., the 
field perturbation is perpendicular to the field. 
Compressional Alfvén waves 
The second solution to Eq. (10.112), arising when k-u ¥ 0 gives @ = kc,, and 
is obviously valid for compressional waves. Now, Eq. (10.111) and the relation 
quoted above, k- B’ = 0, imply that for these waves u lies in the (k — Bo) plane 
and it is normal to Bo. Thus, it has both parallel and perpendicular components 
to k, giving rise to both density and pressure variations. The dispersion relation 
guarantees that the phase velocity is Vp = ca, regardless of wave vector direction. 
The group velocity is Vg = cak (can you explain the physical meaning of this 
finding with regard to energy propagation?). In addition, from Eq. (10.117) it 
follows that B’ lies in the plane of u and Bo but is normal to k. Using these 
observations in Eq. (10.111), we conclude that u || k so that these waves are 
longitudinal, as expected from our heuristic estimate. 


10.4.2. Magneto-acoustic Waves 


We consider now MHD waves in which most of the simplifying assumptions are 
dropped, keeping however the one stating that gravity is neglected g = 0, that is, 
in these waves the magnetic and the pressure forces play a rdle. In this case, an 
equation, which is a generalization of (10.111), has to be taken into account. The 
equation is 


os = uk’ cos” 6g — (k- u) Bo cos 0g + 
Ch 


+ [(1+c;/cz)(k-u) — k(Bo - u) cos 6g] k. (10.119) 
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Compare it to Eq. (10.111). Since u appears in this equation on the right-hand side, 
in k-u and Bo -u combinations, we proceed by taking scalar products of the equation 
with k and Bo, in turn. The following two equations result: 


(—@? +c; + kch) (k-u) = k’czc0s 63 (Bo - u), (10.120) 
@” (Bo -u) = kcos @gc?(k-u). (10.121) 


If k-u =, we find the Alfvén wave solution, as before. Otherwise, (k-u) /(Bo - u) 
may be eliminated from Eq. (10.121) and substituted into Eq. (10.120), and 
the dispersion relation for the magneto-acoustic, sometimes called magneto-sonic 
waves, is obtained: 


o* — wk? (C2 +c%) + e2ch. cos” Og = 0. (10.122) 


For @/k > 0 the above quartic dispersion relation has two solutions for the phase 
velocity of this magneto-acoustic wave: 


o 1 1/2 
vf = 5 (+4) + cf + cf — 2c2c3 cos 265 ; (10.123) 


2 


The solution with the + sign has a higher frequency, for given k, and its phase 
velocity is larger in its absolute value. Consequently, it is called the fast magneto- 
acoustic wave. The other solution is, correspondingly, the slow magneto-acoustic 
wave. Note that vil >c, > vi and that is why the magnetic Alfvén wave is 
sometimes called the intermediate mode. The left panel of Fig. 10.5 is a polar sketch 
of the variation of the phase velocity, for both the fast and the slow modes, with 
the angle @g, determined by the direction of k, relative to Bp. A polar diagram for 
the group velocity can be seen in the right panel of Fig. 10.5. This is the result of 
performing the derivative dw/dk, using Eq. (10.123), and see Problem 10.33. The 
energy of the slow waves propagates within the narrow cones, while that of the fast 
waves propagates more isotropically. In the case of a weak magnetic field, such that 
Cs >> Ca, the group velocities tend as follows: 


v,l*] — Cs, in the K direction and Vat — cq, in the Bo direction. 


10.5 Discontinuities and MHD Shock Waves 


Just as in FD, also in MHD there is a possibility of the formation of discontinuities 
and shock waves. Consider an element of the surface of discontinuity fidS, which we 
shall assume to be at rest. We shall be using the nomenclature for jump conditions 
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Fig. 10.5 Polar diagrams for fast and slow magneto-acoustic waves whose wave vector is at an 
angle 0g to the unperturbed field. c_ and c; are the slower and faster, respectively, of cs and cg. 
The left panel depicts the phase velocity, while the right one the group velocity 


as introduced in the fluid dynamical case (see Sect. 6.5), i.e., [[] = 4 —T), for any 
function I” with the subscript denoting the side of the discontinuity. Subscript 2 is 
on the side into which the unit normal (here it is unique) points. 

Let u- fi = u, and j = pu, = u,/v, where similarly to the HD case j is here 
the momentum flux (do not confuse with electrical current density) and v the 
specific volume. Using the results of Problem 10.35, remembering from the theory 
of electromagnetism that [B,,] = 0 and [E,] = 0 and exploiting the fact that in ideal 
MHD, having zero resistivity, E = —u x B/c, one may obtain the fundamental 
system of equations for jump conditions in ideal MHD, in the frame of reference 
moving with the discontinuity: 


1 1 vB?] _ B,[B;-u;] 
leap ute f) = — 10.124 
an Ae ee = an” ( ) 
B2 
(P)+7(07] + Bl = o, (10.125) 
81 
‘ B,, [By] 
= 10.12 
ju] = (10.126) 


B,{u,] = j{vBy]. (10.127) 
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The subscripts ¢ and n denote, as in the fluid dynamical case, tangential and normal 
components and his the enthalpy. MHD supports additional types of discontinuities, 
compared to ordinary FD. Not only shocks and tangential discontinuities, which are 
familiar from FD, but also the so-called rotational discontinuities are possible. 


10.5.1 MHD Rotational (Alfvén) Discontinuities 


Assume that an MHD discontinuity exists. If j = 0, i-e., the fluid moves parallel to 
the surface of discontinuity, then we have the first two cases enumerated below. The 
third case is for [p] = 0: 


1. B, #0. It is possible to deduce from Eqs. (10.124-10.127) that u,B, and P 
must be continuous (show it!). However, p and therefore all the thermodynamic 
variables, save the pressure, may have any discontinuity. Such a discontinuity is 
referred to as a contact discontinuity. 

2. B, =0. Then Eqs. (10.124—10.127) are satisfied identically. This is a tangential 
discontinuity (similar to FD) and may be summarized in the following way. First, 
j=0, B,=0, [u;] 40, [B,] 40, [v] 40. Second, the density discontinuity 
may take any value but the pressure discontinuity must be consistent with 
Eq. (10.125). Thus, 


B2 
[v] £0, [p+ = | =0, (10.128) 


and the discontinuities of other thermodynamic variables can be found with the 
help of those of v, P, and the equation of state! . 

3. The most interesting discontinuity is obtained, when the density is continuous; 
[]] = 0, as always, and since we posit that [vp] = 0, we must have also [u,] = 0. 
Since j 4 0, we may use Eqs. (10.126-10.127) to get 


Bn 


oe V4nv° 


[u,] = Bile : (10.130) 


Now we substitute h = e+ Pv in Eq. (10.124), using [v] = 0 and replacing B,, 
from Eq. (10.129). The result is 


jack e B?] 1. ae 
jle|+jv [P =| ! 3i|(1 7B.) | =0. (10.131) 


'A square of a vector means the square of its absolute value. 


(10.129) 
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Equation (10.130) shows that the third term in the above equation vanishes 
and the second term vanishes as a result of Eq. (10.128) and [v] = 0 as we 
have assumed above. Thus, the seemingly lengthy calculation finally gives 
the continuity of internal energy, [e] = 0. Since v is also continuous, every 
other thermodynamic variable, which can always be written as a function of 
the above two, is continuous. The pressure is among these variables and so 
[P] = 0, implying [B?] = 0 > [B,] = 0. This, together with [B,,] = 0, following 
from Eq. (10.129), implies that the vector B itself and its angle to the surface 
are continuous—this means that the vector may be turned around through an 
angle about the normal, when crossing the surface, retaining its magnitude 
and its angle with the surface. Equations (10.129-10.131), along with our 
introductory comments above, summarize the properties of these rotational or 
Alfvén discontinuities. The vector B; is not continuous, and thus by Eq. (10.130), 
neither is u,. However, [u,] =j[v] =0, i-e., the normal velocity is continuous and 
has the value 


B, v \1/2 
“= GeoyiB =B,(=-) (10.132) 


Note that u, is minus the velocity of propagation of the discontinuity, relative to the 
fluid, and that it is equal to the phase velocity of an Alfvén wave. 


10.5.2. MHD Shock Waves 


Assume a given value of j. In FD shock waves, the relations [j] = 0 and [v] 4 0 hold 
(see Sect. 6.5); thus, up.) A Un and there is a jump in the normal velocity. Taking 
into account the MHD relations, we compare Eqs. (10.126) and (10.127), assuming 
for the time being B, 4 0. Clearly, the difference vectors [B,] and [vB;] are parallel 
to the same vector difference [u,] and thus are parallel to each other. This is only 
possible if the vectors themselves B, and B;2 are co-linear; otherwise, 


(B,1 —B,.2) || (v1B,,1 — v2B,2) (10.133) 


is impossible for Dv) # Vp. 
We are ready now to derive the MHD shock adiabatic relation (similar to the 
Hugoniot formula in hydrodynamic shocks). Using Eqs. (10.126—10.127), we get 


: 1 
P [vB] = re [B,], (10.134) 
where we have written the vector magnitude of the tangential components of the 


field instead of the vectors because B,; for i = 1 and 2 are co-linear (10.133). 
Rewrite now Eq. (10.124) as 
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ly 2 [vB?] Bi 2 1 Br . 
lA] + sf lel+ ae Dap Bi = “Bs u,} |. (10.135) 


The right-hand side of this equation is equal to zero by virtue of Eq. (10.126). From 
Eg. (10.125), we can eliminate j” thus 


i = - PERG) (10.136) 


Replacing now the term /” in the second term of (10.135) by this expression and in 
its fourth term using Eq. (10.134), we obtain, after some algebra, the MHD shock 
adiabat: 


e;—en+ 5(02 —v1)(P1 +P) + am —v1)(B,1 —Bi2)° =0. (10.137) 
Note that this differs from the hydrodynamic case only by the last term, which is the 
sole magnetic contribution. 

Having shown this basic relation, we think that in a book on FD lengthy 
deliberations about MHD shock waves should be omitted, as this complex topic 
is far from our main subject matter. Instead, we give below what we consider the 
most important remarks, in the form of a short primer on MHD shocks, most without 
proofs. 


¢ Repeating, for the sake of completeness, the equation for the discontinuity in 
u, (10.126) 


u,2 — U1 = — (By2 — By 1), (10.138) 


n 

4n 
we may now add Eqs. (10.134), (10.136), (10.137), and (10.138) to form a 
complete set, which is able to fully describe MHD shock waves. 

¢ Similarly to HD shocks, we shall choose the front to be stationary and the fluid 
passing it from side labelled by the number | to the other side (2). We remember 
from Sect. 6.5 that both the density and pressure increase in a shock, making it a 
compression wave. It is assumed that 


2 
(SS) +0. (10.139) 


This is, strictly speaking, not a thermodynamic identity, but it is satisfied in all 
practical cases. Using this inequality, one may show that MHD shock waves are 
compression waves, provided they are weak. Then one may expand the shock 
adiabat (10.137) in powers of (Pz — P1) and (s2 —s;) (do it!), proving the 
fact that also in this case shock waves are compressive. If, in addition to the 
relation (10.139), the thermal expansion coefficient is positive, it is possible to 
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show that rarefaction in a shock is impossible even if the changes are not small, 
the conclusion being that a strong shock must be a compression wave as well. In 
short, we may be confident that also MHD shocks are only compression waves, 
in all practical cases in which (10.139) holds. 

Consider the case in which the magnetic field lies on both sides in the tangential 
plane only (B, = 0). In this case, using Eq. (10.138) we get that the tangential 
component of the velocity is continuous, i.e., U;; = U;.2 = U;; this means that we 
can always choose coordinates in which u; on the shock face is zero, and therefore 
the velocity is perpendicular to the shock front. Assuming this, Eq. (10.134) 
implies 02B2 = v) By. Using this relation in Eqs. (10.136—10.137) provides, after 
a little reflection, the equations 


mag mag 
2 (P5 —P i ) 

= 10.140 
J <i ( ) 


3 gl 
ne — os LPL PM(yy—v1)=0. (10.141 


Without the superscript “mag,” for magnetic, these relations are identical to the 
HD case (see Sect. 6.5). With the magnetic field of the kind specified here, this 
differs from the hydrodynamic case only by changing the equation of state. 
The true equation of state P = P(v,s) has to be replaced by the expression 


m2 


P™8(p,s) = P(v,s) + ——s. 
(v,5) =P(v,5) +5 


(10.142) 


Here m = Bv. The thermodynamic relation (de/dv), = —P must be satisfied by 
the quantities with the superscript “mag” as well, whence e™® = e + m?/(870). 


10.6 Some Common MHD Instabilities 


The theory of hydrodynamic instability (see Chap. 7) includes a wealth of material, 
which is complicated already without the inclusion magnetic forces. It is only 
natural that conducting fluids, with magnetic fields permeating them, add additional 
complications. As we have seen, magnetic field lines are endowed with tension, 
which, among other things, opposes bending. They also create an additional 
pressure, the magnetic one, and thereby open the possibilities for many steady 
MHD flows to be actually linearly unstable. In this section we shall give a short 
review of the most significant MHD instabilities, remaining within the realm 
of linear instability and normal mode analysis, remembering that the problems 
lend themselves, in addition to full numerical computations, also to semi-analytic 
asymptotic and weakly nonlinear approximation techniques. It is worth mentioning 
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that it is now widely accepted, also in MHD, that a flow may become turbulent 
without being linearly unstable, as discussed for ordinary fluids in Chap. 7. 

To begin, we point out that instability of hydrodynamical flows is usually not 
quenched by magnetic forces, although the rigidity and the resistivity in MHD may 
reduce the tendency to instability. If anything, the rule of thumb is that the presence 
of magnetic fields in conducting fluids is usually a destabilizing agent. Thus, flows 
with large Re and which pass near rigid boundaries or obstacles, Kelvin-Helmholtz 
unstable hydrodynamical flows, convectively unstable flows, and other unstable HD 
flows have their unstable counterparts in MHD. In what follows, we shall discuss 
the qualitative aspects of the sausage and kink instabilities of the pinch, a more 
quantitative description of the MHD Kelvin—Helmholtz instability and the magneto- 
rotational instability in a cylindrical magnetic Taylor—Couette flow. A discussion of 
the astrophysically applicable Parker instability, which we shall bring at the end of 
the list, as an example, will follow. A large host of other MHD instabilities exist, 
many of them related to fusion research, but we cannot give any comprehensive 
review of them all. In addition, we shall not discuss at all the very important topic 
in solar physics—the influence of magnetic fields on convection. This subject is 
still poorly understood (and see below). We give here an (incomplete) list of MHD 
instabilities. Note that some of them do not have an HD counterpart. 


¢ Pinch instabilities 
When discussing MHD equilibria, we have given in Sect. 10.3.1 an example of 
a pinch. Let us now examine, largely qualitatively, its stability. First, we recall 
the pinch structure. According to Eq. (10.70), the pinch current components in 
cylindrical coordinates are 


. c dB, 

ip = ES (10.143) 
33028 Ci) (10.144) 
Je Ger dr V9) : 


Substituting this explicitly to the equilibrium condition, 
i? 
0=—-VP+-jxB, (10.145) 
c 


yields 


eee | ree (B2 +B) fei (10.146) 
dr 81 Se ro 


Examine now qualitatively the stability of a configuration created by a uniform 
current sheet Boc/(47) flowing in the z direction on the surface of a cylinder 
r = ro. From the equilibrium equation given above, it is easy to solve for the 
magnetic field, if it is assumed that it has only an angular component: 
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Fig. 10.6 Schematic drawing of the sausage and kink instabilities 


Ay) ‘ 
Bo— if r=Y1ro0, 
r 


l| 


Bo(r) 


= 0 otherwise. (10.147) 


In this configuration, the pressure is uniform outside the cylinder but is greater 
by B}/ (87) from that inside the surface of the cylinder (r = ro — €). The fluid 
inside the cylinder is pinched as a result of the magnetic tension along the field 
lines of the encircling field. It is not difficult to see that the pinch equilibrium is 
unstable to at least two simple perturbations: 


— The sausage instability 
This instability, illustrated in Fig. 10.6a, can be readily understood when we 
imagine what happens if the pinch becomes at some point a little thinner than 
its adjacent region. As Eq. (10.147) indicates, the magnetic field and magnetic 
pressure increase in the thinner part, further constricting it. The sausage 
instability is a simple example of a general type of exchange instabilities, which 
plague trials of plasma confinement by concave (towards the plasma) magnetic 
field lines. It is conceivable that a bundle of field lines near the plasma surface 
straighten, while not changing the volume occupied by them. The gap left 
behind them will be occupied by plasma leaking to this low magnetic pressure 
domain. It is a nontrivial to show, but understandable heuristically, that the total 
energy of the new configuration is lower. Hence, the exchange is an instability. 
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— The kink instability 
This instability, as depicted in Fig. 10.6b, occurs when the pinch is bent. Field 
lines are squeezed together on the inside of the bend and separated on the 
opposite side of the kink, and the excess pressure naturally tends to bend the 
pinch even more, a destabilizing feedback. 


Kelvin—Helmholtz instability 

Among the simplest Kelvin-Helmholtz stability problems in FD is the one 
in which an incompressible inviscid fluid of density p; flows with horizontal 
velocity U over the horizontal surface of a second fluid of density p2, at rest. The 
FD version of this problem was treated in Chap. 7. Solving a similar problem, 
with the effect of gravity replaced by magnetic effects, we consider two uniform 
streams of fluid on the two sides of the plane, z = 0, say. Let both velocities of 
the undisturbed steady state be parallel to the separating surface and be U; on 
one side and U2 on the other. We add horizontal magnetic fields, respectively, 
B, and Bz. This means that U; and B; are horizontal vectors, that is, they have 
only x and y components. Consider now the MHD equation of motion and the 
induction equation—(10.24) and (10.37) with neglected dissipative terms—and 
add a small perturbation to the velocities u,, to the magnetic fields B’;, and to 
the total pressure (Pio: = P + B*/(87)), Pi... Where we have dropped the index . 
Linearizing the equations for j = 1,2, one obtains, with the indices j dropped for 
simplicity: 


ou’ a eae / 1 / 
‘ E +(U-¥)u| = VP tL (B-V)B, (10.148) 
/ 
OB + (U-V)B! = (B-Vyw’ (10.149) 


These equations have to be solved for the perturbations subject to the solenoidal 
property of the velocity and magnetic field perturbations: 


V-B’=0, V-u=0. (10.150) 


As it turns out in this case, we will be able to find a sufficient condition for 
stability. The appropriate way to achieve it is to try an ansatz 


ce exp [i@t — iky - Xp + Kz], (10.151) 


where the vectors with the h index have only x and y components, so that ky = 
\/ kz +k; and the +-(—) signs are used for z < 0, (z > 0) to prevent divergence for 


large |z|. Here we only see that this ansatz satisfies V7P’,, = 0, the latter following 


from taking the divergence of equation (10.149). In Problem 10.38 it is shown that 
a calculation, using this ansatz for all the perturbations, pressure continuity at the 
surface, ¢ (Xn, t) (using the nomenclature of Chap. 4 for surface HD waves), and 


the condition ¢ = ut at this surface yields the following quadratic equation for the 
value a, after inserting back the indices j = 1,2 and if ky is assigned: 
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1 
p1 (@ —ky- U1)* + p2 (@ — ky U2)? = An [(kn - Bi)? + (kk -Bo)"] . 
(10.152) 


It is a real equation for @ and therefore the solution must be real or contain 
only complex conjugate pairs. Real @ guarantees stability (constant amplitude 
oscillations in this ideal case). For real values of @, the left-hand side of 
Eq. (10.152) has a minimum, corresponding to 


(P1 + P2)@ = ky - (p1U; + p2Uz2), (10.153) 
for which the left-hand side attains the minimum (for @ real) value of 


P12 [Kn «(Uy — U2)]* 
pitp2 ; 


(10.154) 


So the following inequality 


Pip2[ky+(U;—U2))* 1 2 2 
< ky, - By)“ + (ky -B 10.155 
nes tn [(kn -By)° + (kn: B2)*] ( ) 


guarantees that @ is real and hence stability. In Chap. 7 we discussed the ill- 
posedness of such a problem and how to remedy it. 

Magnetorotational instability (MRI) 

This linear instability, known from 1959 (E. Velikhov) for a cylindrical configu- 
ration, has become since the 1980s the subject of prolonged controversies in the 
astrophysical community. At the time of the writing of this book, there is no clear 
consensus, as far as the present authors know, regarding the results of perturbative 
analytical as well as extensive numerical studies of its nonlinear development. 
The reason for this instability’s importance was the suggestion that it may explain 
the origin of a laminar — turbulent transition and hence the enhanced angular 
momentum transport outward in accretion disks (see Chap. 5). The issue is, for 
some reason, considered extremely important in theoretical astrophysics. The 
instability can be formulated simply: any magnetic Taylor—Couette flow, that is, a 
cylindrically symmetric of a conducting fluid permeated by magnetic field, whose 
rotation law, Q(r), satisfies dQ /dr <0, is linearly unstable. There is also a simple 
and intuitive explanation of the instability. Consider for a moment Fig. 10.7. Let 
the cylinder in question (which is permeated by a magnetic field in the vertical 
direction) be perturbed in such a way that along it we set up a small amplitude 
torsional wave. We concentrate on the upper half of the wave, above the shaded 
reflection symmetry plane. Now note that points marked by a and b are on the 
same field line. Also, at one of the wave’s extrema (at height z;), we spin up 
slightly the fluid annulus, by 6Q, say. In contrast, half a wavelength of the 
torsional wave below (at height zo) a similar small spin down (a perturbation 
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Fig. 10.7 Schematic drawing 
illustrating the idea behind 
the MRI (after F. Shu, 
reference [8]); for details, see 
text 


—6Q) is applied on the corresponding annulus. The two annuli are connected by 
a field line and exert a torque (on each other), which removes angular momentum 
from the advanced upper annulus and adds angular momentum to the lower, 
retarded annulus. As a result, the upper annulus has to shrink, i.e., decrease its 
radius and consequently speed up, in accord with the Keplerian rotation law. 
Similarly, the lower annulus will expand in radius and slow down. So the initial 
perturbation 6Q will simply grow in the applied direction, implying instability. 
One should realize that this linear instability may be “choked” if the magnetic 
field is too strong, so as not to allow any torsion to begin with, or the wavelength 
of the torsional wave is too long so that the communication time between the 
annuli cannot be faster than half a wavelength divided by the Alfvén speed, 
allowing for dissipative and other processes to take over. The full linear analysis 
of this instability has been performed, as mentioned before, a long time ago, 
but we feel that it is beyond the scope of this book to bring it in its details. 
The interested reader may find it in reference [10]. As mentioned before, we 
have at present some approximate analytic asymptotic studies which seem to 
indicate that the instability saturates for very small magnetic Prandtl numbers 
Pm < 1. Regarding full numerical studies, calculations with sufficient resolution 
have started to appear, but it is not clear if they support transition to turbulence 
for very small Pm as thin disks have. 
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10.6.1 Example: Parker Buoyancy Instability, Interstellar 
Clouds, and Sunspots 


In the second half of the 1960s, E. Parker studied in detail the nature of vertical 
equilibria, in which a conducting gas and submerged magnetic field are held by 
downward force of gravity. Among such situations, one may consider, for example, 
stellar atmospheres, as well as interstellar gas with horizontal magnetic fields, in 
the vertical gravitational field of the galaxy. The idea behind the instability Parker 
discovered is that the magnetic field may be thought of as a kind of “gas” as it 
does impart pressure, that is, has internal energy per volume. Parker devoted a 
whole chapter of his classic book, reference [1] in the Bibliographical Notes, to 
this instability and found that it is causing the breakup and escape of submerged 
magnetic fields. Imagine a horizontal magnetic field submerged below the surface 
of a star, say. Approximating the thin upper layer of a star by a plane parallel 
configuration perpendicular to the z direction (along which gravity acts), one can 
write the local condition for equilibrium in the layer as 


d Ly 
P B2\ = 10.156 
a ( + = ) Pg, ( ) 


where all the symbols have their usual meaning. If the field is fully submerged, the 
rapid decrease of the magnetic pressure (to practically zero), as the surface of the star 
is approached, must be compensated by an increase in gas pressure, if equilibrium is 
to be maintained. This, in turn, causes increase also in density in the upper direction 
(we may safely assume that the temperature does not change much in these layers). 
If the field decreases to zero over distances small compared to A, here the scale 
height, the density should increase upward by 


2 
op~ (=) = (10.157) 


Thus, we will have a situation of a gas of a higher density above one with lower 
density, an unstable situation (Rayleigh—Taylor instability; see Chap. 7), so that one 
may expect overturning with tongues of the dense, low-field fluid sinking inward 
while similar structures of the less dense, higher-field fluid rising (Fig. 10.8a, b). 
There is also an additional effect valid not only in the very upper regions— 
the field is confined by the weight of the gas above it. It can be imagined that 
the magnetic field lines are “loaded” with the conducting fluid which, as it were, 
“hangs” on them. Now, if a horizontal field line is perturbed so as to create a small 
downward trough in the B-line, loaded matter will slide down and increase the 
weight of the growing undulations and at the same time allow for the unburdened 
portions to rise and expand upward further. It is thus clear that unless there is 
some robust process to quench this runaway, a situation of dense clouds with 
rarer intercloud regions will develop (see Fig. 10.8c). This explanation, however 
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Fig. 10.8 Schematic drawing illustrating the idea behind the Parker instability 


plausible, must be accompanied by an actual stability calculation and, as it turns 
out, the instability indeed works for long enough wavelengths. Also, its nonlinear 
development has been confirmed numerically. In addition, it can be shown that the 
Parker instability also belongs to the class of the exchange instabilities already 
mentioned in this chapter. This concept is best understood with the help of the 
energy method in stability theory (see reference [9]). The buoyancy of magnetic 
fields, as explained here, may give rise under certain conditions, e.g., in the Sun’s 
upper layer, where there is magnetic convection, which we shall not discuss here, to 
a situation in which narrow flux tubes are formed below the surface of the object. 
This process may be one of the ingredients in the formation of sunspots, which 
appear as small dark blemishes on its surface. Although the details of sunspot 
generation are still a matter of research, it appears that sunspots are the visible 
counterparts of magnetic flux tubes in the Sun’s convective zone that get wound 
up by differential rotation. If the stress on the tubes reaches a certain limit, they 
curl up like a rubber band and puncture the Sun’s surface. Convection is inhibited 
at the puncture points; the energy flux from the Sun’s interior decreases, and with 
it surface temperature. This is the reason that the spots appear darker than the Sun. 
Observations, using the Zeeman effect to find the magnetic field value, indicate 
that often the sunspots appear in bipolar pairs. The spots themselves are transient 
phenomena; a typical spot appears and disappears on a timescale of days to weeks. 
However, the total number of sunspots, usually measured by the fractional area of 
the solar disk covered by spots, has a clear ~ 11-year cycle, which still remains 
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Fig. 10.9 Upper panel: the “butterflies” diagram—the fraction of the solar disk covered by 
sunspots as a function of time, the vertical axis is the latitude. Note that yellow color inside the 
“butterflies” indicates the highest area covered by sunspots, while outside the “butterflies” there is 
practically zero coverage by sunspots. The lower panel depicts the average portion of the visible 
solar hemisphere which is covered by sunspots, as a function of time. The enigmatic 11-year cycle 
is easily discerned Public Domain, created by NASA Marshal Space Flight Center, Solar Physics, 
Courtesy of NASA 


a mystery. The point of highest sunspot activity during this cycle is known as 
solar maximum, and the point of lowest activity is solar minimum. Early in the 
cycle, sunspots appear in the higher latitudes and then move towards the equator 
as the cycle approaches maximum. This so-called Spérer’s law created a typical 
“butterflies” diagram which can be seen in Fig. 10.9. The physical origin of this 
behavior is unfortunately unknown, despite intensive research. Magnetic convection 
simply belongs to chaotic turbulent phenomena and is still poorly understood. 


10.7 Rudiments of Dynamo Theory 


The need for a dynamo mechanism stems from the astrophysical finding that most 
stars and planets, as well as even galaxies, are endowed with magnetic fields. In the 
latter case, it may perhaps be claimed that the field is primordial, i.e., pushing the 
question into the unknown past; however, if one calculates the timescale for Ohmic 
dissipation of the magnetic field in stars and some planets, the conclusion is, as 
we have seen following the estimates made using Eq. (10.46), that dynamo action 
is necessary to explain the relatively high magnetic fields in at least some stars. 
We saw that the magnetic field diffusion time is 
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L2 
TBdiff ~ ——, (10.158) 


m 


where L is a typical length scale. Problem 10.8 gives an estimate of the decay 
times of fields and points to a conclusion that a dynamo is needed in stars. 
Notwithstanding the decay time estimated, we also know that the magnetic field of 
the Earth reverses itself on a timescale of between tens and hundred million years. 
Moreover, the magnetic field of stars is variable. The Sun has 11-year cycles of 
magnetic spots, and other stars exhibit cyclical variability in their magnetic fields 
as well. In short, some way of creating magnetic fields in a conducting fluid is an 
absolute necessity, and the challenge to explain the mechanism of self-sustained 
field generation, the dynamo problem, as it is called, constitutes one of the most 
complex open questions remaining on the frontier of MHD and classical physics. We 
are unable to give here a full discussion of the problem, not only because of space 
limitations, but also since the understanding of MHD dynamos has not yet reached 
a satisfactory stage, which may be summarized in a textbook like this one. Instead, 
we choose to only review some ideas, sometimes disjoint from one another, and 
direct the interested reader to relevant references. Magnetic dynamo theory attempts 
to understand what patterns of MHD flows are needed to produce spatially coherent 
fields over long enough times. One thing that is clear is that even the most successful 
dynamo cannot grow a magnetic field from nothing, i.e., a configuration of B = 0 
everywhere. Thus, some kind of primordial “seed” field, however small, is always 
needed. 

One very powerful statement can be stated at the outset, asserting that a viable 
dynamo is impossible in two-dimensional configurations. T.G. Cowling was able to 
show, as early as in 1934, that it is impossible to construct a steady axi-symmetric 
dynamo. Later on, a number of other anti-dynamo theorems have appeared, for 
example, the assertion that a two-dimensional planar dynamo is impossible. We 
shall give now a sketch of the proof for the axi-symmetric case and leave one 
simplified planar case for a problem (10.39). Assume that an axi-symmetric dynamo 
is possible even though the fluid is endowed with resistivity. For convenience we 
repeat the induction equation (10.37) here 


3 =V x (ux B)+7nV°B, (10.159) 
where, as before, we assume that the resistivity 1, is constant. If a dynamo is 
possible, the magnetic field would not decay totally, and its loss due to diffusion, 
in the second term on the right-hand side of this equation, has to be balanced by 
field growth induced somehow by the term before it. If this assumption holds, we 
must envisage an axi-symmetric configuration of a non-decaying magnetic field 
in a finite domain. This, in turn, requires also a system of electric currents of 
finite extent that create this axi-symmetric magnetic configuration of closed field 
lines. It is not impossible to become convinced that the generic configuration of 
the above-described sort has to be topologically equivalent to the torus depicted in 
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Fig. 10.10 An auxiliary drawing depicting a generic, nontrivial, axi-symmetric magnetic config- 
uration. The circle C, referred to in the text, is the curve passing through the two O-type points 
along the middle of the torus, depicted dashed when hidden (after F. Shu, reference [8]) 


Fig. 10.10. We use cylindrical coordinates, with the z-axis shown in the figure, the 
angle variable is @, and the radial coordinate is denoted by r. Thus, the magnetic 
field has a toroidal Bg and poloidal (B,,B,) contributions. The poloidal field has to 
close on itself, and therefore there must be a neutral point, at least one, of the center 
type inside the torus (see figure). At this O-point, the total poloidal field must be 
zero. To support the poloidal field, there must be a current flowing along the axis of 
the torus, and thus we have that the current density must satisfy 


gid >0= 1 (10.160) 
Cc 


On the other hand, Ohm’s law gives 
: 1 
j= | E+-uxB}, (10.161) 
c 


and the line element in this case is dl = Rp dq, where R is the radius of the 
circle C. Now the poloidal field is zero along C and thus we have only Bg @, i.e., a 
contribution of a toroidal field component. This means that the u x B vanishes along 
dl. Thus, we are left with 


R 
0<J,= $ j-dl=oy f E-dl=o4 | (V x E)-22ardr = 
Cc Cc 0) 
Oz d R A Oe dPg 
aoe S Ppt 10.162 
@ dbl z2nrdr ~ dP? (10.162) 
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where @®g is the magnetic flux through the circle C. Thus, d®g/dt < 0. This 
decaying magnetic flux cannot support the poloidal field, as we have assumed, quite 
on the contrary. Thus, the conclusion is that a configuration of the sort we have 
envisaged is possible only if the field is purely toroidal, i.e., B = By@ to start with. 
We examine now this possibility. However, before substituting it into the induction 
equation (10.159), we use the vector identity 


V x (uxB) = (B-V)u—(u-V)B Bp (5). (10.163) 


where V-B = 0 and V-u = pD/Dt(p~') (continuity) have been used. Now, 
remembering that the field is toroidal and the identity (10.163) in writing out the 
toroidal component of the induction equation (10.159), it is only a matter of some 
algebra to get 


B mn 
> (= = mvp, (10.164) 
Dt \_rp rp 


where V5 is the poloidal part of the Laplacian operator, obtained by setting the 
@ derivatives to zero in the expression of the Laplacian in cylindrical coordinates. 
This last relation completes the proof of the anti-dynamo theorem in the axially 
symmetric case because the right-hand side is a diffusive term, acting so as to 
decrease the toroidal field, and the left-hand side has just passive advection, in 
addition to the partial time derivative of the purely toroidal field. 

We move now to a review of potentially working dynamos, but first we define, in 
passing, the concept and will start our discussion of such viable dynamos with their 
simplest category—the so-called kinematic dynamos, in which the velocity field is 
prescribed. Examining the simplest case, where u is a constant flow independent 
of time, we immediately see that even then this problem is nontrivial. One has to 
solve the induction equation for B, and since it is a linear problem, for given, time 
independent u, we have to solve a nontrivial eigenvalue problem, which emerges 
upon using the ansatz B = Bo(x) exp st. Using appropriate boundary conditions, e.g., 
Bo > Oas |x| + ©, we have to analyze all the eigenmodes according to sx = Of + i@ 
with k being here the index denoting the different eigenmodes. Usually, most of 
the eigenmodes are oscillatory and the diffusion term dominates them, that is, they 
decay fast as there is large negative contribution of 0.;. However, if even one mode 
exists with positive 0.;, however small, we have a dynamo, because this mode will 
become dominant at large times. This kind of analysis loses its meaning after a 
sufficiently long time, because it is a linear problem and therefore the magnetic 
field will grow without bound. In reality, we need to consider a dynamic dynamo, 
that is, one in which B is the solution of a nonlinear equation of motion. This will 
undoubtedly limit any exponential growth. Before mentioning some examples of 
kinematic dynamos, we would like to comment that even if the situation is such 
that none of the anti-dynamo theorems hold, there is still a lower bound for Rm, the 
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magnetic Reynolds number, for a magnetic dynamo action to be possible. Basically, 
the bound arises from calculating the rate of change of the magnetic energy, using 
the induction equation, and then exploiting general vector inequalities. For example, 
solenoidal fields, like B, confined in a sphere of radius a, matched to a decaying 
potential outside satisfy 


2 
[ivxBPax> = | IBPa°s, (10.165) 


(try to prove it!). 

There exists a lower bound based on the above mentioned considerations, called 
the Childress bound, named after its discoverer, which is Rm > 7. Using another 
approach, G. Backus found a larger lower bound. The Backus bound is Rm > 1”. We 
turn now to two examples of viable kinematic dynamos. 


1. Roberts dynamo 
The flow, proposed by G.O. Roberts in the early 1970s, belongs to the so-called 
ABC flows (after Arnold, Beltrami, and Childress). These time-independent, 
spatially periodic flows, which have the form 


u(x) = (Csinz+ Bcosy)& + (Asinx+ Ccosz)¥ + (Bsiny +A cosx)3, 
(10.166) 


are indeed Beltrami flows, i.e., have the property of vorticity being equal to 
velocity @ = V x u= u (see Problem 10.40) and thus have nonzero helicity 
(H £0). The latter concept has already been used in this book and was formally 
defined in one of the (9.137) equations. The Roberts flow is the case with 
A=B=1andC =0 that is 


u(x) = cosyX + sinxy + (siny + cosx) z. (10.167) 


It is not too difficult to see that this flow can be written in terms of a stream 
function, y(x,y) = siny + cos.x; thus, 


u(x) = Wg OW es Wz. (10.168) 
oy Ox 

Roberts wrote the magnetic field as B(x) = Bxy(x, y) exp (st+ ikz), inserted this 
form into the induction equation, and used an appropriately truncated double 
Fourier expansion for B,y(x,y), assuming its double spatial periodicity (in x 
and y), following from the flow form. The coefficients of the Fourier series 
then form a linear matrix eigenvalue problem for s. Solving this numerically, 
Roberts found an optimal k (for each Rm), maximizing the growth rate. Later on, 
A. Soward used asymptotic theory for large Rm (small ¢ = 1/Rm), qualitatively 
confirming Roberts result. 
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2. Ponomarenko dynamo 
The flow driving this dynamo is given in cylindrical coordinates as 


u=rQod+ Uoz, for r<R, 
= 0, otherwise. (10.169) 


Qo and Uo are constant parameters. This flow, thus, has a discontinuity and 
clearly it also possesses helicity: 


i) 

H=u-(Vxu)= Uo— 5 (r°Qo) = 2U Qo. (10.170) 
ror 

We must have Up # 0, because otherwise one of the anti-dynamo theorems will 

be valid. The idea was to also seek a non-axi-symmetric form of the field, thus 

avoiding the Cowling anti-dynamo theorem as well: 


B(r,z,@) = Braa(r) exp [st + im@ + ikz]. (10.171) 


Using this ansatz and the velocity field as in Eq. (10.169) reduces the induction 
equation to a tractable eigenvalue problem. It is also possible to get the critical 
mode that minimizes the integer m and Rm = a(U} + a?QZ)!/?/n. It yields a 
dynamo that is strongest near r = a, where the shear is greatest. 


Other dynamos and various limits of the above two exist in the literature as well, but 
we would like to move on now to dynamos, which are not kinematic and arise from 
self-consistent MHD flow fields. One method in a search of such self-consistent 
flow consists of what is known as the mean field dynamo theory, and we shall 
give a short and rudimentary review thereof. The starting step reminds one of the 
usual statistical approaches to hydrodynamic turbulence, wherein the variables are 
split into an average laminar and a fluctuating part; thus, V = V+ V’, denoting the 
average by an overline and the remaining fluctuation by a prime. Without specifying 
the exact definition of averaging, we, however, use the Reynolds relations between 
them (see Chap. 9). Averaging the induction equation and applying the Reynolds 
rules, we get 


oB —— = 
- =Vx (uxB)+7,,V°B, (10.172) 
where it is clear that the important term is the nonlinear one (u x B). Using Reynolds 
relations, we can find that the following expression has to be evaluated when 
calculating the above nonlinear term 


(u x B)— (u’ x B/) =X, (10.173) 
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where this serves as well as the definition of the auxiliary (so as to make the 
procedure clearer) vector X. Subtracting the averaged induction equation (10.172) 
from the original one (10.37), we get 


/ 
oe Vx [(u x B’) + (u’ x B)] + V xD, (10.174) 


with D=w’ x B/—w’ x B’. The above is a linear equation for B’ with a forcing term. 
If one thinks of it as an equation for the generation of the turbulent field B’ by the 
fluctuating (turbulent) u’ interacting with the mean magnetic field, it is plausible to 
write an expansion X, which in indicial notation is 


= OB; 
X= 4B) + bug +HOT (10.175) 


The tensors aj; and bj; are complicated. They are functions of the average and 
fluctuating velocity (which we have no way of knowing). We therefore posit a kind 
of closure by assuming that they are constant and isotropic, i.e., 


Aj = O6Kj, Daj = — Bex. Coe) 


In fact one can make @ and f# space dependent, but this does not enhance the 
model in principle and just makes the problem more involved, thus demanding more 
assumptions. Equation (10.176) with the assumption that a and B are (recycled) 
constants leads to the following induction equation for the mean field 


3 =Vx(uxB)+aVxB+niv’B, (10.177) 


where 7),! = Nm + B and is perceived as total resistivity, including the part arising 
from fluctuations. This is the reason for calling it turbulent resistivity. 

Equation (10.177) contains the basic elements of the so-called turbulent 
a-dynamo. It contains a linear growth term, giving rise to the growth of mean 
magnetic field in the direction of V x B, that is, of the main current. Note that the 
Parker buoyancy instability (see Fig. 10.8) can be regarded as a special case of the 
a effect. Loops of magnetic field like those of Fig. 10.11 imply the presence of 
currents parallel to the azimuthal field. The motion introduces a necessary helicity 
by giving the rising material, with the loops in it, a systematic angular velocity. 
The a-dynamo is linear and only the mechanism of field growth is predicted by 
models based on this concept. Another model which combines the @-dynamo with 
rotation, usually differential, has been examined, but we shall not discuss it here 
at all, stating only that a dynamo relying on these processes is called an a —Q 
dynamo and remarking that the loops in Fig. 10.11 need to be rotated. 

An additional meaningful distinction is made between a slow dynamo in which 
the field grows on resistive timescale and a fast dynamo, whose growth rate is 
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Fig. 10.11 Parker instability viewed as an o-dynamo 
a b c 
Fig. 10.12 An auxiliary drawing depicting an imagined stretch, twist, fold action 


determined by the turnover time of the flow. To understand the meaning of this 
difference, let us now imagine qualitatively a situation in which we start from 
a planar concentric magnetic configuration, like the one depicted in Fig. 10.12a. 
Consider now an MHD flow that stretches the lines and then twists them to the form 
of a nearly planar “8-shape” (b). The third and crucial operation is effected by the 
flow folding the “8” in such a way that it becomes a three-dimensional configuration, 
reminiscent of the original one, but now doubled, with two loops lying one above the 
other, in a direction normal to the page, like in Fig. 10.12c. This discussion follows 
the qualitative idea of Vainshtain and Zel’dovich, and the development, as depicted 
in Fig. 10.12, has to include a very complicated flow. In contrast, as was shown in 
Problem 10.39, if we were to stay in the plane, that is, could not twist and fold, the 
dynamo would have been impossible. 

In the book by S. Childress [12] the reader can find a wealth of high-level 
detailed material on the general principle of “Stretch, Twist & Fold,” giving rise 
to a fast dynamo. We are unable to discuss this problem here but wish to mention 
that chaotic flows result from this kind of model. Several other ideas giving rise 
to fast dynamos contain flows whose characteristics give rise to chaotic Poincaré 
maps. We shall conclude this chapter without describing any of the analytical ideas 
to provide nonlinear limitation to the dynamo growth, like @ or Q quenching, and 
leave out the subject of the nonlinearity of dynamos. In the Bibliographical Notes, 
some references of MHD computer simulations are given, which naturally include 
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the nonlinear turbulent dynamo action. Instead, we shall conclude by describing 
qualitatively one laboratory example and one astrophysical phenomenon and then 
describe briefly and qualitatively three advanced broad topics of interest, indicating 
good references for the reader who wishes to study them more deeply. 


10.8 Short Overviews of Two Real Research Problems 


10.8.1 Fusion Research 


Main sequence stars produce their enormous energy by controlled fusion, converting 
hydrogen to helium. The extra mass Am, coming from the nuclei binding energy, 
that is lost, so to speak, in these reactions is converted to energy according to the 
celebrated Einstein formula E = Amc’. The control or this process, so that the 
Sun, for example, does not explode as a gigantic hydrogen bomb, is effected by 
its self-gravity, which is physically important in massive enough cosmic bodies, 
both holding the high temperature plasma together and also keeping the control of 
the reaction, utilizing a “thermostat” that can be easily understood using the virial 
theorem. If the reaction proceeds a little too fast, the center of the Sun heats up 
and the star expands, lowering the temperature and the reaction, and vice versa. 
Controlled fusion in the lab has, for quite a long time, been the “holy grail” of 
plasma physicists. The hope had been that the energy problems of the world’s 
population will soon be solved, but, unfortunately, the hope was premature. Today, 
we understand that the problems that a star “knows” how to solve so easily appear, at 
least today, as insurmountable in the lab. Starting from the 1960s, various machines, 
which included ingenious magnetic configuration, were built at a very large cost 
in various laboratories. These “tokamaks,” as they are called have failed, so far, 
to hold Deuterium (a hydrogen isotope suitable for the reaction) at the enormous 
temperatures, which are necessary for fusion into helium to occur. It has been 
calculated by J.D. Lawson that for plasma containing hydrogen isotopes, whose 
number density is n, confined for a time equal or larger than T, the energy output, 
due to the deuterium-tritium reaction, will be larger than the energy input on heating 
only if nt > 10~'4cm~? s. Typically, confinement times of only 0.1 s, at best, have 
been achieved for plasmas of n + 10~!>cm~?. In short, the best tokamaks still are 
two orders of magnitude below where the Lawson criterion would indicate positive 
energy yield. Recently, it has been reported, mainly by the media, that the various 
machines in the USA and France are, in the time of writing these words, closer 
to the breakeven that we explain here. While t = 0.1 s seems a short time, MHD 
instabilities are developing fast, ruining confinement. Even if most instabilities of 
this sort can be suppressed, there is a host of micro-instabilities, whose physics is 
on the microscopic level, which cause diffusion of the plasma from the inner part 
of the configuration, out. We hope for some good news, supported by peer-refereed 
scientific articles, in the reasonably near (sarcastic interpretation of this “near” is 10 
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years, which is a constant since the 1980s) future. It should be mentioned, however, 
that ITER (the France-based big international project) is currently running into 
severe budgetary and other difficulties. 

Frustrated by the null results of the extreme investment in tokamaks, plasma 
scientists have proposed other ideas, i.e., achieving that Lawson breakeven by 
“zapping” a pellet of hydrogen by a powerful, high-energy laser. These efforts 
have not yet yielded published positive results, but research continues and the NIF 
(National Ignition Facility) in the USA. As of late 2015, this facility is understood to 
have achieved an important milestone towards commercialization of fusion, namely, 
for the first time a fuel capsule gave off more energy than was applied to it. This is a 
major step forward. A similar large-scale device in France is also being tested. The 
stakes are high and any success would be a true “jackpot.” 


10.8.2 Astrophysical Jets 


Confined jets on various scales are observed in astrophysical objects, from close 
binary stars through nebulae containing forming stars and up to the grand scales of 
galaxies ejecting jets from their nuclei. The realization that jets are present almost 
always in conjunction with an accretion disk was important in the understanding 
that matter possessing angular momentum, which is being accreted on a central 
object, may, in part, be ejected along the axis of the disk. Energetic considerations 
and the unexpectedly high collimation of the jets point out that magnetic fields 
must be involved in jet ejection and collimation. Although there exist self-similar 
analytical or quasi-analytical solutions, most of the published results are numerical 
and depend strongly on initial and boundary conditions. Here we give a very short 
and largely qualitative discussion of one of the most likely mechanisms of ejection 
from disks—the centrifugal wind. Consider Fig. 10.13. On the right panel, we 
display a magnetic field line anchored at point P at a cylindrical radius R, say, of the 
disk. If the field line is fanning, at an angle 0, say, then a fluid particle at that point 
will experience (in its frame) two forces—the gravitational attraction towards the 
center F, and the centrifugal force F, outward. Magnetic stress does not influence 
motion along field lines. It is necessary (Ferraro law, see Problem 10.19) that the 
field line rotates at the same angular velocity as its base, so that 


GM 
= 
rp 


Qp= (10.178) 


Instead of working with forces, we shall employ potentials. We have for the 
gravitational potential 


(10.179) 
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Fig. 10.13 The formation a centrifugal wind from and accretion disk and its collimation to 
form a jet 


foot point 


and for the centrifugal potential ®, = —O3r /2. Note that it depends on the point P. 
Substituting Qp from formula (10.178) and adding both potentials, we obtain the 
total potential for the particle at point R: 


r 2 rp 
(—,) "(2 +2)1/2 |’ (10.180) 


Assume now that r = rp + 6r and z= 0+ 6z, where 6r,6z < rp. Expanding the 
above equation up to order (6r/1r9)? ~ (6z/r9)* gives, where the index 0 indicates 


initial coordinates, 
3. 3/6r\? 1 (6z\? 
‘ 10.181 
5+3(=) 5(=) Gone 


Denoting now by ¢ the distance from the disk along the field line we have 6r = 
écos@ and 6z = ¢sin9@, we get that the force out, along the field line is 


GM 
rp 


@(r,z) = 


GM 
rp 


GMe 
Fo= 5 
rp 


(3cos” @ — sin? @). (10.182) 


Outward force ejection is guaranteed if 3cos? @ — sin? @ > 0, ie., 0 < 1/3. It is 
possible to show that once the ejection occurs, it removes angular momentum from 
the disk, and since the magnetic field lines spiral around the z-axis, the flow should 
be collimated. 
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10.9 Further Reading on Three Additional Topics 


This is an FD book, with only one chapter on MHD; thus, we are naturally unable 
to cover many important and interesting advanced subjects of MHD. In this short 
section we make an attempt to list just three topics that certainly require further 
reading, if one wants to seriously study MHD. We shall say a few words on each 
topic and direct the interested reader to suitable, in our opinion, references. 


10.9.1 MHD Turbulence 


We have only mentioned the topic, in passing, when talking about the turbulent 
dynamo. It is relatively easy to obtain general relations (similar to Kolmogorov’s 
hydrodynamical theory, based on dimensional arguments, of homogeneous turbu- 
lence) (see reference [5], pp 255-256). For a deeper study, the classical work by 
Parker (reference [1]) certainly comes to mind. We would like also to recommend 
the more modern self-contained book by Biskamp (reference [13]) and a volume of 
lecture notes of a conference, held in Nice in 1998 (edited by Passot and Sulem— 
reference [14]). Among other references we should single out the significant 
body of research by Goldreich and collaborators, whose theory is summarized 
in reference [15]. There exist also a large number of numerical works, from 
which we recommend the papers of Cattaneo and collaborators (e.g., [16] and 
references therein), as well as those of Schekochihin and collaborators (e.g., [17] 
and references therein). These authors have also been simulating numerically 
dynamo action, a topic which is clearly connected with MHD turbulence. 


10.9.2. Reconnection 


Magnetic reconnection, that is, changes, often explosive, that give rise to the 
annihilation of oppositely directed field lines, when they come to close contact 
is a phenomenon found in the laboratory, observed in the Sun and inferred 
in other astrophysical contexts. Most books on MHD devote some section to 
reconnection (e.g., references [2, 9]). However, the recent book of Priest and Forbes 
(reference [18]) is entirely devoted to this interesting phenomenon and its different 
aspects. We recommend the book as a good reference on the topic, including current 
sheet formation, steady and unsteady reconnection configurations, among them 
relevant instabilities, and astrophysical application of eruptions, flares, and particle 
acceleration. 


Problems 651 
10.9.3 Hall MHD 


By using a more realistic than just the simplest linear Ohm’s law, one may obtain 
a closed set of MHD equations, which is somewhat more general. It is named 
the Hall MHD. While it is relatively easy to find relevant equations in most 
comprehensive texts on plasma physics, which contain also various degrees of the 
MHD approximation, e.g., the book by Bittencourt (reference [19]), we find it useful 
to also see the use of the Hall MHD equations for explicit cases, in references [20] 
and [21], where actual analytical asymptotic equilibria and even instabilities were 
found for accretion disks. 


Problems 


10.1. 

Solving the Poisson equation for the electrostatic potential (©), V7® = —4ATPy, 
where pg is the charge density, find this potential assuming that at the center of 
coordinates there resides a positive ion (proton) find the potential, assuming that 
there are also charged particles around protons and electrons, in equal number 
densities (71g = Np = n) in a thermodynamic equilibrium with temperature 7. Exploit 
the assumption that |e®| < kg, where kg is the Boltzmann constant. Make sure that 
your solution goes like @ > 1/r, when r > 0 and ® > Oas ro. 


10.2. 

Express the proton collision frequency in Hz, writing 7, for the temperature in units 
of 10*K and nz2 for density in units of 10?” cm~?. How can you get the electron 
collision frequency from that? 


10.3. 
Estimate the velocity change of electrons (whose initial velocity is v.) and of protons 
(vp) in an elastic collision (use classical mechanics) in one dimension. 


10.4. 

Find the approximate relation between the electron drift velocity v‘" and the 
conduction current. Now, using the approximate relation (10.21) and the conditions 
in the outer convective region of the Sun B~1kG, n ~ 107! cm-3, L~ 10!° cm, 
estimate this velocity. 


10.5. Using field estimates from Maxwell’s equations, show that the condition for 
global charge neutrality (|n) — ne| <n) can be expressed in c.g.s. as 6 x 10°UB/L« 
n, where U and L are typical velocity and length scale, respectively, and B is a typical 
magnetic field. Check it for values approximate for the solar outer layers—U ~ 107 
cm/s, B~ 1 kG, L~ 10? cm. 
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10.6. 
Consider the following magnetic fields and find the pressure and tension parts of the 
Lorentz force. Sketch roughly this force in each case: 


1. B = Boz, with Bo constant. 

2. B= (Bo/y)z, for y > 0. 

3. B = Bo(—yk +X). In this case find first the shape of the field lines for the 
drawing. 


10.7. 

Explain, term by term, why in an ionized hydrogen the following equation is a good 
approximation to the momentum conservation equation of the electrons without any 
gravitational and inertial terms: 


d 1 
Me ee (E+ v) MeVcVe- (10.183) 
dt Cc 


Vv. is the mean collision frequency with the ions, representing momentum transfer 
between the two species (“drag” on the electrons). Explain why it is reasonable to 
assume that the second term in the electromagnetic force can be dropped from the 
equation as well as the electron acceleration (when we are interested in the terminal 
velocity, in which the electric force is balanced by the “drag’”’). From this conclude 
that if the linear Ohm’s law holds (j = OE, remember that you are in the protons 
frame, which is approximately the fluid one), then 0 = n,e”/(meV-). 


10.8. 

Show that in completely ionized hydrogen, the resistivity can be written as Nn ~ 
1037-3/2 cm? s—!. It is given that molten iron has a resistivity of N, = 1.1 x 
10* cm* s~!. Estimate the magnetic Reynolds number Rm and the magnetic field 
diffusion time Tpaif¢ in 


The Earth outer core (assume it is composed of molten iron)—L ~ 3000 km, 
U ~ 2nL/ Tot, where Trot ~ 24 h. 

An ionized nebula close to a massive star (an HII region)—L ~ 10 ly, U ~ 
10° cms~!, T~ 104K. 

Solar atmosphere—L ~ 10!9 cm, U~ 10° em s!, T ~ 10 K. 

Solar interior—L ~ 10° cm, U~ 10’ cms~!, T ~ 107 K. 

A rapidly rotating container of molten iron, in the laa—L = 100 cm, U = 
10? cms7!. 


Discuss your results, analyzing to what extent is field freezing a good assumption in 
each system and for how long. 


10.9. 
Consider a scalar one-dimensional diffusion equation 


o” = nnV2B, (10.184) 
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valid on an infinite spatial domain and with the initial condition B(x,0) = f(x). 
Using the method of complex Fourier transform, show that the general solution of 
this equation is 


B(x,t) = ‘| * af (x)G(x, 131’), (10.185) 


where the Green function for this problem is 


2 
=*) r (10.186) 


1 


Note that strictly speaking the initial condition is specified at t = 0+, so as to avoid 
singularities. Discuss the case of finite domain with f(x) defined at the segment 
—x9 <x < x0, say, with f(—xo) and f(x) playing now the role of initial conditions. 


10.10. 

Find B,(z) and the relation between Uo and the constant Py in the Hartman flow 
using Eqs. (10.50-10.51) and the boundary conditions in the text. Hartman flow is 
discussed in Sect. 10.2.2.1. 


10.11. 
Find the average velocity way = (1/2w) J, ux(z)dz for the plane Poiseuille flow of 
water at room temperature and for the Hartman flows with Ha = | and for Ha = 50. 


10.12. 
Find the electric field present in a Hartman flow. 


10.13. 

Show that Eqs. (10.65) and (10.66) can be written in tensorial form as o = 0, 
TH. = Pox — (BjBe — 5B? Sx /4m). Using this, derive the following expression (due 
to Chandrasekhar and Fermi): 


B\ 2 B B] . 
[ (p+ ZB) ee=f |(P+E) (Bex) =) Aas, (10.187) 


where the second integral is on the surface containing the volume 7. 


10.14. 
Using the result of the previous problem (10.13), show that an equilibrium bounded 
in space is impossible, unless it is being influenced by external sources. 


10.15. 

Consider a magnetostatic toroidal configuration (@ independent, in cylindrical coor- 
dinates). Write Eqs. (10.64)-(10.66) in cylindrical coordinates taking into account 
azimuthal symmetry. Defining y(r,z) = 27 fj B.rdr and J(r,z) = 27 fy j.rdr, ie., 
the magnetic flux and the total current through a circle of radius r, perpendicular to 
the z-axis, show that 
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rag n= (10.188) 
, lov, 1 os 


10.16. 
Show that any magnetic field can be separated to a poloidal part and toroidal one, 
which in cylindrical coordinates can be written as 


1 
B=B,¢+—@xV 10.1 
00+ 5 Ox Vy, (10.190) 


where y is the poloidal flux defined in the previous problem. 


10.17. 
Describe the solution of the Grad—Shafranov equation in the example (10.82). 
Discuss the cases b+ 1 < 0, a > 0 only. Find the magnetic field and the current. 


10.18. 

Show that in the two-dimensional case discussed in the text, in Sect. 10.3.3, 
A = &A(y,z) V x B = —&V7A, where A is the vector potential of the magnetic field 
and A = |A|. Show also that in this case (V x B) x B= —VAVA. 


10.19. 

Prove Ferraro’s iso-rotation law: In an axially symmetric ideal MHD configuration, 
with no toroidal field, steady state is possible only if the angular velocity Q(r,z) is 
constant along field lines. 


10.20. 

Consider two very near magnetic field lines in the plane (x,y) (a two-dimensional 
problem). Let the field lines be labelled a parameter A. Thus, we have two lines A 
and A + dA. Show that the mass per unit length in the x direction satisfies 


dm=da | p ag 


7 54 (10.191) 


where =a are arbitrary limits of the y integration and we may apply periodic 
boundary conditions. From this show that 


a -l 
oajsc™ (/ etc ay) (10.192) 


where the nomenclature of Sect. 10.3.3 is used. Discuss the relation of this limitation 
to the free choice of Q(A) in the Dungey solution. 
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10.21. 
Show that in the case of a low ,) configuration, the force-free assumption is a good 
approximation. 


10.22. 
Using the equation of a force-free configuration, show that 


B-Va=0. (10.193) 


10.23. 
Show that a configuration in which the magnetic field is force-free everywhere is 
impossible. 


10.24. 

Assume that in a force-free-field a defined in Eq. (10.91) is constant everywhere. 
Show that the equation determining the magnetic field is (V7 + @)B = 0, an 
equation whose solutions are well known. Give an example. 


10.25. 

Show that in cylindrical flux tube (remember B, = 0), in which all relevant variables 
depend only on the radial coordinate of the cylindrical coordinates set (r,z, @), the 
equilibrium condition is 


dP d (By+B2\ By 
- — 10.194 
+5 87 pee 0 or 


where P is the fluid pressure. 


10.26. 

Assume that you are looking at a section of height H of an equilibrium flux tube, 
described in the previous problem. Show that the twist of the field line 0 about the 
axis, on going from one end of the section of flux tube to the other, is 


= HBo(r) 


ed, rB.(r) 


: (10.195) 


10.27. 

Consider a cylindrical flux tube with free ends, in a force-free equilibrium. Let 
B(r = a) for some a be held fixed. (a) Prove that the mean square value of B; equals 
B (a) and is invariant with respect to twisting. Show also that as the tube is twisted, 
the mean B, across the tube decreases and is always less than B(a), where the extra 
magnetic flux builds up Bg. (b) Suppose that a twisted tube expands, but with its 
axial and azimuthal flux held fixed. Show that the tube becomes gradually more and 
more twisted and as Bg increases and B, decreases, the tube buckles, if it remains 
stable until it happens. 
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10.28. 
Consider the (y—z) plane and assume that the total pressure is continuous across 
the plane at x = 0. Assume also that the magnetic field can be written B = ZB. Let 
for the two sides x < 0 and x > 0 the indices be 1 and 2, respectively. We require 
horizontal continuity of total pressure, giving equilibrium in the X direction: 
2 2 
Poet ees (10.196) 
81 81 
If the magnetic contributions are much larger than the pressure, we may neglect Pj. 
The B; are then equal, but they may be opposite. In the latter case, we refer to 
the configuration as a current sheet. Assume that if the very small width of the 
current sheet is 6, the vertical fields are By and —Bo and the resistivity is Nm, = 
10006Bo/,/Po. With po ~ 1 g/cm?, how long will it take for the current to decay to 
1/100 of its value, because of field diffusion across the sheet? 


10.29. 
Show that a finite current sheet converts magnetic energy into heat and the total 
(kinetic+internal) energy of the flow. 


10.30. 

There are MHD configurations, in which the vanishing of the current density every- 
where, or at least in a simply connected region, Y, say, is a good approximation. 
Show that in such a case the magnetic field can be derived from a scalar magnetic 
potential, g, say, which satisfies the Laplace equation V*g = 0, in . Specify two 
examples of boundary conditions (on B) at the bounding surface 0 Y (or at infinity) 
for which this yields a unique solution. 


10.31. 
Show that the linearized set (10.99-10.103) can be reduced to a single equation for 
u,, Eq. (10.105) in the text. 


10.32. 
Using the formula for the two magneto-acoustic modes (10.123) and Fig. 10.5, show 
that 


1. For propagation along field lines (8g = 0), the phase velocity is either the sound 
speed or the Alfvén speed. 
2. For propagation perpendicular to field lines (0g = 7/2), the phase velocity is 


either \/c2 +c} or zero. 


3. As 0g + 1/2 for the slow wave 
CaCs 


(a) 
> Vousp = 
kcos 0g Jc +e2 


Discuss the physical meaning of Vcusp in phase velocity. 


(10.197) 
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10.33. 

Use Eq. (10.123) to get the group velocity of the fast and slow magneto-acoustic 
modes. Find also the meaning of Vcusp (from the previous problem) in the group 
velocity plot. 


10.34. 

Using results from Chap. 7 and from this chapter, show that the dispersion relation 
for magneto-acoustic gravity waves, that is, where the acceleration due to gravity 
cannot be neglected, but the approximation that the wavelength is much shorter 
than the vertical density scale height can be used in an approximation leading to the 
buoyancy force, is 


o* — 07k? (c2 + c4) +P CN? sin? 6, + k+c? cos” Og = 0, (10.198) 


where we use isothermal conditions and the Brunt—Vaisala frequency, NV, where 


2 2 
g CS 
Noss | y= Se 10.199 
2 (7 aia) ore 


and the angles are defined by cos 0g = k- Bo, cos 0, = K-2. 


10.35. 

Using the equations of nondissipative (ideal) MHD, the continuity of the energy 
flux through a surface element, pointing in the fi direction, gives, with h being the 
enthalpy, 


NAc) bgp |G (10.200) 
Pun a unan n An aes | : 


while the continuity of the momentum flux gives the two conditions 


(B; — B;) 
P+pun4 =0, 10.201 
| pu = 0 (10.201) 
B,B 
[pu — ae ==0. (10.202) 


The suffix n denotes the i component of a vector, V, say, and the ¢ suffix marks the 
tangential component of that vector, that is, V; = V— V,,i. 


10.36. 
Show, using the statement shown in the text (10.133), that the three vectors By, 
Bo, and the normal to the discontinuity surface are coplanar, irrespective of the size 
of B,. 
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10.37. 

Show also that for the previous problem setup, without the loss of generality, 
it is possible to assume that the vectors v; and v2 lie in the same plane as By, 
and B». Using a coordinate system moving with a velocity Ur = uw; — (tn /Bn) By = 
u, — (jv /B,)B; (for B, ~ 0), show that u and B are collinear on each side of the 
discontinuity. 


10.38. 

In the discussion of the magnetic Kelvin—Helmholtz instability, it was asserted that 
Eq. (10.152) is derivable from the ansatz (10.151), substituted into the perturbation 
equations (10.148—10.149). Prove it. 


10.39. 

Prove that a planar, say, in the x — y plane, dynamo is impossible. For simplicity, 
assume incompressibility and that all quantities depend on z only. Hint—use the 
diffusion equation for B, to show that it must decay. Then concentrate on the 
surviving component of the vector potential A (defined by B = V x A) and obtain 
an induction equation for it. 


10.40. 
Show that an ABC flow, as given by Eq. (10.166), is indeed a Beltrami flow, that is, 
it satisfies @ =u. 


10.41. 

Find that (V x W) — (VW! x W’), where V and W are variable vector fields that are 
split (each) into an average part, denoted by an over-bar, and a fluctuating part, 
denoted by a prime. Use Reynolds relations. 


10.42. 
The magnetic helicity if there is field B in a volume ¥Y is defined as Amag = fA: 
Bd>x, where A is the vector potential (B = V x A). Prove 


1. Hmag is gauge invariant, that is, if Hinag = J A’ -Bd>x with A’ = A+V6@Q, for any 
g, then Hinag = Amag- 

2. The magnetic helicity for the configuration in Fig. 10.14 is Hmag = ©; ®2, where 
@; are the fluxes of the interlaced tubes. 

3. Ina fixed volume cV, 


dA nag /dt = 0 in ideal MHD. This result is due to L. Woltjer. 
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Appendix A 
Vector Formulae 


A.1 Identities 


For any vectors A,B,C,D and any scalar y: 


A: (Bx C) =B-(Cx A)=C-(A xB) (A.1) 
x (Bx C) = (A-C)B—(A-B)C (A.2) 
(A x B)- (Bx D) = (A-C)(B-D) — (A-D)(B-C) (A.3) 
ae (A.4) 
V-(Vx A) = (A.5) 
Vx(VxA) = er (A.6) 
V-(wA) =A-Vw+yV-A (A.7) 
Vx (wA) =VwxA+ywVxA (A.8) 
V(A-B) = (A- V)B+(B-V)A+A x (V x B) +B x (V x A) (A.9) 
V-(AxB) =B-(V x A)—A-(V xB) (A.10) 
V x (Ax B) = A(V-B)—B(V-A)+(B-V)A—(A-V)B (A.11) 


If x is the coordinate of an arbitrary point, P, say, with respect to some origin, O, 
say, and we denote the radial distance of this point from the origin by r = |x|, then 
n = X is a unit radial vector pointing along the direction OP. Assume that f(r) is a 
sufficiently well-behaved function. The following identities hold: 
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V-x=3 (A.12) 
Vxx=0 (A.13) 
V-[nf(r)] = =74+ F (A.14) 
V x [nf(r)] = 0 (A.15) 
(A-V) nf(r) = ia —n(a-nta(a-n) + (A.16) 


A.2 Integral Theorems from Calculus 


In the following A(x) and @(x), w(x) are sufficiently well-behaved functions (vector 
or scalar) of the coordinates. We denote here by Y a three-dimensional volume 
bounded by the surface OV. The differential element of the volume is written as 
d°x and that of the surface as dS; however, the latter has a direction (outward), 
and it is thus considered as a vector quantity, viz., ndS, where n is the unit 
normal perpendicular to the element in the outward of the closed surface direction. 
Sometimes we also denote ndS = dS. The following theorems are important in 
vector calculus: 


| V-Ad’x = $ A-ndS_ (Divergence, or the Gauss theorem) 
v v 


(A.17) 
[vas ynds (A.18) 
Vv OV 

| VxAda= ¢ nx AdS (A.19) 

Vv OV 


i (oV-y—Vo-Vy) dx = $ yom VywdS (Green's first identity)  (A.20) 


Let now S be an open surface and C the contour binding it having a line element 


dl along it. The normal n to S defines by the right-hand screw “law,” the positive 
direction along the contour C. The following theorems hold: 


fw x A)-ndS = $ A-dl_ (Stokes’ theorem) (A.21) 
S c 


fax) ydS -4 ydl (A.22) 
AY Cc 


Appendix B 
A Primer of Numerical Methods 
for Computational Fluid Dynamics 


B.1 Introduction 


Computational fluid dynamics (CFD) has been advancing rapidly together with the 
development of increasingly powerful high-performance computing infrastructure 
and more sophisticated numerical methods. In the beginning, this field of study 
was mainly applied to high-tech engineering areas of aeronautics and astronautics. 
Gradually, however, CFD found its way to the study of bona fide theoretical and 
experimental fluid dynamical problems. The most general equations, governing the 
latter, are nonlinear PDE, and thus analytical approaches to the full problems were 
bound to fail. 

The field of fluid dynamics is much older than computers. In this book we 
tried to describe and understand fluid dynamical problems, which usually included 
a significant number of simplifying assumptions, so as to lend themselves to be 
treatable without recourse to CFD calculations. We exhibited analytical or pertur- 
bative methods of solutions, with only few instances where numerical calculations 
were exploited, but it remained clear, we hope, that more general problems, e.g., 
certain complex flows, require numerical simulation. Numerical simulations serve 
as a proxy for difficult or dangerous experiments, as well as to prod our intuition. 
Indeed, recently numerical calculations acquired sometimes the name of numerical 
experiments, but obviously, the question of the CFD result’s reliability has continued 
to loom. The fast development of computer hardware and numerical algorithms has 
also reduced the researcher’s cost to conduct big computational flow simulations. 
On the other hand, the need to simulate more extreme physical conditions, higher 
Reynolds and/or Mach numbers, higher temperature, etc., has brought an increase 
in effort associated with experimental testing. Thus, it has become sometimes more 
economical to conduct big CFD calculation and treat them as “experiments.” 
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In this appendix, we shall try to give a short primer of available numerical 
methods, indicating their advantages and disadvantages together with some caveats. 
In an appendix to a book of this size, we are able to give only the basics. After all, 
this is not a book on CFD (on the contrary, if one may say so). There exists, today, an 
immense modern literature on computational methods in fluid dynamics. We shall 
mention in the text of this appendix some of the best (in our opinion) bibliographical 
sources. Clearly, a successful “attack” on a specific fluid dynamical problem should 
contain experiments, if possible, analytical and semi-analytical, methods (this book) 
to understand the basics of the problem, and numerical simulations, where it 
should be remembered that analytical, semi-analytical, and approximate methods 
may contribute to the physical understanding of the processes taking place in a 
given setting. Numerical simulation results in a solution to one case; however, if 
several such calculations are done so as to experiment with certain input parameters, 
it significantly increases the cost. Still the “sea” of numbers has to be visually 
analyzed, but the physics behind the results often remains obscure. A prominent 
professor of one of us (O.R.) insisted that one should not learn physics from a 
computer. Today, this may seem to some perhaps old-fashioned, but in the present 
state of affairs we find still much wisdom in this saying. 


B.2. Short Summary and References for the Local Methods 


We shall concentrate here on methods for the numerical solution of fluid dynamical 
equations. As we know, these equations are a nonlinear set of partial differential 
equations (PDEs) in space and time variables, valid in well-defined spatial domains, 
with appropriate boundary and initial conditions. Unfortunately, there are rigorous 
mathematical results on the existence and uniqueness of solutions in only special 
cases. This usually does not prevent the fluid numericists from applying their 
methods obtaining some result, which they call a solution. Again, how reliable is this 
result? Indeed a lot of analysis (mainly based on linear and quasilinear equations) 
is performed, in order to unravel what is being called a well-posed problem, one 
that hopefully will numerically yield a unique, well-defined solution. We shall 
end this short paragraph by saying that it is very often advantageous to write the 
equation in the form of conservation laws (cf. Randall J. LeVeque, Numerical 
methods for conservation laws, 2nd ed., 1999, Bikhauser). In this section we shall 
mention methods of expressing a PDE on a finite grid (or finite volumes) created 
in the domain of the calculation. Necessary derivatives (usually not of high order) 
are approximated using the (truncated) Taylor series expansion or by using other 
methods of calculus, e.g., integrating over the small, almost local volume and using 
the Gauss theorem. 
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B.2.1 Finite Difference Methods 


The finite difference method is the oldest of the numerical methods for the 
solution of PDE. It is believed that already L. Euler had in 1768 “discretized” 
differential equation on a grid and sought their solution by hand calculations. The 
finite difference method, as it was already hinted above, consists of dividing the 
computational domain into a grid, that is, each coordinate domain is divided to a 
number of points. At each point of the grid, the Taylor series expansion is utilized to 
generate finite difference approximations. In this way at each grid point an algebraic 
equation arises. The method is most commonly applied to structured grids, even 
though the grid spacing need not be uniform (remembering that grid stretching and 
distortion may hurt accuracy). We shall give here some basic possibilities in two 
dimensions, where the function discretized is @ (x,y). We may write 


(32) = Piss DM 4 @ (4x2) 


Ox ij 2Ax 
ag \' by — $i, 
ae), = Ax ees 
ag \” Gig bij 
ei => Thy T (AR); (B.1) 


where for the sake of simplicity we have chosen a fixed grid spacing Ax = x; — 
Xj—-1 = Xj41 —x;. The remainder in each case estimates the accuracy of the scheme. 

Different ways of differencing (in particular when also the time variable is 
discretized) exist, and we will not be able to bring even most of the accepted 
schemes (they are usually named) here. See, e.g., C-A.J. Fletcher, Computational 
Techniques for Fluid Dynamics, vol I, ed, 2, 1990, Springer. Fletcher’s book 
contains in Chap. 3 and especially in Sect. 3.5 most of the known finite difference 
schemes and their estimated accuracy. In addition, he discusses also the conditions 
for numerical stability of explicit methods, using the celebrated Courant-Friedrichs- 
Lewy (CFL) condition, which in its simplest formulation reads C = uAt/Ax < C,,. If 
the numerical calculation is stable (i.e., does not develop growing oscillations with 
a short, i.e., of very few grid points, “wavelength’”), C the Courant number has to 
be less than C,,,. In simplest explicit schemes C,,, = 1. This effectively bounds from 
above the allowed timestep and makes calculations more expensive in computer 
time. Implicit methods also exist, which suffer from much less stringent conditions, 
but they require usually complex iterative calculations. Do you understand the 
physical basis for the CFL condition? 
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B.2.2 Finite Volume Methods 


This method is not applied on PDE in their conservation form (as mentioned in 
the first paragraph of Sect. B.2) but rather on the integral form of the conservation 
equations in physical space. The computational domain is subdivided into a finite 
number of contiguous volumes, which go under the name of control volumes. 
The value of the relevant functions is formally evaluated at the centroid of 
the control volume. The surfaces bound the control volumes in the appropriate 
integral conservation relations. For example, we shall give here the appropriate 
approximation in two dimensions of the x and y derivative of the function (x,y). 
We shall apply the Gauss divergence theorem in the second equality of each formula 
below, with dS* and dS* denoting the projected areas, in the x and y directions, 
respectively, of the bounding surfaces of a volume element. 
Thus, 


ag 1 ao Ae ee oo N 
(32) - AV Jav a = 5 | oast~ ~ ay 20S) (B.2) 


where @ are the values of the function at the elemental surfaces, AV is the element 
volume, and N denotes the number of bounding surfaces of this volume. Similarly, 


ei) 1 oo 3 1 / 7 1X Pe 
($$) = AV Jay yO AV Lae ~ ay 25 (B.3) 


For a more detailed description of the finite volume method, including examples, 
see Sect.5.2 of the book by C.A.J. Fletcher, Computational Techniques for Fluid 
Dynamics, vol 1, ed, 2, 1990, Springer. 


B.3. Weighted Residual Methods 


Weighted residual methods (WRM) are different in their basic concept from finite 
difference and volume methods. The approximations, necessary for numerical 
solutions to be extracted from, are defined by truncated series expansions, such that 
the residual (actually the error) is made as small as possible, at least in the mean. 
Consider the following approximation to the solution function (x) (all is done in 
one dimension, for simplicity, in some finite segment, (a,b), say): 


N 
= > Ge;(x), (B.4) 
j=0 


where @;(x) are a set of basis (a.k.a. “approximating”) functions, assumed here 
orthogonal, for the sake of simplicity (however, see below). 
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The residual is thus Ry(x) = w— Wy and we shall now show how it may be 
canceled, at least in the mean. One way of canceling the residual can be understood 
in the following sense: first form 


b = 
(Ry, Piece = | wyRy Pj dx, J= 0, 1,2. on ,N (B.5) 
: a 


Note that the above is a kind of w*(x) weighted scalar product of the residual with 
a member of a set of trial functions: ¥;(x). One of the possibilities (“traditional 
Galerkin approach’) to proceed is to choose the trial functions to coincide with 
the basis functions, (x) = (x). Orthogonality of the basis/trial functions now 
allows one to determine the coefficients 0; thus, 


An b — 
a 


Doesn’t this remind one of the well-known “least squares method”? The above 
mentioned book by Fletcher devotes his Chap. 5 to WRM. 


B.3.1 Spectral Methods 


Spectral methods belong to the broad category of WRM. The first possibility of 
a spectral method uses a similar form as the Galerkin method, mentioned above. 
The approximating functions and the weight functions are nonzero throughout 
the computational domain. In this sense these are global methods. The important 
attribute of a spectral method that it uses orthogonal, under the constant weight w, 
functions for both the approximating functions and the weight functions, written 
here in one dimension, for simplicity. Note that we have chosen the basis function 
to be orthogonal for simplicity of presentation only, they need not be: 


(@.9%)w = / (x) Pe(x)w dx = 5 (B.7) 


Fourier series, Legendre polynomials, and Chebyshev polynomials are well-known 
examples of orthogonal functions. 
Another possibility is to select the trial functions as 


WY, = 5(x—-x;), xE (a,b), (B.8) 


where the points x; are chosen in a nonarbitrary manner and the weight function 
is w, = w= 1. This is called a collocation approach and the method is called 
pseudo-spectral. In general, a pseudo-spectral method is closely related to spectral 
methods, but it complements the basis by an additional pseudo-spectral basis, which 
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allows one to represent functions on a quadrature grid. This simplifies the evaluation 
of certain operators and can considerably speed up the calculation when using fast 
algorithms such as the fast Fourier transform. 

Spectral methods gained prominence in the 1970s. Substantial work started 
to appear in the professional literature, culminating by the seminal treatise of 
D. Gottlieb and S.A. Orszag, Numerical Analysis of Spectral Methods, 1977, 
SIAM-CMBS. Today spectral and pseudo-spectral methods are considered the most 
accurate and reliable and are routinely used for the most difficult direct numerical 
simulations (DNS) of complex and, in particular, turbulent flows. Today, there exist 
a substantial number of books on spectral methods. Suffice it to say that the huge 
work of C. Canuto, M.Y. Hussaini, A. Quateroni, and T.A. Zang, Spectal Methods, 
2 vols, 2006, Springer, contains over a thousand pages in its two volumes. This 
excellent book, written by experts in the field, is recommended for any student who 
wishes to learn and perhaps use these powerful methods. 


B.4 Summary and Some Caveats 


We hope that it is clear to the reader that this appendix is not the extension of our 
book to include numerical methods in CFD. Rather than that, it is a short primer, 
mentioning the methods and their principles and citing the extensive bibliography 
that on the subject. Successful and careful application of the right CFD method 
(finding the most appropriate one is not an easy task) in physics, astrophysics, and 
indeed all the physical sciences has become an important part of modern research. 
However, it should not be forgotten that theoretical physics and astrophysics are 
not just computation. There is the danger that inaccurate or just wrong results 
of numerical calculations may mislead a generation of researchers. CFD by itself 
cannot lead, in our opinion, to proper physical understanding and progress. It can, 
if it is carefully and correctly executed, simulate nature, but as it is attributed to 
F. Dyson “We have already one nature (Universe), we want to understand it.” This 
is one of the main reasons that this book was written. 

Finally, some caveats: we think that it would be fair to say that the knowledge of 
the solution can go a long way in deciding on the proper numerical scheme. More 
seriously, accuracy, scheme stability, and convergence strengthen the computation 
reliability. By convergence we mean here sufficient resolution, which can be tested 
by examining how the result changes with the amount of grid points or spectral 
functions. Obviously, it is a must to perform tests on problems to which analytical 
solutions are known. Feasibility (as far as computer resources allow) is also an 
important factor in the choice of a CFD method for a particular problem. Here it 
seems that progress is unlimited, having perhaps the power to change our science, 
one day. Right now, it would be still fair to say that choosing the right problem plus 
a CFD method that is the best for it and conducting a successful simulation contain 
an element of “art,” similarly to knowing how to employ analytical methods. 


